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PREFACE. 


#040 


Tue first chapter of this book prepares the way for quite 
a full treatment of simple integral equations with one 
unknown number. In the first two chapters only positive 
numbers are involved, and the beginner is led to see the 
practical advantages of Algebra before he encounters the 
difficulties of negative numbers. 

The definitions and explanations contained in these 
chapters should be carefully read at first; after the learner 
has become familiar with algebraic operations, special atten- 
tion should be given to the principal definitions. 

The third chapter contains a simple explanation of nega- 
tive numbers. The recognition of the fact that the real 
nature of subtraction is counting backwards, and that the 
real nature of multiplication is forming the product from 
the multiplicand precisely as the multiplier is formed from 
unity, makes an easy road to the laws of addition and sub- 
traction of algebraic numbers, and to the law of signs in 
multiplication and division. All the principles and rules 
of this chapter are illustrated and enforced by numerous 
examples involving simple algebraic expressions only. 

The ordinary processes with compound expressions, in- 
cluding cases of resolution into factors, and the treatment 
of fractions, naturally follow the third chapter. The im- 
mediate succession of topics that require similar work is of 
the highest importance to the beginner, and it is hoped that. 
the chapters on compound expressions will prove interest- 
ing, and give sufficient readiness in the use of symbols. 


we PREFACE. 


The chapter on Factors has been made as complete as 
possible for an elementary text-book, with a view to shorten 
subsequent work. The easy method of resolving quadratic 
trinomials into factors, whether the coefficient of the square 
of the letter involved is unity or greater than unity, and the 
Factor Theorem, explained on page 102, will be found of very 
great service in abridging algebraic processes. Examples 
of short methods for finding the highest common factor of 
compound expressions are given on page 118; and examples 
of short methods for solving quadratic equations by resolv- 
ing them into factors are given on pages 272 and 273. 

The exercises throughout the book are carefully graded. 
They are sufficiently varied and interesting, and are not so 
difficult as to discourage the learner, or so easy as to deprive 
him of the satisfaction of well-earned success. 

The author has spared no pains to make this a model 
text-book in subject-matter and mechanical execution. The 
remarkable favor with which his other Algebras have been 
received is shown by the fact that nearly a million copies 
have already been sold, and the sale continues to increase 
from year to year. The author trusts that this new candi- 
date for favor will have the same generous reception, and be 
found to meet fully the requirements of the recent advance 
in the science and method of teaching Elementary Algebra. 

The author is under obligations to many teachers for 
valuable suggestions, and he will be thankful for corrections 
or criticisms. 

G, A. WENTWORTH. 

Exeter, N, H., June, 1898, 
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CHAPTER I. 


DEFINITIONS AND NOTATION. 


Numbers and Number-Symbols. 
1. Algebra. Algebra, like Arithmetic, treats of numbers. 


2. Units. In counting separate objects or in measuring 
magnitudes, the standards by which we count or measure 
are called units. 

Thus, in counting the boys in a school, the unit is a boy; in selling 
eggs by the dozen, the unit is a dozen eggs; in selling bricks by the 
thousand, the unit is a thousand bricks; in expressing the measure of 
short distances, the unit is an inch, a foot, or a yard; in expressing 
the measure of long distances, the unit is a rod, or a mile. 


3. Numbers. Lepetitions of the wnit are expressed by 
numbers. 


A single unit and groups of units formed by successive additions of 
a unit may be represented as follows: 


ey ef LPH ile Oy 
ee 


These representative groups are named one, two, three, four, five, 
six, seven, eight, nine, ten; and are known collectively under the 
general name of numbers. It is obvious that these representative 
groups will have the same meaning, whatever the units may be that 
are counted. 


~ 


2 DEFINITIONS AND NOTATION. 


4. Quantities. A number of specified units of any kind 
is called a quantity ; as 4 pounds, 5 oranges. 

Norse. Quantities are often called concrete numbers, the adjective 
concrete being transferred from the units counted to the numbers 


that count them; but a number signifies the times a unit is taken, 
whether the unit is expressed or understood, and is always abstract. 


Thus, 4 barrels of flour means 4 times 1 barrel of flour; and 10 
cords of wood means 10 times 1 cord of wood. 


5. Number-Symbols in Arithmetic. Instead of groups of 
straight marks, we use in Arithmetic the arbitrary symbols 
1, 2, 3, 4, 5, 6, 7, 8, 9, called Arabic numerals, for the num- 
bers one, two, three, four, five, six, seven, eight, nine. 

The next number, ten, is indicated by writing the figure 
1 in a different position, so that it shall signify not one, but 
ten. This change of position is effected by introducing a 
new symbol, 0, called nought or zero, and signifying none. 


All succeeding numbers up to the number consisting of 10 tens are 
expressed by writing the figure for the number of tens they contain 
in the second place from the right, and the figure for the number of 
units besides in the first place. The hundreds of a number are written 
in the third place from the right. The thousands are written in the 
fourth place from the right; and so on. 


6. Number-Symbols in Algebra. Algebra employs the 
letters of the alphabet in addition to the figures of Arith- 
metic to represent numbers. The letters of the alphabet 
are used as general symbols of numbers to which any par- 
ticular values may be assigned. In any problem, however, 
a letter is understood to have the same value throughout 
the problem. 


7. Terms Common to Arithmetic and Algebra. Terms com- 
mon to Arithmetic and Algebra, as addition, sum, subtrac- 
tion, minuend, subtrahend, difference, etc., have the same 
meaning in both; or an extended meaning in Algebra con- 
sistent with the sense attached to them in Arithmetic. 
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The Principal Signs of Operations. 


The principal signs of operations are the same in Algebra 
as in Arithmetic. 


8. The Sign of Addition, +. The sign + is read plus. 

Thus, 4 + 3 is read 4 plus 3, and indicates that the number 8 is to 
be added to the number 4; a + bis read a plus b, and indicates that 
the number 0 is to be added to the number a. 

9. The Sign of Subtraction, —. The sign — is read minus. 

Thus, 4 — 3 is read 4 minus 3, and indicates that the number 3 is 
to be subtracted from the number 4; a —b is read a@ minus b, and 
indicates that the number 0 is to be subtracted from the number a. 

10. The Sign of Multiplication, X. The sign x is read 
times, or multiplied by. 

Thus, 4 X 3 is read 4 times 3, and indicates that the number 3 is 
to be multiplied by 4; a X bis read a times b, and indicates that the 
number 0 is to be multiplied by the number a. 

A dot is sometimes used for the sign of multiplication. 
Thus, 2:3-:4-5 means the same as2X3X4xX5. Either 
sign is read multiplied by when followed by the multiplier. 
$a x 6, or $a -b, is read a dollars multiplied by 6. 


11. The Sign of Division, +. The sign + is read divided by. 

Thus, 4 + 2 is read 4 divided by 2, and indicates that the number 
4 is to be divided by 2; a + b is read a divided by }, and indicates 
that the number a is to be divided by the number b. 

Division is also indicated by writing the dividend above 
the divisor with a horizontal line between them; or by 
separating the dividend from the divisor by an oblique 
line, called the solidus. 


Thus, = or a/b, means the same as a ~ 0. 


Nore. The operation of adding b to a, of subtracting 6 from a, of 
multiplying a by }, or of dividing a by 6 is algebraically complete 
when the two letters are connected by the proper sign. 
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12. The Radical Sign, .f. The sign -~/ is called the 
radical sign, and denotes that a root of the number before 
which it is placed is to be found. 


Other Signs Used in Algebra. 


13. The Sign of Equality, =. The sign = is read ts 
equal to, and when placed between two numbers indicates 
that these two numbers are equal. 

Thus, 8 + 4=12 means that the sum of 8 and 4 is equal to 12; 


x + y = 20 means that the sum of « and y is equal to 20; anda=a+b 
means that x is equal to the sum of a and b. 


14. The Sign of Deduction, ... Thesign.*.is read hence 
or therefore. 


15. The Sign of Continuation, ---- The sign ---- is read 
and so on. 
Thus, 1, 2, 3, 4, - is read one, two, three, four, and so on. ay, 


Ae, Ag, Gm is read a sub one, a sub two, a sub three, and so on to 
asubn. a’, a7”, a’, w+ is read a prime, a second, a third, and so on. 


16. The Signs of Aggregation. The signs of aggregation 
are the parenthesis ( ), the bracket [ ], the brace § 3, the 
vinculum —, and the bar |. 

These signs mean that the indicated operations in the 
expressions affected by them are to be performed first, and 
the result treated as a single number. 


Thus, (a + 6) X c means that the sum of a and bis to be multiplied 
by c; (@—b) X c means that the difference of a and b is to be multi- 


plied by c. 
The vinculum is written over the expression that is to be 
treated as a single number. 


Thus, a — b +c means the same as a — (b +c), and signifies that 
the sum of b and ¢ is to be subtracted from a; and Va —b means 
the same as ./(a — b), and signifies that b is to be subtracted from a, 
and the square root of the remainder found. 
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Factors, Powers, Roots. 

17. Factors. When a number is the product of two or 
more numbers, each of these numbers, or the product of 
two or more of them, is called a factor of the given number. 

Thus, 2, a, b, 2a, 26, ab are factors of 2 ab. 


18. Factors expressed by letters are called literal factors ; 
factors expressed by figures are called numerical factors. 


19. The sign X is omitted between factors, if the factors 
are letters, or a numerical factor and a literal factor. 
Thus, we write 63 ab for 63 x a X b; we write abe fora X bX ¢. 


20. The expression ade must not be confounded with 
a+6b+e. abeisa product; a+b+cisasum. 


thi a= 2, b= 3.6 = 4, 
then abe=2X3xX4=24; 
but at+t6+e=24+3+4+4=9. 


Notre. When a sign of operation is omitted in the notation of 
Arithmetic, it is always the sign of addition; but when a sign of 
operation is omitted in the notation of Algebra, it is always the sign 
of multiplication. Thus, 456 means 400 + 50+ 6, but 4ab means 
4xaxob. 


21. If one factor of a product is equal to 0, the product 
is equal to 0, whatever the values of the other factors. 
Such a factor is called a zero factor. 

Thus, abcd = 0, if a, b, c, ord = 0. 


22. Coefficients. Any factor of a product may be con- 
sidered as the coefficient of the remaining factors; that is, 
the co-factor of the remaining factors. Coefficients expressed 
by letters are called literal coefficients ; expressed by Arabic 
numerals, nwmerical coefficients. 

Thus, in 72, 7 is the numerical coefficient of x; in az, a is the 


literal coefficient of «x. 
If no numerical coefficient is written, 1 is understood. 
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23. Powers and Roots. When a number is taken a num- 
ber of times as a factor, the result is called a power of the 
factor. When a number is the product of equal factors, 
one of the equal factors is called a root of the number. 


24. Indices or Exponents of Powers. An index or exponent 
of a power is a number-symbol written at the right of and 
a little above the number. 

If the exponent is a whole number, it shows the number 
of times the given number is taken as a factor. 

Thus, a}, or simply a, denotes that a is taken once as a factor; a? 
denotes that a is taken twice as a factor; a? denotes that a is taken 
three times as a factor; and soon. These are read: the first power 
of a; the second power of a; the third power ofa; andsoon. We 
write a? for aaa, a‘ for aaaa, a® for aaaa ---- to n factors. 


Notre. The second power of a number is often called the square of 
that number ; thus, a? is called the square of a, because if a@ denotes 
the number of units of length in the side of a square, a? denotes the 
number of units of surface in the square. The third power of a 
number is often called the cube of that number; thus, a? is called the 
cube of a, because if a denotes the number of units of length in the 
edge of a cube, a® denotes the number of units of volume in the cube. 


25. The meaning of coefficient and exponent must be 
carefully distinguished. Thus, 
4a=atatata; 
at=axaxaxa. 
Ifa =8, 4a=38+38 4-8-3 = 12. 
at=3X38X3X3=81. 


26. Indices of Roots. An index of a root is a number- 
symbol written above the radical sign to indicate the re- 
quired root. 


2 = 
Thus, Va, or simply Va, means one of the two equal factors of a, 


: 3 
that is, the square root of a; Va means one of the three equal factors 
of a, that is, the cube root of a; and so on. 
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Algebraic Expressions. 
27. An Algebraic Expression. An algebraic expression is 
a number written with algebraic symbols. An algebraic 
expression may consist of one symbol, or of several symbols 
connected by signs. 
Thus, a, 3abc, 5a + 2b—38c, are algebraic expressions. 


28. Terms. A term is an algebraic expression of one sym- 
bol, or of several eee not separated by the sign + or —. 


Thus, a, 5xy, 2ab X 4cd oes algebraic expressions of one term 


; ee od 
each. A term may be separated into parts by the sign X or +. 


29. Similar Terms. If terms have the same letters, and 
each letter has the same exponent in all the terms, they are 
ealled similar terms or lke terms. 


Thus, 3 22y3, 5x?y3, and 7 xy? are similar terms. 


30. Simple Expressions. An algebraic expression of one 
term is called a simple expression or a monomial. 
Thus, 5zy, 7a X 26, 7a + 25, are simple expressions. 


31. Compound Expressions. An algebraic expression of 
two or more terms is called a compound expression or a poly- 
nomial. 

Thus, 5zy + 7a, 2x2 —y— 32, are compound expressions. 


32. A polynomial of two terms is called a binomial; of 
three terms, a trinomial. 
Thus, 3a —b is a binomial; and 8a —6-+c is a trinomial. 


33. Plus and Minus Terms. A term preceded by the 
sign + is called a plusterm; and a term preceded by the 
sign — is called a minusterm. The sign + before a single 
term, and before the first of a series of terms is omitted. 
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34. A plus term and a minus term cancel each other when 
combined, if both terms stand for the same number. 


35. The Numerical Value. of an Expression. The result 
obtained by putting particular values for the letters of an 
expression and performing the indicated operations is called 
the numerical value of the expression. 


Numerical Values of Simple Expressions. 


1. If a = 38, find the numerical values of 4a and a*. 
4a=4xa=4X3=12; 
and @=axaxaxa=8X8X8X3=81. 


2. Ifa=5,b=6, c= 7, find the numerical value of the 
expression 4%; abc. 
#- abe= 2 X68 XOX 7 = 195, 


3. Ifa = 2, y = 3, find the numerical value of 5 xy’, 
5 v7y3 = 5 X 22 xX 88 = 5 X 4 X 27 = 440. 


4, Ifw=4, y = 6, find the numerical value of 3 zy. 
gxty =$X 42X6=% X 16 X 6= 64, 


5. If «= 2, y=38, 2 =4, find the numerical value of 
8 ay + 32°. 
Siaty 8 X12 x 2x 8 


828° 8xXx4x4x4 2 


6. If «= 3, find the numerical values of /4a?; V4 x3; 
and 2./(92?), 
V4a2=/4 X 2 =2X9=18, 
V4a2=V4 xX 2=V36 =6. 
2./(9 2?) = 2,/(9 X 8) =2xX9=18., 


Nore. When no vinculum or parenthesis is used, a radical sign 
affects only the symbol immediately following it. 
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EXeERrcise 1. 


If a=1, 6=2, c=3, d=4, x2=5, y= 6, 2=0, find 
the numerical value of: 


1. 152. 11. 36%c?. oT Bad? 26. W4y. 
2. 3ab. 12. 2c*y?*. 8 be 27. ~/dx. 

3. 7 by. 13. gy. gg Oy. 28. ~/8c. 

4. 5bd. 14. 22y?. 2 de 99: haat 
Boy. 16s $a: a By 30. +/(bcy). 
6. 30%. 16. cd. DOs Me ea, 588 
7 hf Ma ae 1%; fae. ma wy 9, w/a 3,823, 
8. 2b. 18. Fate? OES SEES SERRE 
9. bey’. 19. §b*y?. g5, 100%? 34. 2-VeRdct. 
10. a*h%c?. 20. Zed. aps SB en/anl 


Numerical Values of Compound Expressions. 


36. Each term should be written in the algebraic form 
by omitting the sign x between a numerical factor and a 
literal factor or between two literal factors. The opera- 
tions indicated in a term must be performed before the 
operation indicated by the sign prefixed to the term. 


87. The parts of a term are combined in the order of the 
signs X and + from left to right. 
The terms of an expression are combined in the order of 
the signs + and — from left to right. 
Thus, 60 — 40 + 5 X 3—20=60 — 49 X 8 —20= 16. 


38. The terms may be arranged in any order before 
combining them. ‘This is called the commutative law for 
addition and subtraction. 
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Numerical Values of Compound Expressions. 
1. If }=10, c= 2, y =5, find the numerical value of 
6b — (8y + 2c)ce—2ey. 
6b — (By + 2c) c—2cy=6 X 10-42 X2—2X2XS 
= 60 — 20 — 20 = 20. 


2. If x =7, y = 5, find the numerical value of 
+4 
(x+y) (@—-y) +—— ape 
= = (7 +5)(7—5) +E 2 
Eas eee 


5 


@tye@—-yt+> 


EXERCISE 2. 


If a =1, b= 2, ¢ = 3, find the value of: 


1. Ta — be. 5. 2a—b+e. 9. W/4abe + 2c. 
2. act+. 6. ab+be—ac. 10. V6abe— 26. 
8. 4ab—e. 7 P+at+e. 11. &-8% 
4. 6ab—b—c. 8. 5be?—2ad. 12. V ct — a’. 
13. 26+3c—a. 16. 66—10dce +12a+42e. 
£4 (GO) “2 (ei a ee O60 5 4a 
15. V6bce —b —e. 18. V65% — Vor 
Ifa=1,b=2,c=3, d= 0, find the value of: 
19. Ta—be+ 6d. 25. ~/4abed + 26%. 
20. ac+b—ad. 26. V4abed + b°. 
21. 4ab —cd —d. 27. B®—ce+d. 
22. 2a—b+ed. 28. 3c°— 20? +4. 
23. ab + be — ad. 29. 2b+(5e —3)+(2e — a). 


24. 2ab — 5bcd. 30. 3c? —2a* — 2D». 
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Parentheses. 


39. A parenthesis preceded by the sign+. If a man has 
10 dollars and afterwards collects 3 dollars and then 2 
dollars, it makes no difference whether he puts the 3 
dollars and the 2 dollars together and adds their sum to 
his 10 dollars, or adds the 3 dollars to his 10 dollars, and 
then the 2 dollars. 


The first process is represented by 10 + (3 + 2). 
The second process is represented by 10 + 3 + 2. 


Hence, 10+(3+2)=104+3+42. (1) 


If a man has 10 dollars and afterwards collects 3 dollars 
and then pays a bill of 2 dollars, it makes no difference 
whether he pays the 2 dollars from the 3 dollars collected 
and adds the remainder to his 10 dollars, or adds the 3 
dollars collected to his 10 dollars and pays from this sum 
his bill of 2 dollars. 


The first process is represented by 10 + (3 — 2). 
The second process is represented by 10 + 3 — 2. 


Hence, 10+ (3 — 2) =10+ 3 —2Z. (2) 
If we use general symbols in (1) and (2), we have, 
a+(b+c)=atbte, 
and a+(b—c)=atb—e. Hence, 
We have the general rule for a parenthesis preceded by +: 


If an expression within a parenthesis is preceded by the 
sign +, the parenthesis may be removed without making any 
change in the signs of the terms of the expression. 


Instead of a parenthesis, any other sign of aggregatiom 
may be used and the same rule will apply. 
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40. A parenthesis preceded by the sign—. If a man with 
10 dollars has to pay two bills, one of 3 dollars and one of 
2 dollars, it makes no difference whether he takes 3 dollars 
and 2 dollars at one time, or takes 3 dollars and 2 dollars 
in succession, from his 10 dollars. 


The first process is represented by 10 — (3 + 2). 
The second process is represented by 10 — 3 — 2. 


Hence, 10—(84+2)=10—-3=2 (1) 


If a man has 10 dollars consisting of two 5-dollar bills, 
and has a debt of 3 dollars to pay, he can pay his debt by 
giving a 5-dollar bill and receiving 2 dollars. 


This process is represented by 10 — 5 + 2. 


Since the debt paid is 3 dollars, that is, (5 — 2) dollars, 
the number of dollars he has left can be expressed by 


102 (Oa 
Hence, LOC 6-22 y= 1 ee (2) 


If we use general symbols in (1) and (2), we have, 
a—(b+c)=a—b—e, 
and &a—(6—¢)=a—-6 +6. Hence, 


We have the general rule for a parenthesis preceded by —: 


If an expression within a parenthesis is preceded by the 
sign —, the parenthesis may be removed, provided the sign 
before each term within the parenthesis is changed, the 
sign + to — and the sign — to +. 

Norn. If the vinculwm is used, the sign prefixed to the first term 
under the vinculum must be understood as the sign before the 
vinculum. 

Thus, a+b-—c has the same meaning as a + (b—c), 
and a —b—c has the same meaning as a — (b — c). 
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EXERCISE 3. 


Remove the parentheses and combine: 


1 9+(3+2). 5.9—(8—6). 9 (8-—2)—(2—1). 
2 9+(3—2). 6 8—(T—5). 10. (7 —3) —(3— 2). 
3. 7+(5+1). 7. 9—(6+1). 11. (8—2)—6— 83). 
Set  — 1)- 858 — (5-2). = 1215-10 = 3 2). 
lia=10,6=5,¢=4, d =2, find the value of: 
13. (a@+6)+(ce+4). 15 (G0) — (Ca), 
Pee A )—(¢—o.), 16.41 42.10) (6 1d). 


Product of a Compound by a Simple Factor. 


41. In finding the product of 4(5 + 3), it makes no dif- 
ference in the result whether we multiply the sum of 5 and 
3 by 4, or multiply 5 by 4 and 3 by 4 and add the products. 


By the first process, 4(5+3)=4 xX 8= 32. 
By the second process, 4(5+3)=(4x5+4 x 3) = 82. 
In like manner, 4(5—3)=4xX2= 8, 
and 4(5—3)=(4x5—4X3)= 8 
In general symbols, a (b +c) = ab + ae, 
and a(b—c)=ab— ae. 


This is called the distributive law for multiplication. 


42. The order of the factors is immaterial. 


Thus, 4(5+3)=4x5+4x 3= 32, 
and (6+3)4=5xX44+3x4=82. 
In general symbols, ab = ba. 


This is called the commutative law for multiplication. 


Perform the indicated operations: 
two (a— sb). an oa —'b). 


1 #+3(a—b)=2r+(8a—3b)=2+38a—3b. 
2. 2—8(a—b) =a%—(8a—3b)=2—384+4+30. 
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EXERCISE 4. 


Perform the indicated operations, and find the numerical 
value of each expression, if a= 5,b=4,¢=3: 

1, 3(ab+ec). 7%. be +a(b—c). 13. (a—c)b—a. 
.4(ae+6). 8 b+2(a—c). 14. (a—b)a+t 2e. 
_2(ab—c). 9 ac—2(b+e). 15. (6+e)co—2b. 
. 5(ac—b). 10. 5ac—2(8?+b). 16. (a—c)7 —B8e. 
.T(be—a). 11. 26+3(a—c). 17. (a—c)P—2e%, 
.ac(b—c). 12. ab+6(b—c). 18. (a®—0?)e— a’. 


aoa Pw WD 


Quotient of a Compound by a Simple Expression. 

43. In finding the quotient of (8+ 4) +2 it makes no 
difference in the result whether we divide the sum of 8 and 
4 by 2, or divide 8 by 2 and 4 by 2, and add the quotients. 


By the first process, (8 +4) +2>=HN2>2=6: 

By the second process, (8 + 4) + 2=(8+2+4+2)=6. 
In general symbols, nae = 4 °, 
and ities tod 
e ¢ ¢ 


This is called the distributive law for division. 
Perform the indicated operations : 
1. «+ (8a+30) +3. 2. e—(da+36) +3. 
1. ©+(8a+3b)+8=24+(a+b)=e+atb. 
2. x—(8a+3b)-+38=¢—(a+b6) =2—a—b. 
EXERCISE 5. 
Perform the indicated operations, and find the numerical 
value of each expression, if a = 8,b =4,c¢=2: 
1. (6+c)+e 5. (ab+e)+e. 9. (6+ ¢) +a. 
2. (atec)+b. 6. (ac+b)+b. 10. (B—e)+2d. 
3. (a—b)+b. 7. (ac—b) +b. 11. (—&)+ 0%. 
4. (b—c)+c 8 (ab—c)+e. 12. (a2 —B)+ 0% 


CHAPTER II. 
SIMPLE EQUATIONS. 


44. Equations. An equation is a statement in symbols 
that two expressions stand for the same number. 


Thus, the equation 3z + 2 = 8 states that 83a + 2 and 8 stand for 
the same number. 


45. That part of the equation which precedes the sign 
of equality is called the first member, or left side, and that 
part of the equation which follows the sign of equality is 
called the second member, or right side. 


46. An equation containing letters, if true for all values 
of the letters involved, is called an identical equation; but 
if it is true only for certain particular values of the letters 
involved, it is called an equation of condition. 


Thus, a +b=b-+a4, which is true for all values of a and 5, is an’ 
identical equation; and 3% + 2 = 8, which is true only when & stands 
for 2, is an equation of condition. 

For brevity, an identical equation is called an identity, 
and an equation of condition is called simply an equation. 


47. We often employ an equation to discover an unknown 
number from its relation to known numbers. We usually 
represent the unknown number by one of the dast letters of 
the alphabet, as x, y, ; and the known numbers by the 
Just letters, a, 6, c, and by the Arabic numerals. 


48. Simple Equations. Equations which, when reduced 
to their simplest form, contain only the first power 
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of the. unknown numbers are called simple equations, or 
equations of the first degree. 


Thus, 7% +5=4a-+ 14,and ax + b= c aresimple equations in z. 


49. Two or more like terms may be combined to form a 
single like term by uniting their numerical coefficients. 


Thus, 3ax + ax = 4ae; and 5axr— 3 ax = 2az. 


50. To Solve an Equation with One Unknown Number is to 
find the unknown number; that is, to find the number 
which, when substituted for its symbol in the given equa- 
tion, renders the equation an identity. 

This number is said to satisfy the equation, and is called 
the root of the equation. 


51. Axioms. In solving an equation, we make use of 
the following self-evident truths, called axioms: 


Ax. 1. If equal numbers are added to equal numbers, the 
sums are equal. 

Ax. 2. If equal numbers are subtracted from equal num- 
bers, the remainders are equal. 

Ax. 3. If equal numbers are multiplied by equal num- 
bers, the products are equal. 

Ax. 4, If equal numbers are divided by equal numbers, 
the quotients are equal. 

Ax. 5. If two numbers are equal to the same number, 
they are equal to each other. 


52. Transposition of Terms. It becomes necessary in 
solving simple equations to bring all the terms that contain 
the symbols for the unknown numbers to one side of the 
equation, and all the other terms to the other side. This 
process is called transposing the terms. 
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1. Find the number for which x stands when 


x—b=a. 
Add 6 to each side, x—b+6=a+05. (Ax. 1) 
Cancel — 6 + 4, x=at+bd. (§ 34) 


The result is the same as if we had transposed — } from 
ihe left side to the right side and changed its sign. 


2. Find the number for which x stands when 


Des 
Subtract 6 from each side,~+b—b=a—6. (Ax. 2) 
Cancel + 6 — 4, x=a—b. (§ 34) 


In this case, we have transposed 6 from the left side to 
the right side and changed its sign. 
We can proceed in like manner in any other case. 


Hence, the general rule: 


53. Any term may be transposed from one side of an 
equation to the other, provided its sign is changed. 


It follows from axioms 1 and 2 that: 


54. Any term that occurs with the same sign on both sides 
of an equation may be cancelled. 


If we transpose each term of the equation, 


c—a2=a-—t, (1) 
we have b—a=a2-e. 
That is, x—c=b—a. (2) 


Equation (2) is the same as (1) with the sign before 
each term changed. Hence: 


55. The sign of every term of an equation may be changed 
without destroying the equality. 
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56. Numerical Equations. An equation in which all the 


known numbers are expressed by Arabic numerals is called 
a numerical equation. 


Solution of Simple Numerical Equations in &X. 


1. Solve 38a —7=14—4z. 

Transpose — 42 to the left side and — 7 to the right side, 
82+4¢=14+4+7. (§ 53) 

Combine, 7z = 21. (§ 49) 

Divide by 7, x = 3. : (Ax. 4) 


2. Solve the equation 
1—4(@—2)=Tx —38(a—1). 
Multiply the compound factor by the simple factor in each side, 
Di (40 8) wl (Ose) 
Remove the parenthesis in each side, 
IY ns Stele (SUAS By (§ 40) 
Transpose, Nee aa bi) ie 1 eh 
Change the signs of all the terms, 


44+ 7¢—92%=1+8—8: (§ 55) 
Combine, 2x=6. (§ 49) 
Divide by 2, x=3. (Ax. 4) 


57. To Solve a Simple Numerical Equation in x, therefore: 

Transpose all the terms that contain x to the left side, and 
all the other terms to the right side. Combine similar terms, 
and divide both sides by the coefficient of x. 


58. Verification. If the value found for 2 is substituted 
for @ in the original equation, and the equation reduces to 
an identity, the value of x, that is, the root of the equation, 
is said to be verified. 


Nore. In verifying a solution, as in solving an equation, it is im- 
portant to notice that the signs of all the terms may be changed. 


or, 


2 oS Bot eee 


wow nnd wn vw wn wn ie 
Nr SHO DANAARH YH SS © 
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Show that 2 stands for 3 in the equation 
3e%—T=14—42. 
Put 3 for z in this equation, and we have 
3x3—-—7=14—4x8, 
9—7=14—-12, 
that is, 2=2. 


EXERCISE 6. 


Find the value of x, and verify the answer: 


5a2—4=16. 10. 
3a” +4 = 25. 1d. 
242 —Ta = 34. as 
162=72+ 81. 13. 
3x2 = 55— 2a. 14, 
52=32+4+ 6. 15. 
Tx%=62+4. 16. 
5a = 28 — 2a. ie 
2a2—=11+-2. 18. 


14% —79 = 8-2 — 26. 


5a —4=12—- 32. 
Ta+4=382-4 24. 
12% —16=8+6z2. 
42—10=14+4 22. 
2e—5=T—-2. 

4%—14="2—-—2. 

4%—11=22-—-5. 
42x —10=382—5. 


5(@+1)+6(@+2)=7@+<3). 
met (@ +7) —36=13 @— 2). 


. 6(3a —1)— 8x2 = 140+ 2(@—1). 
. 8(82—2)—6(4—2) = 242—4 (7x —2). 
. 8(@ +13) —15 =4(~@—2)-9. 


. 10a —(@—10)= 32+ 52. 


moe — (+b) — (a — 3) 10 — a. 

. 8+ 8a —(*— 27) =5@4+3)+ 5. 

- '—a+4@—1)—@—2)=15. 

. 3(@+10)+4@+ 20) + 52 = 185 — 32. 
. 2@—2)+3@—3)+4@—4)=32 +7. 


(52 +38)—2(@—1)+(1—2) =4(9—2). 


. 7-21 (a + 3) =18 —15 (2a — 5). 
.B(@ —8)—7(6—«) +29 = 50 — 3 (8 — 2). 
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Statement and Solution of Problems. 


59. To express in algebraic language the conditions of a 
problem that are stated in common language is generally 
very difficult for the beginner. We will therefore give an 
exercise on translating common language into algebraic 
language before proceeding to the solutions of problems. 


EXERCISE 7. 


1. Write in symbols: a diminished by 4; a@ increased 
by 0; @ multiplied by 4; a divided by 0; the square of a; 
the square root of a; the cube root of a; the square of @ 
multiplied by the fourth power of 0. 


2. If a man walks x miles an hour, how many miles 
will he walk in 4 hours? in a hours ? 

3. If a man walks 3 miles an hour, how many hours 
will it take him to walk 12 miles? a miles? 


. 4, If a man walks x miles an hour, how many hours 
will it take him to walk 20 miles? y miles? 


5. What is the divisor, if the dividend is 20 and the 
quotient 5? if the dividend is a and the quotient b? 


6. What is the dividend, if the divisor is 4, the quotient 
3, and the remainder 2? if the divisor is d, the quotient 
g, and the remainder 7? 


7. What is the quotient, if the dividend is 22, the divi- 
sor 4, and the remainder 2? if the dividend is p, the divi- 
sor d, and the remainder 7 ? 


8. What is the divisor, if the dividend is 22, the quo- 
tient 4, and the remainder 2? if the dividend is p, the 
quotient g, and the remainder r ? 


9. If one part of 25 is 10, what is the other part ? 
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10. If one part of 30 is z, what is the other part? 
11. If one part of x is c, what is the other part ? 


12. If the sum of two numbers is 40, and one of them is 
25, what is the other ? 


13. If the sum of two numbers is z, and one of them is 
5, what is the other ? 


14. If the sum of two numbers is s, and one of them is 
a, what is the other ? 


15. If the difference of two numbers is 7, and the smaller 
number is 13, what is the greater number ? 


16. If the difference of two numbers is a, and the smaller 
number is x, what is the greater number ? 


17. If the difference of two numbers is ¢, and the greater 
number is x, what is the smaller number ? 


18. Henry is @ years old to-day. How old was he 4 
years ago? How old will he be in 4 years? 


19. John is x years old to-day. How old was he 0 years 
ago? How old will he be a years hence ? 


20. By how much does 5a exceed 3x? 

21. By how much does x exceed a? 

22. How much does a lack of being x ? 

23. Write the excess of 2x +3 overa +1. 


Nore. If the number to be subtracted is a compound expression 
it must be enclosed by a parenthesis. Thus, the excess of 2x +3 
Overa leisea tio — (ot 2), 

24. Write the excess of 3a over 4(18 — z). 

25. Write the excess of x — 50 over 80 — z. 

26. What is the excess of 2a” — 24 over 80 — 5a? 

27. What is the excess of 5a + 24 over 60 — x? 

28. Express in cents a half-dollars and } quarters. 
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29. Express in cents a dollars 6 dimes and ¢ cents. 


30. A man has @ dollars. If he spends 4 half-dollars 
and c dimes, how many cents has he left ? 


31. A man has x dollars y dimes and z cents. If he 
spends a half-dollars and 4 quarters, how many cents has 
he left? 


32. A man makes a journey of 236 miles. He travels a 
miles by train, c miles by boat, and the remainder on foot. 
How far does he go on foot ? 


33. A train is running at the rate of @ miles an hour. 
How many miles will it travel in m hours ? 


34. The floor of a square room measures a feet each 
way. How many square yards of oilcloth will be required 
to cover it? 


35. The floor of a rectangular room measures a feet by 
6 feet. How many square yards of oilcloth will be re- 
quired to cover it? 


36. A rectangular floor is a feet long and 6 feet wide. 
In the middle of the floor there is a square carpet ¢ feet on 
aside. How many square yards of the floor are bare ? 


60. In stating problems, x must not be put for money, 
length, time, weight, etc., but for the required nwmber of 
specified units of money, length, time, weight, ete. 

Each statement must be made in algebraic symbols, and 
the meaning of each algebraic statement should be written 
out in full, in common language. 

After the algebraic statements are written, it is necessary 
and sufficient, in problems involving only one unknown 
number, to select two expressions that stand for the same 


number, and to make them the members of the required 
equation. (Ax. 5.) 


SIMPLE EQUATIONS. 93 


Problems Stated and Solved. 


1. Three times a certain number is equal to the number 
increased by 20. Find the number. 


Let x = the number. 
Then 32 = 3 times the number ; 
and x + 20 = the number increased by 20. 
But the last two expressions are equal. 
Therefore, 38x2=2+ 20. 
Transposing, 3a —2 = 20. 
Combining, 2x2 = 20. 
Dividing by 2, rei 10)! 


2. John has three times as many oranges as James, and 
they together have 32. How many has each? 


Let x stand for the number of oranges James has. 
Then 32 is the number of oranges John has; 
and «+32 is the number of oranges they together have. 


But 32 is the number of oranges they together have. 


Therefore, e+3e = 32. 
Combining, 44 = 382. 
Dividing by 4, x= 8. 

Multiplying by 3, 3a = 24. 


Therefore, James has 8 oranges, and John has 24 oranges. 


Nore. Beginners in stating the preceding problem generally write: 
Let « = what James had. 


Now, we know what James had. He had oranges, and we are to 
discover simply the number of oranges he had. 


3. James and John together have $24, and James has 
$8 more than John. How many dollars has each ? 
Let z stand for the number of dollars John has. 


Then x +8 is the number of dollars James has ; 
and xz + (x + 8) is the number of dollars they together have. 


But 24 is the number of dollars they together have. 
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Therefore, xz + (x + 8) = 24, 
Removing the parenthesis, « + « + 8 = 24, 
Combining, 2x = 16. 
Dividing by 2, x= 8. 

Adding 8 to each side, zc+8=16. 


Therefore, John has $8, and James has $16. 


Norse, The beginner must avoid the mistake of writing 
Let « = John’s money. 


We are required to find the number of dollars John has, and there- 
fore x must represent this required number. 


4, The sum of two numbers is 18, and three times the 
greater number exceeds four times the smaller by 5. Find 
the numbers. 

Let « = the greater number. 

Then, since 18 is the sum, and z is one of the numbers, the other 
number must be the sum minus z. Hence, 

18 — x = the smaller number. 

Now, three times the greater number is 32, and four times the less 
number is 4(18 —2); and 3% —4(18 — 2) is equal to the excess of 
three times the greater number over four times the smaller number. 

But 5 = this excess. 

on i= (18 —— 4G) 0D, 
82 — (72 —42) =5, 


or 82—%12+42=65. 
Ray Or ei Af 
and wk 


Therefore, the numbers are 11 and 7. 


5. A had three times as much money as B. He gave 
B $10, and then had only twice as much as B. How much 
had each at first ? 


Let x =the number of dollars B had at first. 
Then 3a =the number of dollars A had at first. 


Now, 3a — 10 is the number of dollars A had after giving $10 to 
B, and x + 10 is the number of dollars B then had. 
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Since A’s money is twice B’s, 


382 —10 = 2 (x + 10) 

32 —10=22+ 20 

$2 —22—20+ 10 
z= 30 
382 = 90. 


Therefore, B had $30 and A had $90. 


6. A has $7 in half-dollars and quarters. If he has 24 
coins in all, how many are halves and how many quarters ? 


Let x = the number of halves. 
Then : _ 24 — a =the number of quarters. 
50 x = the value in cents of the halves. 
25 (24 — x) = the value in cents of the quarters. 

Therefore, 50 z + 25 (24 — x) = the value of his money in cents. 
But 700 = the value of his money in cents. 
Hence, 502 + 25 (24 —x) = 700 

502 + 600 — 25a = 700 


25% = 100 
a=4 


and 24 —a = 20. 
Therefore, he has 4 half-dollars and 20 quarters. 


7. A man is now twice as old as his son; 15° years ago 
he was three times as old. Find the age of each. 
Let x = the number of years in the son’s age. 
Then 22a = the number of years in the father’s age. 
ax — 15 = the number of years in the son’s age 15 years ago. 
2a — 15 = the number of years in the father’s age 15 years ago. 


But 15 years ago 3 times the son’s age was equal to the father’s age. 


Therefore, 3 (@ — 15) =2x%—15 
82 —45=2¢%—15 

x= 30 

2x2 = 60. 


Therefore, the son is 30 years old and the father 60 
years old. 
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EXERCISE 8. 


1. If anumber is multiplied by 9, the product is 810. 
Find the number. 


2. If the sum of the ages of a father and son is 56 years, 
and the father is 7 times as old as the son, what is the age 
of each ? 


3. The sum of two numbers is 161, and the greater is 6 
times the less. Find the numbers. 


4. A tree 100 feet high was broken so that the part 
broken off was 9 times the length of the part left standing. 
Find the length of each part. 


5. The difference of two numbers is 7, and their sum is 
63. Find the numbers. 


6. The difference of two numbers is 13, and their sum is 
59. Find the numbers. 


7. Divide 36 into two parts so that one part shall be 
greater by 6 than the other part. 


8. Three times a given number is equal to the number 
increased by 36. Find the number. 


9. Three times a given number diminished by 20 is 
equal to the given number. Find the number. 


10. One number is 4 times another, and their difference 
is 24. Find the numbers. 


11. The sum of two numbers is 48, and one of them 
exceeds the other by 6. Find the numbers. 


12. The sum of two numbers is 42, and 5 times the 


smaller number is equal to the larger number. Find the 
numbers. 


13. Find three consecutive numbers, x, «+1, and a + 2, 
whose sum is 108. 
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14, Find five consecutive numbers whose sum is 70. 


15. A man walks 4 miles an hour for x hours, and 
another man walks 3 miles an hour fora +4 hours. If 
they each walk the same distance, how many miles does 
each walk ? 


16. A farmer employed two men to build 112 rods of 
wall. One of them built on the average 4 rods a day, and 
the other 3 rods a day. How many days did they work? 


17. Two men start from the same place and travel in 
opposite directions, one 30 miles a day, and the other 20 
milesaday. In howmany days will they be 350 miles apart ? 


18. Two men start from the same place and travel in the 
same direction, one 30 miles a day, and the other 20 miles 
a day. In how many days will they be 350 miles apart ? 

19. A man bought 3 equal lots of hay for $255. For 
the first lot he gave $17 a ton, for the second $16, for the 
third $18. How many tons of each kind did he buy ? 

20. A farmer sold a quantity of wood for $84, one half 
of it at $3 a cord, and the other half at $4acord. How 
many cords of each kind did he sell ? 

21. If 2x—83 stands for 37, for what number will 
7+ stand? : 

22. At an election two opposing candidates received 
together 2000 votes, and one received 100 more votes than 
the other. How many votes did each candidate receive ? 

23. If a number is multiplied by 17, the product is 136. 
Find the number. 

24. The sum of two numbers is 54, and the greater is 
seventeen times the smaller number. Find the numbers. 


25. A tank holding 1500 gallons has three pipes. The 
first lets in 8 gallons a minute, the second 10 gallons, and 
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the third 12 gallons a minute. In how many minutes will 
the tank be filled ? 


26. The fore and hind wheels of a carriage are 10 feet 
and 12 feet respectively in circumference. How many 
feet will the carriage have passed over when the fore wheel 
has made 100 revolutions more than the hind wheel ? 


27. Divide a yard of tape into two parts so that one part 
shall be 6 inches longer than the other part. 


28. Divide 23 into two parts such that the sum of twice 
the greater and three times the smaller is-57. 


29. Four times the smaller of two numbers is three times 
the greater, and their sum is 63. Find the numbers. 


30. <A farmer sold a sheep, a cow, and a horse for $216. 
He sold the cow for seven times as much as the sheep, and 
the horse for four times as much as the cow. How much 
did he get for each ? 


31. Distribute $15 among Thomas, Richard, and Henry 
so that Thomas and Richard shall each have twice as much 
as Henry. 


32. Three men, A, B, and ©, pay $1000 taxes. B pays 
four times as much as A, and C pays as much as A and B 
together. How much does each pay ? 

33. John’s age is three times the age of James, and their 
ages together are 16 years. What is the age of each ? 

34. Twice a certain number increased by 8 is 40. Find 


the number. 


35. Three times a certain number is 46 more than the 
number itself. Find the number. 


36. One number is four times as large as another. If 1 
take the smaller from 12 and the greater from 21, the 
remainders are equal. What are the numbers ? 
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37. Thirty yards of cloth and 20 yards of silk together 
cost $70; and the silk costs twice as much per yard as 
the cloth. How much does each cost per yard ? 


38. In a company of 180 persons, composed of men, 
women, and children, there are twice as many men as 
women, and three times as many women as children. 
How many are there of each ? 


39. Two trains traveling, one at 25 and the other at 30 
miles an hour, start at the same time from two places 330 
miles apart, and move toward each other. In how many 
hours will the trains meet ? 

40. Twelve persons subscribed for a new boat, but two 
being unable to pay, each of the others had to pay $4 more 
than his share. Find the cost of the boat. 

41. A tree 84 feet high was broken so that the part 
broken off was five times the length of the part left stand- 
ing. Required the length of each part. 

42. At an election there were two candidates, and 2800 
votes were cast. The successful candidate had a majority 
of 160. How many votes were cast for each ? 

43. Divide 20 into two parts such that four times the 
greater exceeds three times the smaller by 17. 

44, The sum of two numbers is 50, and seven times the 
smaller number exceeds three times the greater number by 
10. Find the numbers. 

45. Divide 19 into two such parts that twice the smaller 
part exceeds the greater by two. 

46. Three times the excess of a certain number over 6 is 
equal to the number plus 18. Find the number. 


47. Thirty-one times a number exceeds 80 by as much as 
nine times the number is less than 80. Find the number. 
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48. Find the number whose double diminished by 3 ex- 
ceeds 80 by as much as the number itself is less than 100. 


49. Divide 19 into two parts such that the greater part 
exceeds twice the smaller part by 1 less than twice the 
smaller part. 


50. A man is now twice as old as his son; 20 years ago 
he was four times as old as his son. Find the age of each. 


51. A man is four times as old as his son; in 20 years 
he will be only twice as old. Find the age of each. 


52. A man was four times as old as his son 7 years ago, 
and will be only twice as old as his son 7 years hence. 
Find the age of each. 


53. A man has 8 hours for an excursion. How far can 
he ride into the country in a carriage that goes at the rate 
of 9 miles an hour so as to return in time, walking back at 
the rate of 3 miles an hour ? 


54, A man was hired for 26 days. Every day he worked 
he was to receive $3, and every day he was idle he was to 
pay $1 for his board. At the end of the time he received 
$62. How many days did he work ? 


55. A, walking 4 miles an hour, starts two hours after B, 
who walks 3 miles an hour. How many miles must A walk 
to overtake B? 


56. A river runs 1 mile an hour. A man swims a certain 
distance up the river in 3 hours, and the same distance down 
in 1 hour. Find his rate of swimming in still water. 


57. A man bought 12 yards of velvet. If he had bought 
1 yard less for the same money, each yard would have cost 
$1 more. What did the velvet cost a yard? 


58. A and B have together $8; A and C, $10; Band 
C, $12. How much has each ? 
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59. I have in mind a certain number. If this number is 
diminished by 8 and the remainder multiplied by 8, the 
result is the same as if the number were diminished by 6 
and the remainder multiplied by 6. What is the number ? 


60. A man having only ten-cent pieces and _ five-cent 
pieces wished to give some children 15 cents each, but 
found that he had not money enough by 25 cents; he, 
therefore, gave them 10 cents each and had 30 cents left. 
How many children were there ? 


61. A sum of money was divided among A, B, and C.in 
such a way that A received three times as much as B, and 
B twice as much as C. If A received $6 more than C, how 
much did each receive ? 


62. The sum of the ages of a man and his son is 80 
years; and the father’s age is 2 years more than twice the 
age of his son. What is the age of each ? 


63. Two casks contain equal quantities of vinegar. From 
one cask 37 gallons are drawn, and from the other 7 gallons 
are drawn. The quantity now remaining in one cask is 7 
times that remaining in the other. How much did each 
cask contain at first ? 


64. A merchant has two kinds of tea; one worth 50 
cents a pound, and the other 75 cents a pound. He makes 
a mixture from these of 100 pounds, worth 60 cents a 
pound. How many pounds of each kind does he take? 


65. A had $7 and B had $5. B gave A a certain sum; 
then A had 3 times as much as B. How many dollars did 
B give A? 

66. A boy bought 9 dozen oranges for $2.50. Fora part’ 
he paid 25 cents a dozen, and for the remainder 30 cents a 
dozen. How many dozen of each kind did he buy ? 
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Nors. In the following examples express in cents all money values. 


67. How can $2.25 be paid in quarters and ten-cent 
pieces so as to pay twice as many ten-cent pieces as 
quarters ? 


68. I have $1.80 in ten-cent pieces and five-cent pieces, 
and have four times as many five-cent pieces as ten-cent 
pieces. How many have I of each? 


69. I have $6 in silver half-dollars and quarters, and I 
have 20 coins in all. How many have I of each? 


70. I have five times as many half-dollars as quarters, 
and the half-dollars and quarters amount to $11. How 
many have I of each? 


71. A man has $65 in ten-dollar bills and one-dollar 
bills. He has three times as many one-dollar bills as ten- 
dollar bills. How many bills has he of each kind ? 


72. A sum of money is divided among three persons, 
A, B, and C, in such a way that A and B together have 
$6, A and C $6.50, and B and C $7.50. How much has 
each ? 


73. A purse contains 27 coins which amount to $11.25. 
There is a certain number of silver dollars, and three times 
as many half-dollars as dollars; the remaining coins are 
quarters. Find the number of each. 


74. A man bought 10 yards of calico and 20 yards of 
cloth for $30.60. The cloth cost as many quarters per 
yard as the calico cost cents per yard. Find the price of 
each per yard. 

75. A man has a certain number of dollars, half-dollars, 
and quarters. The number of quarters is twice the number 
of half-dollars and four times the number of dollars. If 
he has $15, how many coins of each kind has’ he ? 


CHAPTER III. 
POSITIVE AND NEGATIVE NUMBERS. 


61. Positive and Negative Quantities. If a person is en- 
gaged in trade, his capital will be increased by his gains, 
and diminished by his losses. 

Increase in temperature is measured by the number of 
degrees the mercury rises in a thermometer, and decrease 
in temperature by the number of degrees the mercury falls. 

In considering any quantity whatever, a quantity that 
increases the quantity under consideration is called a posi- 
tive quantity ; and a quantity that decreases the quantity 
under consideration is called a negative quantity. 


62. The Natural Series of Numbers. If from a given point, 
marked 0, we draw a straight line to the right, and begin- 
ning from the zero point lay off units of length on this line, 
the successive repetitions of the unit will be expressed by 
the natural series of numbers, 1, 2, 3, 4, etc. Thus: 


TZ Oe Bae a) 6 Means se Oe 10 ELL 
0 s 

In this series if we wish to add 2 to 5, we begin at 5, 
count 2 units forwards, and arrive at 7. If we wish to 
subtract 2 from 5, we begin at 5, count 2 units backwards, 
and arrive at 3. If we wish to subtract 5 from 5, we count 
5 units backwards from 5, and arrive at 0. If we wish to 
subgract 5 from 2, we cannot do it, because when we have 
counted backwards from 2 as far as 0, the natural series of 
numbers comes to an end. 
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63. Positive and Negative Numbers. In order to subtract 
a greater number from a smaller it is necessary to asswme 
a new series of numbers, beginning at zero and extending 
to the left of zero. The series to the left of zero must 
proceed from zero by the repetitions of the unit, precisely 
like the natural series to the right of zero; and the oppo- 
sition between the right-hand series and the left-hand series 
must be clearly marked. This opposition is indicated by 
calling every number in the right-hand series a positive 
number, and prefixing to it, when written, the sign +; and 
by calling every number in the left-hand series a negative 
number, and prefixing to it the sign —. The two series of 
numbers may be called the algebraic series of numbers, and 
written thus: 


If, in this double series of numbers, we wish to subtract 
4 from 2, we begin at 2 in the positive series, count 4 units 
in the negative direction (to the left), and arrive at — 2 in 
the negative series; that is, 2— 4 = — 2. 

The result obtained by subtracting a greater number from 
a less, when both are positive, is always a negative number. 

In general, if a and 6 represent any two numbers of the 
positive series, the expression a — 6 will be a positive num- 
ber when a@ is greater than 6; will be zero when a is equal 
to 6; will be a negative number when a is less than 0. 

In counting from left to right in the algebraic series, 
numbers increase in magnitude; in counting from right to 
left, numbers decrease in magnitude. Thus, — 3, — 1, 0, 
+ 2, + 4, are arranged in ascending order of magnitude. 


a 
64. The Absolute Value of a Number. The absolute value 
of a number is its value independent of its sign. 
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65. Every algebraic number, as + 4 or — 4, consists of 
a sign + or — and the absolute value of the number. The 
sign shows whether the number belongs to the positive or 
negative series of numbers; the absolute value shows the 
place the number has in the positive or negative series. 

When no sign stands before a number, the sign + is 
always understood. But the sign — is never omitted. 


66. Two algebraic numbers that have, one the sign +, 
and the other the sign —, are said to have unlike signs. 

Two algebraic numbers that have the same absolute 
values, but unlike signs, cancel each other when combined. 

Thus, +4—4=0; +a—a=0. 

67. Double Meanings of the Signs -+- and —. The use of 
the signs + and — to indicate addition and subtraction 
must be carefully distinguished from the use of the signs 
+ and — to indicate in which series, the positive or the 
negative, a given number belongs. In the first sense they 
are signs of operations, and are common to Arithmetic and 
Algebra; in the second sense they are signs of opposition, 
and are employed in Algebra alone. 


Nore. In Arithmetic, if the things counted are whole units, the 
numbers that count them are called whole numbers, integral numbers, 
or integers, the adjective being transferred from the things counted 
to the numbers that count them. But if the things counted are only 
parts of units, the numbers that count them are called fractional num- 
bers, or simply fractions, the adjective being transferred from the 
things counted to the numbers that count them. 

Likewise in Algebra, if the units counted are negative, the numbers 
that count them are called negative numbers, the adjective that defines 
the nature of the units counted being transferred to the numbers that 
count them. 


68. Addition of Algebraic Numbers. An algebraic number 
is often enclosed in a parenthesis, in order that the signs + 
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and —, which are used to distinguish positive and negative 
numbers, may not be confounded with the + and — signs 
that denote the operations of addition and subtraction. 


Thus, + 4+ (—8) expresses the sum, and + 4 — (— 3) expresses 
the difference, of the numbers + 4 and — 3. 


69. In order to add two algebraic numbers, we begin at 
the place in the series which the first number occupies, and 
count, in the direction indicated by the sign of the second 
number, as many units as there are in the absolute value of 
the second number. 


Thus, the sum of + 2+ (+ 3) is found by counting from 

+ 2 three units in the positive direction ; that is, to the right 
‘and is, therefore, + 5. 

The sum of + 2+(— 3) is found by counting from + 2 
three units in the negative direction ; that is, to the left, and 
is, therefore, — 1. 

The sum of.— 2 + (+ 3) is found by counting from — 2 
three units in the positive direction, and is, therefore, + 1. 

The sum of — 2 + (— 38) is found by counting from — 2 
three units in the negative direction, and is, therefore, — 5. 


70. If a and d represent any two numbers, we have 
+a+(+b)=a+0. —a+(+6)=—a+b. 
+a+(—bd)=a~—6. Os 6) ae ae 

Therefore, from these four cases, we have the following 

Rule for Adding Two Algebraic Numbers: 


1. If the numbers have like signs, find the sum of their 
absolute values, and prefix the common sign to the result. 

2. If the numbers have unlike signs, find the difference of 
their absolute values, and prefix the sign of the greater num- 


ber to the result. 
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71. The result is called the algebraic sum in distinction 
from the arithmetical swm ; that is, the sum of the absolute 
values of the numbers. 


Nore. If there are more than two numbers to be added, add two 
of the numbers, and then this sum to a third number, and so on; or 
find the sum of the positive numbers and the sum of the negative 
numbers, then the difference between the absolute values of these two 
sums, and prefix the sign of the greater sum to the result. 


EXERCISE 9. 


Perform mentally the indicated additions: 


i 2: ae Ao 5. 6. 
+8 = —7% Lie esi th 
its aac reat eae eh! mo 

v4 8 9 10. 11 12 
+5 2S £9 — 20 +87 — 37 
= 7 a are 424 = 36 +40 
—9 +9 Saks +86 = 42 — 20 

13 14 15. 16 ily¢ 18 
+15 4B Bet — 20 18 aA 
+12 es Ui +12 — 30 + 32 —27 
— 20 + 30 EG: 2 40 —12 —19 

19 20 21 22. 23 24 

31 ot 81 19 aT: 90 
Mg Ly Wal aT — 70 — 30 
LS —15 31 13 Paap — 20 
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Addition of Similar Monomials. 


1. Find the sum of 3a, 24a, a, 5a, Ta. 

The sum of the coefficients is 3 +2+1+5+7=18. 

Hence, the sum of the monomials is 184. 

2. Find the sum of — 5c¢, —c, — 3¢, — 4¢, — 2e. 

The sum of the coefficients is —5 —1— 38 —4—-2=— 15. 

Hence, the sum of the monomials is — 15c. 

3. Find the sum of 82, — 9a, —az, 3x”, 4a, —12a, x. 

The sum of the positive coefficients is8 +3+4+1=16. 

The sum of the negative coefficients is — 9 — 1 —12 = — 22, 

The difference between 16 and 22 is 6, and the sign of the greater 
is negative. Hence, thesumis —62z. Therefore, 


72. To Find the Sum of Similar Monomials, 


Find the algebraic sum of the coefficients, and annex to 
this sum the letters common to the terms. 


EXerciseE 10. 


Perform mentally the indicated additions : 


ie 2. 3. 4, 5. 6. 
Ta Tay 3 yz 2 ab 13¢ 3 Lz 
2a 2 ay — Oye ine 12¢ t az 
— da = re — Aye —Tab —24¢ — ie 
—2a 4 ory T yz 8 ab 15¢ — “2 
Ihe 8. 9. 10. aN 1A 
12 24 4 m? 11 abe 27 yfta* Li 187 
OOM dabe —Alyte* — 3123 27 y® 
— 82 —Tm* — Tabo — Byte —A4Tx® — 4345 


— 2 5m — Yabo — yet Gla? 213° 
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Exercise 11. 
Find the algebraic sum of: 


1. Ta, 2a, —3a, —5a. 9. 3yz, —9 yz, 20 yz, T yz. 

2. Tay, 2xy, —4ay,—5zy. 10. 2ab, —10ab, —7 ab, 3 ab. 
3. 4a%b, —3a%, —5 ad. 11. 1427, 927, —82?, -—1tai 
4. 3ay,4ay,7Txy,—3ay. 12. 177°, —87', 5y', -—y¥. 

5. 166, —118, —28,36.- 28. 124, —724, —824 —9e8 
6. 13¢, 12c¢, —24c, 2. 14. 2177, —17y',—377,—4y7. 
7. —3x2z,7 xz, —2a2z,—axz. 15. c2, —2c%, —15e, —18 c%. 
8. 2ac, 5ac, —9 ae, Sac. 16. 4m, —11m?, —7 m?, 5m? 


Express in one term each of the following : 
17. 927? -—Ta*4+42?— 327+ 32?— 52% 
18. 3a79—18¢+0—50+6a’?—10a. 
19. 5ae@+7 a®x — 9 a*x — 29 a + 4 ao. 
20. —5a%’?+ 70%? +11 ab? — 4070? — 90’b’*. 
21. — 21 az? + 20 ax® — 6 az? 4+ 5 ax® — 18 az’. 
22. —1labexr + 3 abex — T abcx + 29 abex + abca. 
23. — 3 yet — 27 y'z* — 2 y'e* + 41 yet + oe. 
24. —4 aby + 18 ao? + 27 wo — 43 aFy? — aif. 
25. — 31 abe? +17 abz® — 47 abz® + 61 abe’ + ade’. 
26. gat+4ta—yzat+ga—Ffat+a. 
27. a? —5a? + $0°7+7a?—30°+ 420. 
28. xy — yay + gay — Fry + gry — th ry. 
29. 22—82—Bz2+24+482— §z. 
30. 1 ayz + I aye + Id aye + 413 aye — 7 aye. 
31. 14a—Ta—8a-—-15a+4+12a¢. 
32. 4a%e —10a%4+ 6a —9are+ ae. 
33. 3a°%y —4a*y + 2a*y — ay + day. 
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Subtraction of Algebraic Numbers. 


73. In order to subtract one algebraic number from 
another, we begin at the place in the series which the 
minuend occupies, and count, in the direction opposite to 
that indicated by the sign of the subtrahend, as many units 
as there are in the absolute value of the subtrahend. 

seeee —4 at —2 —1 : 2 +2 +3 es 

| | | 

Thus, the result of subtracting + 1 from + 3 is found 
by counting from +3 one unit in the negative direction ; 
that is, in the direction opposite to that indicated by the sign 
+ before 1, and is, therefore, + 2. 

The result of subtracting —1 from +3 is found by 
counting from + 3 one unit in the positive direction, and 
is, therefore, + 4. 

The result of subtracting +1 from — 3 is found by 
counting from — 3 one unit in the negative direction, and 
is, therefore, — 4. 

The result of subtracting —1 from —3 is found by 
counting from — 3 one unit in the positive direction, and 
is, therefore, — 2. 

If a and 6 represent any two numbers, we have 

+a—(+-o)=a—6. he (4-0) a a 
+a—(—bd)=a+b. in (ns ane ae 


74. From these four cases we see that subtracting a posi- 
tive number is equivalent to adding an equal negative num- 
ber ; and that subtracting a negative number is equivalent 
to adding an equal positive number. Therefore, 


75. To Subtract One Algebraic Number from Another, 


Change the sign.of the subtrahend, and add the result to 
the minuend. 


. 
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EXERcIsE 12. 


Perform mentally the indicated subtractions: 


1h Bs se 4, 5. 6. 
11 =T1 ces kd 11 3 a t3 
<3 = tS 3 3 11 todd 
7 8. 9. 10. i Ni Ls 12 
3 3 —3 3 3 3 
8 ore) pet Re 2 9 
1k} 14 15. 16 17 18 
fg Ay 8 7 7 6 
Scns _8 att 8 oad = 


Subtraction of Similar Monomials. 


1. From 15 mz? take — 7 m*x?. 
15 mx? — (— 7 mx?) = 15 ma? + 7 ma? 
= 22 m7x?. Hence, 
76. To Subtract a Monomial from a Similar Monomial, 


Change the sign of the coefficient of the subtrahend ; then 
add the coefficients, and annex the common letters to the result. 


Exercise 13. 


Perform mentally the indicated subtractions : 


ae 2. oe 4, 5. 
166 3 yz —10ab — 6a? — Tm? 
—116 — 9 yz — Tab —10a? 3m? 
6. he 8. 2) 10. 
29¢ —41e —29¢ 3 abe — acx 


—41le 29¢ —41e — abe 3 acta 
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Ifa=4,b=—2, c=~— 3, find the value of: 


ll. a+(—b)+e. 14. —(—a)+(—4)—-(—°). 
12, —a—(—d)+e. 15. +(—a)—(—b)—(— ©). 
13.- a—6+ (Ce). 16. (2) 8) i 


Multiplication of Algebraic Numbers. 


77. Multiplication is generally defined in Arithmetic as 
the process of finding the result when one number (the 
multiplicand) is taken as many times as there are units in 
another number (the multiplier). This definition fails 
when the multiplier is a fraction. In multiplying by a 
fraction, we divide the multiplicand into as many equal 
parts as there are units in the denominator, and take as 
many of these parts as there are units in the numerator. 

If, for example, we multiply 6 by 3, we divide 6 into 
three equal parts and take two of these parts, obtaining 4 
for the product. The multiplier, 3, is 3 of 1, and the prod- 
uct, 4, is 2 of 6; that is, the product is obtained from the 
multiplicand precisely as the multiplier is obtained from 1. 


78. Multiplication may be defined, therefore, 


As the process of obtaining the product from the multipli- 
cand as the multiplier is obtained from unity. 


79. Every extension of the meaning of a term must 
be consistent with the sense previously attached to the 
term, and with the general laws of numbers. 

This extension of the meaning of multiplication is con- 
sistent with the sense attached to multiplication when the 
multiplier is a positive whole number. 


Thus, 5X 7=35, 
the multiplier, 5, =1+1+1+4+1+1, 
and the product, 35, =7+74+74+7+4+7. 
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Law of Signs in Multiplication. 
By the definition of multiplication (§ 78), 


since +8=+4141+41, 
3X (+48)=+84+848=4 24, 
and 3x (—8)=—8+(—8)+(— 8) =— 24. 
Again, since. —3=—1—1-—1, 


C3) x8=]——38— 8 —3=—"44, 
See eo) 8) ie) 8) (8) 
=+8+8+8=4 24. 
The minus sign before the multiplier, 3, signifies that the 
repetitions of the multiplicand are to be subtracted. 
If a and 6 stand for any two numbers, we have 
(+ a) X (4-6) =+ 48, 
(+ a) X (— 6) =— ab, 
(-a)X(4+6)=— a8, 
(— a) X (— 6) = + ab. 
That is, if two numbers have like signs, the product has the 
plus sign; if unlike signs, the product has the minus sign. 


80. The Law of Signs in Multiplication is, therefore, 


Like signs give +, and unlike signs give —. 


The Index Law in Multiplication. 

Since C= da, and a’ —aag, 
OO = 00 0d — 
Ci — CIO OI 


2+3. 
? 
4+ 1 
If then m and n are positive integers, 
a XS a" TS. 
In like manner, a” X a” X aP = a™t*t?, 
81. The Index Law in Multiplication is, therefore, 


The exponent of a letter in the product is equal to the sum 
of the exponents of the letter in the factors of the product. 
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Multiplication of Monomials. 
1. Find the product of 6 a7b* and 7 ab7c*. 


Since the order of the factors is immaterial, (§ 42) 
602b3 X Tab’eR =BXTXAXAXBXEXS 
= 42 a%b*c3. 


2. Find the product of — 3 ab and 7 ad’. 
—3abxTab?=—38XT7TXaXaXdXB 
= — 21 a°b+. 
3. Find the product of « and x’, and of 2" and x”. 
ar X g8 = grts, 
we xX gr=grtrn=g_n, Therefore, 


82. To Find the Product of Two Monomials, 

Find the product of the numerical coefficients; and to 
this product annex the letters, giving to each letter an ex- 
ponent equal to the sum of its exponents in the factors. 


83. A product of three or more factors is called.the con- 
tinued product of the factors. 


1. Find the continued product of (— a)x(—6)X(—e). 
By the law of signs, § 80, we have 
(— a) x (—b) =a, 
and (ab) X (—c) = — abe. 


2. Find the continued product of 
(= @).X(— 6) x (= Oates 
By the law of signs, (— a) X (—b) =ab, 
(ab) xX (—c) = —abe, 
(= abc) X (— d) =‘adbed. 


84. From Examples 1 and 2 (§ 83), we see that an odd 
number of negative factors gives a negative product; and an 
even number of negative factors gives a positive product. 


f 
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EXERcIsE 14. 


Nore. The beginner should first write the sign of the product ; 
then the product of the numerical coefficients after the sign; and, 
lastly, the letters in alphabetical order, giving to each letter the 
proper exponent. 


Find mentally the product of: 


Ls 2. os 4, 5. 6. 
ae —3a 38a — 8a 9 a? — 9a? 
2a —2a —2a 2a 6a 6 a? 

7 8 9 10. 12 12 
5 a? — has 8 a® —'T m? ery* id 0 es 
Jere — be — ie 8 m* — 5 277? a*be 

13 14 15. 16. ales 18 

—3a*x 5ac® Thies — 90? — ab 9a™ 
— 8 ax? 6 ac —32' — 6a — ab* 6 a 

19. 20. 21. 22. 23. 24. 
amtl — gn gnr3 a” y* on? 
a™—} Qam—n gn—2 a et an? 


25. —2a*y, x7y®, and — 15 abay. 
26. — 8a?, — 267, — 3ab, and a*b*. 
27. ab, — ac, — be, and — 3abe. 

28. —ayz’, xyz, — «xyz, and 3ayz. 
29. 4a, — 100%, 25067, and — ab*. 
30. 07, 6ab?, —4a%b, and — 2 ab. 
Sig ani a eae) aa 


Saat. ae Eee eae, and aang 
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Division of Algebraic Numbers. 


85. Division is the operation 


of finding one of two 


factors, when their product and the other factor are given. ; 


86. With reference to this operation the product is called 


the dividend, the given factor the 
factor the quotient. 


Law of Signs in 
Since (+ a) X (+))=+ 40, .. 
Since (+ a) X (— 6) =— ab, .” 
Since (— a) X (+ 6) =— a, 
Since (— a) X (— 6) = + ab, 


divisor, and the required 


Division. 


+ab+(+a)=+6. 


—— ab (a) =— b. 
J — 0 if) a 
~. wos (—a=—-6 


That is, if the dividend and divisor have like signs, the 
quotient has the plus sign; and if they have unlike signs, 


the quotient has the minus sign. 


87. The Law of Signs in Division is, therefore, 


Like signs give +, and unlike signs give —. 


The Index Law in Division. 


The quotient contains the factors of the dividend that 


are not found in the divisor. 


1. Divide a’ by a. va 


a aaaaa 


ab 


a aa 


9 
ade 


2= Vs hojeh —= {ih te 


Divide a* by a. 


5-2 


If m and n are positive integers, and m is greater than n, 


OS Oy ee 


, 
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88. The Index Law in Division is, therefore, 


The exponent of a letter in the quotient is equal to the 
exponent of the letter in the dividend minus the exponent of 
the letter in the divisor. 


Division of Monomials. 
1. Divide 24a’ by 8a°. 
24 al 
8 a> 


We obtain the factor 3 of the quotient by dividing 24 by 8; and the 
factor a? of the quotient, by writing a with an exponent equal to the 
exponent of a in the dividend minus the exponent of a in the divisor. 


2. Divide 20a*d* by — 4ab®. 
20 abo 
—4ab> 
3. Divide — 30 a7b*c* by — 20 abc’. 
— 30 a2bict 

— 20 abc? 
4. Divide — 57 a*—* by — 19 a7—*. 
— 57 az—1 
SS gr 
5. Divide 77 a?"b"c* by 11 a™b*c’. 
77 a2mhncr 
11 a”brc3 


= 30's" — 3.47; 


— 5 ab—-148-5 = — 5 ath, 
= 3 ab?c. 
= 8 atz—1-G@—39) = 8 qz—1-24+8= 3 az. 


= 7 q2m—m §On—n cxe—-38 = 7 anhocx—3, 


- =1; and by the index law = 6°, it 
follows that bd} =1. Hence, any letter which by the rule would appear 
in the quotient with zero for an exponent, may be omitted without affect- 


ing the quotient. 


Note. Since by division 


89. To Find the Quotient of Two Monomials, therefore, 

Divide the numerical coefficient of the dividend by the 
numerical coefficient of the divisor ; and to the result annex 
the letters, giving to each letter an exponent equal to its 
exponent in the dividend minus its exponent in the divisor. 
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Exercise 15. 


Perform mentally the indicated divisions : 


ia 2. 3. 4. 5. 
12 ab? 16 a*c* 20 xy? 14 27/328 54 a*ate* 
6 ab 8 ac 5axy Taye 6 axe 
6. i 8. 9. 10. 
— 20 cy — 27 ata? — 56 ata* 63 yz" 72 aPyz* 
bey — 9a? — 8 a*x — Tye 12 xyz 
bike 12. 13. 14. Tbe 
—9ahe — 27 abe? > —3atyt —2¢y  —18a* 
— abe 3 aba? ope —¢y —42"-% 
16. ie 18. 19; 20. 

56 a’x®y* — 38 ab*2? — 2 a*b?z4 4 ay? 6 atz? 
el oe Con" abz? —22°%y —2 aa 
al be 22. , 23. 24, 25. 
Se — 512°, 28 c8d* 16 ab?x* 12 3-2 
— a7? 17 xy? —ted —4Aab*x — 3 xy 
26, 27. 28. 29. 30. 

T abe” Santt 12 ay” 54 ge ty wy 
7 abet} yao 6 wy a 9x7? Pea yore 
31. 32. 33. 34, 35. 

— 6 cy? 4 ath —3ah? 2 y*x? — y'z8 
—2cy 2 ab? —d3atd 2 yz — ae 
36. Oils 38. 39. 40. 
= 8 cy? 10 ax> a2 a5° 3 xy fie ie 
— 4%? 5 arn? 6 al —' ops? ee 


CHAPTER IV. 


ADDITION AND SUBTRACTION. 


Integral Compound Expressions. 


90. If an algebraic expression contains no letter in the 
denominator of any of its terms, it is called an integral 
expression. Thus, x* + 7 ca? — c— 5c*x, ax —tbcy, are 
integral expressions. 

An integral expression may have for some values of the letters a 


fractional value, and a fractional expression an integral value. If, 
for instance, @ stands for # and 6 for 4, the integral expression 


2a— 5bstands for § — 3=4; and the fractional expression a stands 


for 12-—+2=5. Integral and fractional expressions, therefore, are so 
named on account of the form of the expressions, and with no refer- 
ence whatever to the numerical value of the expressions when definite 
numbers are put in place of the letters. 


Addition of Integral Compound Hxpressions. 


91. The addition of two compound algebraic expressions 
can be represented by connecting the second expression 
with the first by the sign +.’ If there are no like terms in 
the two expressions, the operation is algebraically complete 
when the two expressions are thus connected (§ 11, Note). 

If, for example, it is required to add m+n—p to 
a+b6-+e, the result will bea+b+c+(m+n—>p); or, 
removing the parenthesis (§ 39),a+b+e+m+n— p. 
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92. If, however, there are like terms in the expressions, 
every set of like terms can be replaced by a single term 
with a coefficient equal to the algebraic sum of the coeffi- 
cients of the like terms. 


1. Add 5a?+4a+3 to 2a@—3a—4. 
2a@—3a—4+(50a?+4a+3) 
=2¢—8a—4+5¢+4a+4+3 (§ 39) 
=2a@+5¢—38a+t+4a—44+3 (§ 38) 
=Ta’+a—1. 


This process is more conveniently represented by arrang- 
ing the terms in columns, so that like terms shall stand in 
the same column, as follows: 


2a@—3a—4 
§a@?+4a+3 
T@’+ a-l1l 


The coefficient of a? in the result will be 5+ 2, or 7; the coeffi- 
cient of a will be — 3 + 4, or 1; the last term will be —4+ 3, or—1. 


2. Add 2a°—3a7%+4al?+065; a&+4a°%) —Tab?—28; 
3a? + a’ — 3ab?— 40°; and 2a'+2a)+6al?— 38% 
2a—3a%+4a?+4+ 8 
&+4a%s—Tabl?—- 26 
38a°+ ab—8abl?—48 
20+ 2a%+6al?— 30° 
8a +4a% — 8d 
The coefficient of a’ in the result will be 2 +1+8+ 2, or +8; the 
coefficient of ab will be -3 +4+1+2, or +4; the coefficient of 


ab? will be 4 —7 —8 +6, or 0, and, therefore, the term ab? will not 


appear in the result (§ 21); and the coefficient of 68 will be 1 —2—4 
— 8, or — 8. 
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EXERCISE 16. 


Add: 

t- a+b; a—b. 

2. a—a; 2° — 2 

3. 527+62—2; 32°—-T2+4+2. 

4, 3279—2ay+y’*; 2?-—2ay+3y. 

5. az?+ba—4; 3ax7—2ba+4; —4ax?—2br4+ 5. 

6. db2+38y+2; 32+2y+32; «—-3y— 52. 

7 —3ab— 2az*+ 3a%x+ 2°; —4ab— 60% + 5 a2; 
x? —ab+ a*x — ax’; ax?+ 8ab— Barz. 

& a> 20+ 3@—a+T; 2at—3+20°—a+6; 

at — 2a? + 2a? — 5. 

9. 3a? —ab+ac—38?+4be—c?; —4b0+ 52+ 206; 
5a*?—ab—ac+5be; —4a7+0?—5be+2¢7. 

10. 2*—32°+22?—424+7; 3at+22°+2?-—5a-6; 
Aat+ 3a —327+9xe%—2; 2at—a?+a?—a2+1. 

M1. 77 — 3ay—4e7y7+ 2°; —5a*— 11ay’? — 12227 — 7; 
ay —22—y? — Say’; —4ae+y—2+6ay+102% 

12. at—20+30—8a—2; ®@+e?t+a-—3a'+38; 
Aare Gs 2G Oe a ae = 2 OO, 

13. a° + 2ae? — ay — yf; 20° — Ba*’y — 4ay? — Ty; 
x? — 8 ay? — Ty’. 

14. ¢—88°+2%—4¢4+7; 2¢+3°4+2+5c+6; 
&—4c—42—5. 

15. 32? — ay + az — 3y?— 27; — 52? — ay —az+ 5 yz; 
y+ 3yz+32*; 62?—6y—62+4x2; 4yz— daz. 

16. m> — 3m‘*n — 6 m'n?; mn? + mn? — 5imin — 3 n°; 
2m? +4 mn? — 3 mnt —n?; —2 mn? — 3mn*+n'; 
— m+2mn*+2n°+ 3 min. 

17. 67 —1—22%y; 54+2ay?—4a*%y; —ay—5+6a2y’; 


2+ay—y; ay —2ay’?—5y> +1. 
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Subtraction of Compound Expressions. 


93. The subtraction of one expression from another, if 
none of the terms are alike, can be represented only by 
connecting the subtrahend with the minuend by means of 
the sign —. 

If, for example, it is required to subtract a + 6+ ¢ from 
m+n — p, the result will be represented by 


(Se il Mee Mall (9 Mes an 7) 
or, removing the parenthesis (§ 40), 
Te tp 


If, however, some of the terms in the two expressions 
are alike, we can replace like terms by a single term: 


1. Subtract a§ — 2a?+.2a—1 from 3a*— 24?+a—2; 
the result may be expressed as follows: 


8 — 2a -a—2—(e 2 oe iy; 
or, removing the parenthesis (§ 40), 
880—207+a+2—a=+2¢—-—2a+1 
=3e—a—2a7+2a?+a—2a—2+1 (§ 38) 


= 2a’ —a—1. 


This process is more easily performed by writing the 
subtrahend below the minuend, mentally changing the sign 
of each term in the subtrahend, and adding the two expres- 
sions. Thus, the above example may be written 

3a°—2a*+ a—2 
a —2a+2a—1 


2a — a-l 


The coefficient of a3 will be 3 —1, or 2; the coefficient of a? will 
be — 2 + 2, or 0, and therefore the term containing a? will not appear: 
in the result ; the coefficient of a will be 1 — 2, or —1; the last term. 
will be —2+1, or —1. 


;? 
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2. Subtract a® + 4a°x? — 3 42x? — 4act 
from a®x? + 2 ax? — 4 az. 
Here terms that are alike can be written in columns: 
a®x? + 2 a®x® — 4 axt , 
@+4a*x? — 3 ax — 4ax* 
— @& — 3a*x? + 5 a*x? 
There is no term a® in the minuend, hence the coefficient of a5 in 
the result will be 0 — 1, or — 1; the coefficient of a3? will be 1 — 4, or 


—3; the coefficient of a2x3 will be 2+ 3, or +5; the coefficient of 
-ax* will be — 4 + 4, or 0, and az* will not appear in the result, 


EXERCISE 17. 


1. From 8a —46— 2c take 2a—36—53e. 

2. From 3a—46+38c take 2a—86—c—d, 

3. From 7 a? — 92 —1 take 5a?— 62 —3. 

4. From 22? —2ax +a? take x? — ax — a? 

5. From 4a —30)— 3c take 2a—30+4+4e. 

6. From 5a?+72x+4 take 3a?—7x+2. 

7. From 2ax+3by +5 take 3 ax — 3 by — 5. 

8. From 4a? — 6ab+ 22? take 3a*7+ ab4+ 0% 

9. From 4a*% + 7ab?+ 9 take 8 — 3ab*. 

10. From 5a’¢ + 6a’ — 8 a take 0° + 6 a*% — 5 ae, 

11. From a? — @ take 67. 13. From 0? take a? — 6%. 
12. From a? — é? take a’. 14. From a? take a? — 8% 
15. From 2+ 3 az* — 262? + 3cx —4d 


take 3a*+ az’*— 4b2?+6cx4+d. 
If A=3a?—200+507, C=Ta—8a0+5683, 
B=9a@—5ab+30, D=11a?—3abd—48, 
‘find the expression for : 
16°A+C+B — D. 19. A+C—B-—D. 
134A — O— BD. 20. A— C+ B+ D. 
1s. C—A—B+D. 21. 4d+C—B+D. 
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Insertion of Parentheses. 


We have the following equivalent expressions : 

at+(b+te)=atbt+e .«.a+b+cec=a+6+0); 
a+(b—c)=atb—ce «..a+tb—c=a+(b—0); 
a—(b+c)=a-6-64 ..¢@—-6—c=a—GO4+0); 
a—(6—O=a-—b+¢4 «.¢—-b+e>a—(6—o). 


94. Hence, a parenthesis preceded by the sign + may 
not only be removed without changing the sign of any term, 
but may also be inserted, enclosing any number of terms, 
without changing the sign of any term. 

And a parenthesis preceded by the sign — may not only 
be removed, provided the sign of every term within the 
parenthesis is changed, namely, + to — and — to +, but. 
may also be inserted, enclosing any number of terms, pro- 
vided the sign of every term enclosed is changed. 


95. Expressions may occur having parentheses within 
parentheses. In such cases signs of aggregation of dif- 
ferent shapes are used, and the beginner, when he meets 
with one branch of a parenthesis (, or bracket [, or brace 
§, must look carefully for the other branch, whatever may 
intervene; and all that is included between the two 
branches must be treated as the + or — sign before the 
sign of aggregation directs. It is best to remove each paren- 
thesis in succession, beginning with the innermost. Thus, 


1, ~@2- [0 —(e =a) Fe) 
a—[6—c-+a-+¢] 
a—b+e—d—e. 


2. a—{b—[e—(d—e)+f]}} 
=a-$b-[e—dtetf} 
=@—j06— 0d =e-a7e 
=a—b+e—d+e+f. 


I 
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Exercise 18. 


Simplify the following by removing the parentheses and 


-combining like terms: 


15. 


1. a—b—[a—@—ec)—c}. 

2. m—[n—(p— m)]}. 

3. 2%—$y+[42—(y+22)]?. 
4. 3a—§{2b—[5e— 8a+d)j}. 
5. 
6 
1 
8 
9 


a —{b+[e—(d—b) +a]— 22}. 


pe | = (2a 0) oe |. 

- 2e—[y—(@—2y)]. 
eth 1 (So 2b) at. 

oa iy) — (0 a —y) (a+b — 2). 
10. 
vi 
12. 
13. 
14, 


3a—[—46+ 4a—6)—(2a—56)]. 
4¢—[a—(26—3¢)+¢]+[a—(26—5e—a)]. 
2+(y—2)—[Be—2y) +2] +[e—(y—22)]). 
a—[2a+(a— 2a) +2a]—5a—$6a—[(a+2a)—a]?. 
22 —(o4 +2) — 46 —(e— 6) -- = [a —{6 = 6) Jt. 
a—[b+e—a—(at+b)—c]+(2a—b +0). 


Nore. Remember that the sign — which is written in the last 


problem before the first term 6 under the vinculum is really the sign 
-of the yinculum, — 6 + c meaning the same as — (b + ¢). 


16. 
Nile 
18. 
19. 
20. 
21. 
22. 


Ia = [Pa em Bey Th 

22—§2e-+ (y—z)—32e+[2a—(y—2e—2y)—32z]+4y}. 
Ga Oe OP Ciena abe Olt [2 ae (bi a), 
ia Ue Gia (OO re i (dem Oise Ohi | at 
5a— §—3a—[Ba—Ca—a—b)—e]+ 2}. 
200—a—jTa—[8a—Va—3 — 6a)]}. 
a—$by—[e#—- By —22) +2—-@—2y —2)]}}. 
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Exercise 19. 


In each of the following expressions enclose the last three: 
terms in a parenthesis preceded by the sign —, remembering 
that the sign of each term enclosed must be changed: 


Ue 


St pee 


2a—6+38ce—d+3e—5f 
C= 6. Y=) 2 oe 
a+6b—ce+4a—6+1. 

az + by + cz + bu — cy + cz. 
3a+2b6+2¢—5d—se—-4f. 
Ly +2 = Day —Age + 3 Ye. 


Considering all the factors that precede z, y, and 2, respectively, 
as the coefficients of these letters, we may collect in parentheses the 
coefficients of x, y, and z in the following expression : 


ax 


— by + ay — az—cz4+ bx = ax + br + ay — by — az — cz 
=(a + bx + (a—d)y—(atc)z. 


In like manner, collect the coefficients of 2, y, and z in 
the following expressions : 


lds 


ax + by + cz + ba — cy + az. 
ax-+2ayt+4az—be+3y—3bze—22, 
ax —2by—5cz —4ba +3 cy —T az. 

ax +3 ay + 2 by — bz —11 cx + 2 cy — cz. 


. 4by —B8axr—6ee+2be—T ce —bdcoy—2—y —2, 

. 6az— bby +3cz —2b2 —Say+t2—“2+y. 

. e—by +3 az—S3ey + Zax — 2mae — Sbz. 

. e+ ay — az — ace + bez — mny — y — 2. 

. 2ax—6ay+4bz —4ba —2 cx — 3 ey. 

. ax—be+2ay+3y+4az — 3 be —2z. 

. ax —2by+5cez —4be — 8cy + az—2ex~ —ay+ 4 bz. 
. 12ax+12ay+4by —12 bz —15cr+ 6ey + 8 cz. 
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EXERCISE 20. — Review. 
1. Add 42° — 5a? — 5az?+ 6a; 603+ 32°34 402"; 
19 az’ —11 2?—15 ax; 102°+7 ae+5 a?—18 az, 
2. Add 3a6+3a+66—40; ab+2a4+4)4+ 98; 
Tab—4a—8b+1380'; 6a+126—2ab—11 a’ 
Notre. Similar compound expressions are added in precisely the 
same way as simple expressions, by finding the sum of their coefti- 
cients. Thus, 3(@—y)+5(@—y)—2(a@—y)=6(a@—y). 
3, Add 4(5'— 2); 6(5 —a); 3(6 —~a);.—12(6 — 2); 
2(O = %); (— 9 6 2), 
£4) Add (6.1 b) 27 + (6-4 0) y* + (a.-4+.¢) 2755 (b +0) 24 
(at+te)y?+ (atb)z2?; (at+oe+(atb)y? +0 + cz. 
5. Add: (a + b)x+(6+ejyt+(etaze; O+ eye + 
(cta)a—(at+b)y; (ate)yt+t(atd)z—(Ot+e)e. 
6. From a* — 2? take a2 + 2axz +27. 
7. From 3a?+ 2 ax + 2? take a? — ax — 2”. 
8. From 82?— 3ax+ 5 take 527+ 2ax+5. 
9. From a+ 30% + ab? — abc take ab? — abe + 6°. 
10. From (a+ 6)x+(a+c)y take (a—b)x—(a—c)y. 
11. Simplify 7a —§3a—[4a—(5a—2a)}}. 
12. Simplify 3a—{a+6—[a+b+e—(a+b+ce+d)]}. 
Bracket the coefficients, and arrange according to the 
descending powers of a: 
13. 2? — ax — cx? — bax + ba? — ca? + a?x* — x? — cx. 
14. 2ax —3bx? —T ca? — 2ba+2cx? + 8 ax? —2 cx — ax? — 62%. 
Ifa=1,;6 = 3, ¢= 5, and’ d= 7, find the value of : 
15. a? — (8 —¢) — [— (Pa) + [2 -— @ = a2)} 
16. a—26— §3e—d—[3a— (5b —ce—8d)]— 28}. 
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17. From 2d+11a+106—5c take 2c+5a—36; 
and show that the result is numerically correct when 
a=1,6=3,c=5,d=T. 

18. If a=1, b= — 3, c=— 5, d=0, find the value of 
7?+20+327+4a 

If a=3, 6=4, c=9, and 2s=a+6--+¢ find the 
value of: 

19. s(s — a) (s— 6) (s—¢). 

20... 8'-+(s — a) Fis—o) + 6—<¢. 

21: S— (Ss — 3G) (8 — 0) — (8-0) (Se) a) 

22. Ife=a+26—3¢, y=b+2ce—3a, z=c+2a— 3b, 
show thatx+y+z2=0. 

23. Ife@=a—26+3¢6 y=b—2c+3a, z=c—2a+ 38, 
show thate+y+tz=2a+26+4+2¢. 


24. What must be added to 2?+ 5y?+ 32? in order that 
the sum may be 2 y? — 27? 


25. What must be added to 5a'3—7a*b+3 ad? in order 
that the sum may be a*® — 2 a*% — 2 ab? + 0°? 


If F=5a°+30%—28%, F=30—Ta%—B, 
G=2a%—a—-—8, H=a%—2a'—36, 


find the simplest expression for : 


26, H+i{F—G— RM, 30. E+G—(F—H). 
a7. E—-§F+G@— RH}. $1. F—H—(E+@). 
PMI aOR Ww ere SY 9 $2. H—E—(F—G). 
29. H—-{F—(G—H)}. 33. F—G@G—(E—H). 


34, From 2a? —2y?— 27 take 8y? +22? — 2, and from 
the remainder take 3 2? — 2 y? — 2”. 

35. Take the sum of a’ — 2a?+2ac? and a? — ac?— a 
from a? — 2a’ + 8 ack 


CHAPTER V. 
MULTIPLICATION AND DIVISION. 


Multiplication of Compound Expressions. 


96. Degree ofa Term. A term that has one letter is said 
to be of the first degree ; a term that is the product of two 
letters is said to be of the second degree ; and so on. 


97. Degree of a Compound Expression. The degree of a 
compound expression is the degree of that term of. the 
expression which is of the highest degree. 


Thus, a?z2-+bx-+c is of the fourth degree, since ax? is of the 
fourth degree. 


98. When all the terms of a compound expression are 
of the same degree, the expression is said to be homogeneous. 

Thus, 23+ 32*y + 32y? + y? is a homogeneous expression, every 
term being of the third degree. 


99. Dominant Letter. If there is one letter in an expres- 
sion of more importance than the rest, it is called the 
dominant letter; and the degree of the expression is called 
by the degree of the dominant letter. 

Thus, a*x2 + bx + c is of the second degree in x. 


100. Arrangement of a Compound Expression. A compound 
expression is said to be arranged according to the powers 
of some letter when the exponents of that letter descend or 
ascend, from left to right, in the order of magnitude. 


Thus, 8 ax? —4bzr4-—6ax+8b is arranged according to the de- 
scending powers of x; and 8b —6axz — 4 ba? + 3 az is arranged 
according to the ascending powers of @. 
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Multiplication of Polynomials by Monomials. 


We have a(6+¢)=ab+ac; (§ 41) 
and a(b—c)=ab—ac. Hence, 


101. To Multiply a Polynomial by a Monomial, 


Multiply each term of the polynomial by the monomial, 
and connect the partial products with their proper signs. 


Find the product of ab + ac — be and abe. 


ab + ae — be 
abe 
abc + a*hc*? — abc? 


Note. We multiply ab, the first term of the multiplicand, by abc, 
and work to the right. 


EXERCISE 21. 


Multiply : 
1. 5¢+36 by 20% 7 &@+6'—¢ by a’dc* 
2. ab — be by 5 arbe. 8. 5a?— 30?+ 2¢ by 4ab*c2 
3. ab — ac — be by abe. 9. abe — 3.a%be’ by — 2 ab’e. 
4, 6a°> —T atd%c by a%b*c, 10. xye* + a*y*e by — a*yz. 
5. x—y—zby —Sary’e, 11. 3a —2y—4 by 52% 
6. 2?+2y7—2z by —3a%. 12. 3279—4y7+52 by 22%y. 


13. aa — 5 ate* + aa® +2 2* by anty. 

14. —9a°+3 a°d? — 40°88 — B by — 3 abt. 
15. 30° — 2a*y — 7 wy? + 9° by — 5 ay. 
16. —4ay7°+ 5o*%y + 82° by —3a%y. 

17. —3+2a6 + a** by — at 

18, —2— 227+ 5a*ya by — 3 a®yz. 


, 
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Multiplication of Polynomials by Polynomials. 
If we have m+n-+>p to be multiplied by a+6+¢, we 
may substitute M/ for the multiplicand m+n+p. Then 
(a+b+c)M=aM+bM+ cM. (§ 41) 


If now we substitute for Wits value m ++ p, we have 


aM+tbM+cM 
=a(m+ntp)tb(mtntp)te(m+nt p) 
=am+an+ ap + bm + bn + bp + em + en + cp. 


- 102. To Find the Product of Two Polynomials, therefore, 


Multiply every term of the multiplicand by each term of 
the multiplier, and add the partial products. 


In multiplying polynomials, it is a convenient arrange- 
ment to write the multiplier under the multiplicand, and 
place like terms of the partial products in columns. 


1. Multiply 5a — 66 by 3a—40. 


5a — 66 
3a— Ab 
15 a* — 18 ab 
— 20 ab + 246° 


15 a? — 38 ab + 240? 


We multiply 5a, the first term of the multiplicand, by 3a, the first 
term of the multiplier, and obtain 15a?; then we multiply — 60, the 
second term of the multiplicand, by 3a, the first term of the multi- 
plier, and obtain —18ab. The first line of partial products is 15 a? 
—18ab. In multiplying by — 4b, we obtain for a second line of 
partial products — 20 ab + 24 b2, and this is put one place to the right, 
so that the like terms — 18 ab and — 20 ab may stand in the same 
column. We then add the coefficients of the like terms, and obtain 
the complete product in its simplest form. 
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2. Multiply 44 +3+52?— 62° by 4—62?— 52. 
Arrange both multiplicand and multiplier according to 
the ascending powers of a. 
3+ 4¢+ 5a?— 62 
4— 5a— 627 
12 + 16% + 202? — 242% 
— 15a” — 202? — 252° + 30 2+ 
— 182? — 242° — 302*+ 362° 
12+ «—182?— 732° + 362° 


3. Multiply t+ 2a + at — 32? by a® — 2 — 2a. 
Arrange according to the descending powers of a. 


et —3e?+22+4+1 


xw—2e —2 
— 22° +62°—42?—22 
— 22% +62?—42—2 
a’ — 52° +723 +227—62—2 


4. Multiply a? + 6?+ c? — ab—be—acbya+b+e. 
Arrange according to the descending powers of a. 


a@—ab—act+t BP— be+ @ 


a+ O-- 6 
@&—ab—ade+abe?— abe+ace 
+ ab —abl®— abe + 6° — bc + be? 
+ ae — abe— ac + b%e — bc? + 8 
a> — 8 abe + 6° +3 


Norn. The student should observe that, with a view to bringing 
like terms of the partial products in columns, the terms of the multi- 
plicand and multiplier are arranged in the same order. 
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EXERCISE 22. 


Multiply : 

1, «+10 by +6. 12. 2a—3 by 2 +3. 

a0e— 2 bye — 3: 13, 2 — Toby 2a — 1. 

3s. eS by «+ 5. 14. m—n by 2m+1. 

4 eo by 7 = 3. 15. m—abym+a. 

&. 2—11 by x —1. 16. 3x2+7 by 2x — 3. 

G2 2-- 2 by —a— 3. 17. 5a—2y by ba+2y. 

To to Dy a — 2. 18. 3a—4yby 2x+3y. 

8 —a+4bya2—4. 19. 22+ 77 by 2 — 7’. 

Seyi by 24-7. 20. 227+ 3%" by 2? + y7. 

10.-2—T by «+ T. 21. e+tyte2zbyx—yte. 

a1) 2—3 by 2¢ +3. 22. x+2y—z by x—yt+2z, 
23. st—ayt+y* by 2@+ayt+y’. 


24, 
25. 
26. 
27. 
28. 
29. 
30. 
ie 
32. 
33. 
34. 
35. 
36. 
37, 


m —mn +n? by m+n. 

m+ mn + n* by m — n. 

a? — 3ab+ 6? by a? — 3.ab — 0. 
f—Ta+2 by .a?—2a+3. 
227—3ay+4y' by 827+4a2y—5y’*. 
x? + ay + y? by x? — xz — 2% 

e+ + 4 — ay — x2—ye by e+y +2. 
4a? —10 ab + 25 070" by 564 2a. 
a+4yby y+42. 

e+ 2aey +8 by 7+ 2ay — 8. 
af+?+1—ab—a—bbyat+i1it+od. 
32°—2y7+52 by 827+ 2y?— 322 
a? + 6?+ c?— ab—ac—bebyat+bt+e. 
e—aytytetytibyz+y—1. 


Se Re ee 


-— 
S 
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. 62-+427 + a? — 24 by 2? +11 — Sa. 

. + 11a — 4a? —24 by o? +5 +42. 

et + —4e— 11 2a by oo — 2a So. 

. — bat — oF —a+a°+132° by 2? —2 — 22, 

. Sat+a?—22?—4 by 27+42°4+327+1. 

. bat + 20%? + ab? — 30° by 50° — 208°? +307? + 0 
. daly — 82ay* — 8a? +16 0% by a9? +407 +4 aly. 
. 6a + 3 a7b* — 200° + 0 by 4a* — 2a? — 36. 

~ @+yt+2ey—2e—2y—l1byz+y-—1. 


G4 2a" — 3a" — Lby ath 


» 240% + daa by e414. 


. aint — 4 ge* 72 a — a * by 2a — a a, 


on =. igs by gn + hae 


et 2 ary? + yen by a2" — 2 wry + yin, 
a a — ae eT by ae ek. 

. a — a" +a" —1 by a* —1. 

at ot a by ae 1, 


EXERCISE 23. — REVIEW. 


Simplify : 
(ite Oe eros 
G2 a) ai Zee See) 
Qa + 2+3%)(2e = 3 x 2 a). 
(G2 -+5—42) (6 - Oe? =F). 
@ +a —y)— @—y’ + ay) @—1). 
(38+ 72? — 5x) (8a? —6a2—102"+ 4). 
(6? + 6 ab? — 4 a*b) (2 a*b — ab? — 8 a*). 
(a? + ax —b)— (@? + 5a —4) (a — 3). 
(a? — ma? + nx + 1) (a? + cx + d). 


$x? — (a + b)x + ab} (a — 0). 
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11. (a +2%y + xy? + y*) (x — y). 
12. (42°?+ 9y? — 6ay) (42° + Oy? + 6 ary). 
13. (2* — 3a? + 5) (a? + 4) (w — 2). 
14. (at — ay + y') @t tary ty). 
15. (22° — 32° + 427 — 5) (a? — 8) (2 — 8). 
16, (a°* — a®y* + 7°”) (a™ + y") (a+ y). 
afetea 2a" nt — 4) (er -- 1) (a* 1). 
18. (@?+2+2+2ab—ac—be) (at+b+e). 
19. (a—2b)(b—2a)—(a—386) 4b—a)+2 a8, 
20. (a+b+¢c)(a+6—c)—(Zadb— oe). 
21. (m+n)m—[(m—n)?—n(n— m)]; 
22. [ac —(a— 6) (6+ ¢)]—b[6—(a—)]. 
Zee — 1) (te — 2) — oa +3) 2 (+2) eels, 
24. 4(a—3b)(a+3b)—2(a—6b)?-2(@+ 60%). 
25. (ety +2) —a{y+e—2) — y (wte—y)—2(@+y—2). 
26. 5§(a— b)a — cy} —2 $a (ae — y) — bx} — Bax — Bey). 
a7. (4 —b)x—(6 —¢) a — 3{{b—&) (6 —¢)— (6 —¢) 67 ©}. 
28. (a+ 6) (6+¢)—(e+d) (a+d)—(a+ec) (6-4). 
29. a (b—c)— BU (a—¢e) +e (a—d)—(a— b)(a—c)(6— 0). 
30. (2a—6)?+2b(a+6)—3a?—(a—b)?+(a+6)(a—d). 
If a= 0, 6=1, c= —1, find the value of: 
31. (6—c)?+(c—a)?+(a—by* 
S20 (G- cy — (e-— a)’ — (a 0). 
33. (a— 6b) (a—c¢) +e(Ba—b—c)+2ac—(a—c)+2b 
84. (b—c)®+ (a—b)>+(¢—a)?—38 (6-6) (a— 4) (c—a). 
$5. If a=12, and d = 5, find the values of 
Vai + Vo?; and Vai + 6 
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Division of Compound Expressions. 


Division of a Polynomial by a Monomial. 
By the distributive law, (§ 43), 
1 9 ab? — 12 a*%a? —3a%x Yatb*e 12a%c? 3ax 


6att1—Aa™ 6a 4a” 
2 ym ~~ Q yn re 9D yl 


3 a*x ~ Bae 38a%x 3a% 
= 3 ab? — 4 abe — 1. 


= 3 ymt? — 2 yntl, 


Note. Here we have4n+1—(2n—1)=4n4+1—2n+1=2n+2, 
and 8n— (2n—1)=3n—2n+1=n +1, as indices of z in the first 
and last terms of the quotient respectively. 


103. To Divide a Polynomial by a Monomial, therefore, 


Divide each term of the dividend by the divisor, and con- 
nect the partial quotients with their proper signs. 


EXeERrcIsE 24. 


Divide: 
1, vw? +2 ay by x. 3.. 42° — 82% by 227%. 
2. a? — 2ab by a. 4, —62°— 2a by.— 22. 
j 5. —8a'— 16a” by — 8a% 
6. 27 a° — 36 a? by 9 a”. 
7 — 30a’ + 20a° by —10a% 
8. —12 «yt — 4.077? by — 4277, 
9. —3a'z’ — 6 a2’ by — 3 ae’, 
10. 3a%b'c’ — 9 afd'c® by 3 a%d'e*. 
1l, 2? ay— #2 by — 2. 
12. 8a°—6a% — 9 al® by — 8a. 
13. oy) ay? — ‘aty by ae. 
14, a%b’c — a*b®c — a*be® by abe. 
15. 8a? — 4a% — 6 ab? by — 2a. 
16. 5 mn — 10 m?n? — 15 mn? by 5 mn. 
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Division of One Polynomial by Another. 


If the divisor (one factor) = a+6-+e, 
and the quotient (other factor) = n+ p49, 
+an+ bn + en 
then the dividend (product) = + ap + bp + cp 
+ aq + bg +g. 


The first term of the dividend is an; that is, the product 
of a, the first term of the divisor, by n, the first term of the 
quotient. The first term n of the quotient is therefore 
found by dividing an, the first term of the dividend, by a, 
the first term of the divisor. 

If the partial product formed by multiplying the entire 
divisor by 7 is subtracted from the dividend, the first term 
of the remainder ap is the product of a, the first term of the 
divisor, by p, the second term of the quotient; that is, the 
second term of the quotient is obtained by dividing the 
first term of the remainder by the first term of the divisor. 
In like manner, the third term of the quotient is obtained 
by dividing the first term of the new remainder by the 
first term of the divisor; and soon. Therefore, 


104. We have the following rule for division : 

Arrange both the dividend and divisor in ascending or 
descending powers of some common letter. 

Divide the first term of the dividend by the first term of 
the. divisor. 

Write the result as the first term of the quotient. 

Multiply all the terms of the divisor by the first term of 
the quotient. 

Subtract the product from the dividend. 

Tf there is a remainder, consider it as a new dividend and 
proceed as before. 
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105. It is of fundamental importance to arrange the divi- 
dend and divisor in the same order with respect to a com- 
mon letter, and to keep this order throughout the operation. 


The beginner should study carefully the processes in the 
following examples: 


1. Divide + 180-77 by 2-7. 


v+18e24+77|\¢4+7 

e+ Tx x+11 
tlas- iT 
11l2+77 


Nore. The student will notice that by this process we have in 
effect separated the dividend into two parts, 2 +72 and 1l2+77, 
and divided each part by + 7, and that the complete quotient is the 
sum of the partial quotients x and 11. Thus, 

e-F 1Se =P eile it — (22-1 ey et 10) = 
fe alse tl tec mile WOM rl 

a er Seca 4 ear =x+11. 


2. Divide a*?— 2ab+ 0? by a— 8b. 


@—2ad+Bla—b 
a@— ab a—b 


3. Divide 4 atx? — 4 a%x* + a® — a® by 2? — a 
Arrange according to descending powers of a. 
w—4aet+4atx?—ale?— a? 
x&§— arxt xt — 3a*x? + at 
— 3a*x* + 4 atz? — a® 


— 8a*at*+ 8 atz? 


atx? — a® 


atz? — a® 
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4, Divide 22 ab? + 15 d* + 3 at — 10 ab — 22 ab§ 
by a? + 30? — 2abd. 


Arrange according to descending powers of a. e 
3 at — 10 ad + 22 ab? — 22.40°+150'| a? —20d4+ 38? 
38at*— 6a%+ 9a’b? ' (3a?—4ad4+ 58? 


— 4a°% +13 a*d? — 22 ab? + 15 0 
— 4a%+ 8a? —12ab' 
5 a*b? — 10 ab? + 15 dt 
5 ab? — 10 ab? + 15 Ot 


5.) Divide 52° — x + 1 — 3%* by.1 +327 —2 2. 
Arrange according to ascending powers of z. 


1— 2x#+52°—32t/1—-—224+32’? 
1—22+32? Ee r— x 
x—32°+ 52° —32* 

a—227+32° 
— +22? —3 xt 
— #+223—32t 


6. Divide 2° + 7° +2 —3ayz by xt+y+tz. 
Arrange according to descending powers of z. 
v—3ayzt+yYte|e+yte 


a+ ay + x2 2 —ay—azt+y—yete2 
— ay — a2 — 38ayz2+y¥t+2 
—ay — ay — xyz 
—ae+ ay —2Qayz+y+2 
— 02 — nye — x2 
Lpi— tye+ ae + yt 
xy? +t yz 


— xyz + x2*— ye +2 

eye — 2 — yz 
Be ye? ie 
av t+ ye+2 
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7. Divide 4 a7+! — 3047+ 19 a77+4+ 5a7* + 9ar* 
by a** — 7 a*++ 2a7> — 3a7*, 


4a*1—30a74+19a77+ 5a? ?4+9a?4|a?*—Ta* +4207 —3a7* 
4a*t128a%+ 8a71—12a7-? 4at—2a°—3a? 
— 2a7+11a*+1Ta*?*+9a7+ 
— 2at+14a71— 4a**+6az? 
= Ba®14+-21a*—6a**49a"4 
— 3a*%1421a*"—6a7?49a7+4 


Note. We find the index of a in the first term of the quotient by 
subtracting the index of a in the first term of the divisor from the 
index of a in the first term of the dividend. Now, (x + 1) — (« — 8) 
=x2+1—2+3=4. Hence, 4 is the index of a in the first term of 
the quotient. In the same way the other indices are found. 


EXERCISE 25. 


Divide: 
1 @+Ta+i12bya+4. 6 427+1224+9 by22+3. 
2. a&&—5at+6bya—3. 7. 62?—ll2+4by32—4, 
3. 2 +2ayt+ybyx+y. 8. 8 a2—10ar—3 a? by 4x+a. 
4. 2—2ay+ybyx—y. 9. 3a°—4a—4 by 2—a. 
5. 2@—yY by a—y. 10. a®— 8a—3 by 3—a. 


11. a*+ 11a?—12a—5a°+6 by 34+ a?— 3a. 
12. y¥—-9Y+Y—l6y—4byyv+44+4y,. 
13. 36 + m‘ — 13 m? by 6 + m? + 5m. 

14. 1—s—3s*—s by 14+2s+5?, 

15. of — 268 +1 by Bh — 2641. 

16. x*+ 2 ay? + Oy by a — 2ay+3y. 

17. a& + 0° by at — a®d + ab? — ab? + bt 

18. 1°+ 52? —62t by 1—2+ 322 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43, 


, 
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82%? + 9y* + 162% by 42° 4 3y* —4ay. 
e+y+e8+ 3a%y+ 3ay by rt+y tz. 
a® + 6+ &— 3abe by at+bt+e. 
2+ 8y>+ 2—6ayz by 2 +4y4+ 2 —az—Qay—Qyz. 
22°—3y' + ay —xz—4yz—2 by 22+ 3y+2. 
ef — 2yz — 2 by wt ¥ + 2. 
xt aty* + y* by a* + xy +. 
a Dar 4 iin 4 by a Sa = 2. 
y —2y—6Y¥ +4yY4+138y74+ 6 by ¥+38¥4+3y4+1. 
oft —5 ye + 424 by y? — ye — 22" 
v—Ay—92+12 yz by x+2y — 32. 
Ate 120 by ae 5. 
ei o-+-ba-- x — 4a by o-— 2x — 2". 
6 — 224 + 102° — 112? +2 by 42 — 3 — 22". 
Dt 6a" + 5 2° by 1 — 2a en’. 
x -+- 814-92" by 32 —a? —9. 
a® — by 2? + ay + y*. 
a af by a + yf, 
xt + a*a? + a* by x? — ax + a’. 
a —20+ab—32+4+7be+2ac by 3c+a—bd. 
ab+2a®?— 38 —Abe—ac—e by e+2a+ 30, 
1544+ 10a°x+ 4072? + 6 ax’ — 32+ by 3a?+2 an — 2’. 
a? — 8b®—1—6ab by a— 26-1. 
a Samy" + 3 ary™ >. Chat by a" — af, 
qmtngn — 4 qmtn—Ip?n = PATE qmtn—2},3n + 42 qmtn—sph im 

by a" 3070" 6.0% 7b™. ° 
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106. Integral expressions may have fractional coefficients, 
since an algebraic expression is integral if it has no letter 
in the denominator. The processes with fractional coeffi- 
cients are precisely the same as with integral coefficients, 
as will be seen by the following examples worked out: 


1. Add }a?—4ab+40? and ga? +3ab— 30 


4a? —}ab+16 
§a? + 4ab—20? 


Pus th 
4a?+i4ab—2406 


2. From }a?—4ab+10 take }a?—}30ab+ 82% 


ka? —lab+ 12 
4a —jab+ $C 
ga + fab — yah? 


3. Multiply 3a? — 4ab+10* by a — 26. 


ha? —ab+ 10 

4a —2b 

$a®—jabh+ jal? 
—jeb+ ga?— 1H 

da’ — 0% + 28ab?— 16° 


4. Divide 30° + 1 bd? — 443.0% — 18, d° by 36 — $d. 


actin at50 2 1 bd* — 18, d*| $6 — $a 
2b% — are $0°—3bd+1d? 
ee 
— ~,bd+ bd? 
10 
god? — +5, d* 
. 3 bd? — 45, d® 


ate aie scllal Me oe 
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EXERCISE 26. 
Add $a + 4d%c* + ~ and — 3, a — 3 Bet — 4. 
From $2? + 3ax — fa? take 2a? — gaz —1a?. 
From }y— §a—32+}46 take ly+ia—2z. 
Multiply 3? —}e—} by }@—iet+h. 
Multiply 42 —32a7+}32° by 42+ }27+12° 


Multiply 0.5 m* — 0.4 mn + 1.2 m?n? + 0.8 mn? — 1.4 n4 
by 0.4 m? — 0.6 mn — 0.8 n?. 


7%. Divide 9, a* —Z ad + 42 ab? + 1 ab? by 3a+140. 


8. Divide —4d°+ d? —4}d°+ §d' by —3@+424. 


aie gira aie 


ake 


Exercise 27. — REVIEW. 
Find the value of 2°+ 7°+ 2°—3ayz, ifx=1, y=2, 
and 2 = — 3. 


Find the value of V2éc—a, and of V2béc—a, if 
b= $,¢=— 9, and’a— Za, 


Add a — ab? + 0’ and a*® — 3.0% + ab? — 30%. 

Multiply a" — a"b™ +0 by a” + b”. 

Multiply 4.a7"*++ +6 a™® + 9a? by 2 a™** — 3°. 

Divide 2° + 8y? — 125 2 + 30ayz by x+2y — 5z. 

Simplify (2—a) — (@— 6) — (4 — b) (a+ b.-3 x). 

Find the coefficient of x in the expression 
2+ta—2[2a—b(c—z)]. 

Multiply 4a — 7 genes * + ba tie—8 hy 5 te, 

Divide ¢d3-— dt” = etd? by & "a? ™. 


Divide my" —_ mttylte + ee ae by mays 
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12. 
13, 
14, 
15. 
16. 


eho 
18. 


19. 


20. 


21. 


22. 


23. 
24. 
25. 
26. 
27. 
28. 
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Divide a!” — a’ + a?+v by a?-*+, 

Divide 2 — a™-*+4 4 gm py g2-m—2n, 

Divide y? — y°-™ + y'?*) by yeom}. 

Divide 2 x” =e ay + 6 xr?" — 2 by xt — 

Divide xz? — 2 az? + wx — abe — ba + ah + ab? 
by x? — ax + ba — ab. 

Divide a” + a2" +1 by 2"—a"™+1. 


Divide 3a™7 — 4 g™t6 — 12 a™+5 — 9 gmt 
by gms — 8 gemt3 


Divide 6 at™+5 — 13 o3+5 4 13 g2mt+5 _ 43 gmts _ 5 yd 
by 22?" —3a™—1. 


Divide 12 a8 — a? — 20a + 19a™ — 10 a! 
by 4a" — 3a"! + 2a? 


Arrange according to descending powers of a the 
following expression, and enclose the coefficient of 
each power in a parenthesis with a minus sign 
before each parenthesis except the first ; 


a — 2 bx — a®x® — ax — ax* — cx — a®x® — bee. 
Divide 1.2 atx — 5.494 a®x? + 4.8 a’x® + 0.9 ax — ab 
by 0.6 ax — 2 2. 
Multiply }a?—}ab+10 by a+}. 
Multiply 3a? + ab +30? by }a— 20. 
Divide } a° + 7, ab? + 508 by }a +40. 
Subtract $a? + Lay + 2? from ba? — Lay + Ly’ 
Subtract 2? + tay — }y? from 2a? — bay + y. 
If a=8, b=6, c= —4, find the value of 
Va? + 2 be +Vb+ ac +Ve + ab. 


CHAPTER VI. 


SPECIAL RULES. 


Multiplication. 


107. Square of the Sum of Two Numbers. 
(+0)? = (a+) (a+d) 
=a(atb)+b(at+d) 
=a’?+ab+ab+ 0? 
=a?+ 2ab+ 0% Hence, 


Rute. The square of the sum of two numbers is the 
sum of their squares plus twice their product. 


108. Square of the Difference of Two Numbers. 

(a — b)? = (a) (ab) 
=a(a—b)—b(a—D) 
=a?— ab—ab+b? 
= a*— 2ab + 67. Hence, 


Rute 2. The square of the difference of two numbers is 
the sum of their squares minus twice their product. 


109. Product of the Sum and Difference of Two Numbers. 
(a + b) (a— b) =a(a—b)+b(a—d) 
= a*— ab + ab — 0? 
== 10, Hence, 
Rue 3. The product of the sum and difference of two 
numbers is the difference of their squares. 
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110. The following rule for raising a monomial to any 
required power will be useful in solving examples in multi- 
plication : 


Raise the numerical coefficient to the required power, 
and multiply the exponent of each letter by the exponent of 
the required power. 


Thus the square of 7 a2b® is 49 a4b!2. 


EXERCISE 28. 


Write the product of: 


Tea) t Ay) G9). 

PCG aN oh 8. (42—3) 42+ 3). 

335 (7 4 20)2 9. (8a*+ 406?) a? — 46%). 
Boao wo 0) 10. (3a—c) (Ba—e). 

5. (4y— 5)”. UM OM (eo a ed ae ci al 

6. (8a? + 42%), 12. (ax + 2 by) (ax — 2 by). 


111. If we are required to multiply a+5+¢ by a+b—e, 
we may abridge the ordinary process as follows: 


(a+ +0) (a+b—0)=f(atD te3$(atb) —e} 
By Rule 3, = (a + 6)? — o? 
By Rule 1, =a?+ 2ab+06?— 2 


If we are required to multiply a+0—ce by a—b+e, we 
may put the expressions in the following forms, and per- 
form the operation : 


(a+b—c)(a—b+c)=fat+(6—o)tfa—(b—e)} 
By Rule 3, = a? — (b—c)? 
By Rule 2, = a? — (6? — 2be + c*) 

By § 40, = a? — b? + 2be — ec. 
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EXERCISE 29. 


Find the product of : 


= 


xety+zandx—y—z. 
“e—y-+z2and«—y—2. 

ax + by +1 and ax + by — 1. 
1+a—yandi-2z-+y. 
a+2b—3canda—26+3¢e. 

a* — ab + b? and a? + ab + 0% 

m* + mn + n* and m? — mn + n?. 
2+e+2% and 2—a2—a 
a*+a-+1and a?—a+l. 

oa + 2y-— 2 and oa. 2y + 2. 

- 1+a+y and 1 +a — y. 

. a —Zax+ 427 and a? + 2ax+ 42 
- &—LZay + y* and 27+ 2ay + 7% 
ey ioe and ek — Set 
15. «2? — 5y? —7 2° and a? — 5 y? + 72% 


PAP TS ew eeu 


ee ee | 
PO DO HE © 


112. Square of any Polynomial. If we put a for a, and 
y + z for 6, in the identity 


(a+ 6)? =a?+2ab+ 0, 
we have 
jet ytapowttrayteat y ts)’, 
or (@tytz)? =2°+2¢y+2e2e+Ytlyet2 
= 7 + y? + 22+ Zoey + 2az + 2 ye. 
The complete product consists of the sum of the squares 


of the terms of the given expression and twice the product 
of each term into all the terms that follow it. 
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Again, if we put a —d for a, and c —d for 3, in the same 
identity, we have 


{(a—0) +(e — a}? 
= (a — 6)? + 2 (a — b) (¢ — ad) + (€— d)? 
= (a?— 2ab+ 6?) + 2a(e—d)—26(e—d) + (— 2ed + a’) 
=a? — 2ab +0? + 2ac— 2ad—2be+ 2bd+ c? — 2ed+a 
=a?+ 6?+ c?+d?—2ab+2ac — 2ad — 2be + 2hd — Zed. 


Here the same law holds as before, the sign of each 
double product being + or —, according as the factors com- 
posing it have like or ynlike signs. The same is true for 
any polynomial. Hence we have the following rule: 


Rue 4. The square of a polynomial is the sum of the 
squares of the several terms and twice the product obtained 
by multiplying each term into all the terms that follow tt. 


EXERCISE 30. 


Write the square of : 


Ee arn dl 12. a—26—8e. 

2, at+o+e. 13. 3a—6+2e. 
Oo. Cy — z, 14. w+ 2y — 32. 
4. 2 — ys, 16, = te 

&. 2 yo, 16. = 29 = 3s. 
6. e+2y+3. Li. 229 +e. 

7 a—bte. “18. atytet¢1. 
8. da—2y+ 4. 19, ee 
9. 2e—3y+4z. 20. 4¢-- 9) -4-2— 2. 
10. aw? + y?+ 22 21, 22 y= 2 3, 
Ll, 22 —y —.zi 22. x—2y—32+4. 
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113. Product of Two Binomials. The product of two bino- 
mials which have the form x + a, x + }, should be carefully 
noticed and remembered. 


1. (@+5)(@+3)=a2(@+3)+5(e+3) 
=27+32+524+15 
= 27+ 824+ 15. 


2. (2 — 5) (@& — 83) =a (« — 3) —5(@— 3) 
=27-—3a—52+15 
=27—82+15. 


3. («+ 5) («— 3) =xz@—3)+5@— 38) 
=2?—32+52—15 
= 27 + 2a” — 15. 


4. (ec — 5) (@+3)=2(@+3)—-5@+3) 
=277+82—5a2—15 
= 7? — 2a — 15. 


Each of these results has three terms. 

The first term of each result is the product of the first 
terms of the binomials. 

The last term of each result is the product of the second 
terms of the binomials. 

The middle term of each result has for the coefficient of x 
the algebraic sum of the second terms of the binomials. 


The intermediate step given above may be omitted, and 
the products written at once by inspection. Thus, 


1. Multiply x + 8 by x + 7. 
8+7=15; 8x 7=56. 
.°. (2 + 8) (a + 7) =a? + 15x + 56. 
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2. Multiply « — 8 by « — 7. 

(— 8) +(-) =—15; (-8)(-N=+ 56. 

..(@ — 8) @ — T) =a? — 15% + 56. 

3. Multiply « — Ty by «+ 6y. 
=Ty + by S291 IDC =e 

“(27 — Ty) (@ + 6y) = 2? —ary— 42y’. 

4, Multiply «7+ 6(@+5) by #—5(a@+d). 
—5(@+6)+6(a+b)=(@t+d); 
—5(a+b) xX 6(a+b)=— 30(+4+50)?. 

..§0?-+ 6(a +6) 3 §a?—5(a+b)j{=a*+(a+b)x*— 30(a+6)* 


EXERCISE 31. 


Find by inspection the product of : 


tee eS) ee) 15. @+6y) @— 5y). 
Bev (iz) (as), 16. (2 — 9) (24 -S), 
Sie (eet) (ee LO 17. + 2) 7): 
Bn (he 9) (ae 96): ISG wy): Ay: 
5. — 10) @ + 9). 19. (ab — 8) (a6 + 5). 
6. (a—10) (@ — 5). 20. (ab — Tay) (ab + 3xy). 
7. (@— 3a) («& + 2a). 21. (© — Sy) @ — 39). 
8. (a+ 26) (a — 4d). 22. («+ 6) (+ 6). 
9. (@—12) (a— 3). 23. (a— 3b) (a— 36). 
10. (a+ 26) (a+ 4d). 24, (¢— ec) @—d). 
11. (@— 36) (a +70). 25. («© +a) («— 8). 
12. (a + 20) (a—90). 26. (« —a) (a +d). 
13. @— 8a) («@ — 4a). 27. §$(a+b)+23$@+6)—A4}. 
14. (7 +42) (w — 22). 28. §{(@@ty)—23§(@+y)+4}. 
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114. In like manner the product of any two binomials 
may be written. 


1. Multiply 2a —0 by 3a4+ 40. 
(2a— 6) (8a+4b)=6a*+ 8ab—3ab—40? 
=6a?+ 5ab— 40% 


2. Multiply 2% + 3y by 3a —2y. 
The middle term is 


22 xX (—2y)+3y X 8x=5zy. 
~.(2a+3y) 8a —2y) = 627+ day — Gy? 


EXERCISE 32. 


Find the product of: | 
10% —3y and 10%—Ty. 
3 a*— 26? and 2a?+ 30% 
a? + 67 and a — 6. 
x—Tyand 2a —5y. 3a? — 26? and 2a+ 36. 
dla—2yand7x+y. 10. a®?—d?anda+t+6d. 

11. 42+1 and 32 — 2. 

12. o$2=—5and2-+1. 

13. 307+ 27 and 4a? — x, 

14. 2a+y and «+ 2y. 

15. 3b+2 and 2b — 32. 

16. 2a+ 56 and 4a — 36. 

17. 4e+3y and 27—Ty. 

18. 2y+3z and 3y—z. 

19. 2a +7y and 3a —y. 

20. 3a —2c and 2a — 5e. 


32—yand 2x4+y. 
4x2—3y and 3a—2y. 
5a—4y and 3a—4y. 


oP ey 
OM IH 
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Division. 

115. The following rule for finding any required root of 
a monomial will be found useful in solving examples in 
division : 

Find the required root of the numerical coefficient, and 
divide the exponent of each letter by the index of the re- 
quired root. 

Thus, the square root of 25 xy is 5 zy?. 


116. Difference of Two Squares. 
Gr Ot a*— 
= ¢—=p: ———=¢ +6. Hence 
Opa Mae 7 a-—b és f 
Rute 1. The difference of the squares of two numbers is 
divisible by the sum of the numbers, and the quotient is the 
difference of the numbers. 
The difference of the squares of two numbers is divisible 
by the difference of the numbers, and the quotient is the 
sum of the numbers. 


EXERCISE 383. 


Write by inspection the quotient of : 


1. ee. = dat — 25y* 
a—2 ' 8a?+5y? 
: eke 2 4 —= Dy" 
" 8+ Qe — 348 
e LG et * 4a — a8 
4+a ' 2a5— at 
ie 2 ae 25 iG a*h®e8 a cpa 
x — 5 *  abSc* + 26 
5. 36 — o* 1 is aaa ite 
G-Fa * Bane Ge 


9a? — ae 12 Sarasa ea c)? 
3a—b ' a—(@+e) 
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117. Sum and Difference of Two Cubes. By performing 
the division, we find that 


3 8 8 


=the 
“ : =a*+ab+ b%. Hence, 


Rute 2. The sum of the cubes of two numbers is divisible 
by the sum of the numbers, and the quotient is the sum of 
the squares of the numbers minus their product. 


Rue 3. The difference of the cubes of two numbers is 
divisible by the difference of the numbers, and the quotient 
is the sum of the squares of the numbers plus their product. 


EXERCISE 34. 


Write by inspection the quotient of: 


“ = 32 + ob? ie. 
“1-22 * ab—e 
1+ 82? ath? + ¢8 
a 1+22 Le ab+e 
27 a® — 64 + 7 
Sa Tee pS i ey 
z 3a—b 4+y 
27 a® + 6° 343 — 8 a® 
oe dn Fee en ree 
ch eEyares: =D 
. 640% + 277° ws le a a 
"  dat3y * 2446 
4 642° — 27 y? ¢ xo 129 yf 
"  4a—SBy eat Oy 
1— 272° a’ — 27 0° 
s 5 aa ps 6 at§—3d 
3 6 
a Vernet as ie 8a? — 647% 


1+ 32 24 — 44? 
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118. Sum and Difference of any Two Like Powers. By 
performing the division, we find that 


4 Re 

z ~ = at + ab + ab? + BF; 

Oh = 

4 4 

a = a — a + ab? — 8; 
a = BF 

ey = a+ ad + ab? + ab® + 6; 
5 4 pS 

— = at — a + 0%? — ab? + 04, 


We find by trial that 
a? + 5%, a* + bt, a® + 6°, and so on 
are not divisible by a +6 or by a—b. Hence, 
When n is a positive integer, it is proved in chap. vii, 


1. a" +0" is divisible by a+b if n is odd, and by neither 
a+b nor a—b ifn is even. 

2. a” — b” is divisible by a — b if n is odd, and by both 
a+b and a—b if nis even. 

Nore. It is important to notice in the above examples that the 
terms of the quotient are all positive when the divisor is a — b, and 
alternately positive and negative when the divisor is a + b; also, that 


the quotient is homogeneous, the exponent of a decreasing and of b 
increasing by 1 for each successive term. 


EXERCISE 35. 


Find the quotient of : 


x® — x vt*—1 x + 32 
1, —: 4h: eh 
o—7 He ol & u a+2 
x® — 7/8 a* — 16 1 — m* 
2. ————* 5. ——— B : 
cy C= 2 : 1—m 
ges ae: 5 
9 1 6. @ 32. . 1+m* 


x—i * g9—2 “1+m 


CHAPTER VII. 
FACTORS. 


119. Rational Expressions. An expression is rational 
if none of its terms contain square or other roots. 


120. Factors of Rational and Integral Expressions. By fac- 
tors of a given integral number in Arithmetic we mean 
integral numbers that will exactly divide the given number. 

Likewise, by factors of a rational and integral expression 
in Algebra we mean rational and integral expressions that 
will exactly divide the given expression. 


121. Factors of Monomials. The factors of a monomial 
may be found by inspection. Thus, the factors of 14a 
are 7, 2, a, a, and b. 


122. Factors of Polynomials. The form of a polynomial 
that can be resolved into factors often suggests the process 
of finding the factors. 


123. When the terms have a common monomial factor. 


Resolve into factors 2x? + 6 ay. 


Since 2 and « are factors of each term, we have 
Qa27+6ay 22? , Ory 

ea et ee — = 38Yy. 

20 SE OFS er ey 


“202 + 6ay = 22 (e+ 3y). 


Hence, the required factors are 2x and x+ 8y. 
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EXERCISE 36. 


Resolve into factors : 


1; 32" — 62°. 13. 8a%x?— 4a + 1207y’. 

2. 2a*— Aa. 14. 8a*b%c? — 4078? + 2.07b7c% 
3. 5ab —5 076". 15. 15a*x — 10a*y + 5a'z. 

4. 3a% — 4ab?. 16. a®cy® + 2 ac*y? — acy’. 

5. Sa*y? + 42%? 17. 3b%c® + 2 b%c? — 6 bc*®. 

6. 3a®—a?+a. 18. 6a% — 3ab — 12 ab’. 

7. 2° + xy = xy? 19. 5a%c® + 8a%e + 4a%c% 

8. at — a®d + a7b?. 20. 62°y? + 3 a4y?— 15 ay". 
9.32 — 9's" — 6a". 21. 7 a*b%c? — 14.abe + 7 ab*c®. 
10. ab? — bc? + ba. 22, 8 a?y? + 16 xyz — 24 x2yte’, 
11. 8a% — 6a* + 4ad. 23. ab*c® — 2 a%bc + 3.a*b*c?. 
12. 4a%y—S8ay?—4ay. 24. aty*z* — a®y%e* + aiytz. ° 


124. When the terms can be grouped so as to show a common 
compound factor. 


1. Resolve into factors ac + ad + be + bd. 


ac + ad + be + bd = (ac + ad) + (bc + bd) (1) 
=a(c+d)+b(c+d) (2) 
= (a+b) (c+ d). (3) 


Since one factor is seen in (2) to be c+, dividing by c +d we 
obtain the other factor, a + b. 


2. Resolve into factors 3x?+ 6ax + ba + 2ab. 


322 + Bax + ba + 2ab = (32? + 6 az) + (bx + 2 ab) 
= 32(e+2a)+b(a + 2a) 
= (82 + b) (& + 2a), 


gots m6 eS 
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3. Find the factors of ac + ad — be — bd. 
ac + ad — be — bd = (ac + ad) — (bc + bd) 
=a(c+d)—b(ct+d) 
= (a—b) (c+ d). 
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Nore. Here the last two terms, — bc — bd, being put within a 
parenthesis preceded by the sign —, have their signs changed to +. 


4. Resolve into factors 3a? — 5”2?— 62+10. 


328 — 522 — 62+ 10 = (828 — 522) — (62 — 10) 
= x7 (8a — 5) — 2 (8a — 5) 
= (x? — 2) (8a — 5). 


5. Resolve into factors 5a? — 15az?—2+ 3a. 
528 — lb az? —2+ 3a= (528 — ld ax?) — (x — 8a) 
= 522 (@ — 3a) —1(x — 8a) 
= (522 — 1) (« — 8a). 
6. Resolve into factors 6y — 27 2*y — 102+ 452% 
6y — 27 x4 — 102+ 4523? = 6y — 10a — 27 xy + 4522 
= (6y — 102) — (27 2%y — 4523) 
=2(8y — 52) — 922 (By — 52) 
= (2 — 922) (By — 52). 


EXERCISE 37. 


Resolve into factors: 


ax — bx + ay — by. 7. 2ab—3ac— 2by + 38cy. 
au — ba — ay + by. 8. 2x*—d3ay +4ax — bay. 
ax — cy — ay +c. 9. ab —3be — 2ac+ 6c% 
x? + ax — ba — ab. 10. a? +a — x2 — 2. 

x? + ry — ax — ay. tet 4 we ox 12. 


a —ay— 6x + 6y. 12, Sac—Sax—e +a, 
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13. ab —abe—act+ecr, 23. aba + bex — aey — bey. 
14. 2a°—3a°—4e2+6. 24. 3x?—5y?— 62° + 10ay? 
15..ae* 0a =a 20: 25. 8aa—10ba2—12a+150. 
16) aa* 4- oe aa. 26. 6 Se = 9a" — Ale. 
17. (@—y)? + 2y(@—y). 27. 3ex*— 2dx® —9cx? + 6da. 
18. 1+150+—5a—32% 28. (a+6)(¢+d)—3c@t). 
Ch eee a ea 29. ba -+- bee — Brey — oy: 
20. 2°—5a?+2x2—10. 30. 2ac—be+4a*— 2ab. 
21. 28+72?+38a+21. 31. a*n + ac?— amn— cm. 
PS VRIES ai cl 32. 1 -F e— cay — eay: 


125. When a trinomial is a perfect square. A trinomial is 
a perfect square if its first and last terms are perfect 
squares and positive, and its middle term is twice the 
product of the square roots of the first and last terms. 


Thus, 16 a? — 24ab + 9b? is a perfect square. 


The rule for extracting the square root of a perfect 
trinomial square is as follows: 


Kxtract the square roots of the first and last terms, and 
connect these square roots by the sign of the middle term. 


Thus, if we wish to find the square root of 
16 a2 — 24 ab + 92, 


we take the square roots of 16a? and 9b?, which are 4a and 3b, 
respectively, and connect these square roots by the sign of the middle 
term. The square root is therefore 
4a— 30. 
In like manner, the square root of 
16 a? + 24 ab + 90? is 
4a+ 3b. 


FACTORS. 


1. Resolve into factors 2? + 2xy + y% 


The factors of 2 + 2ay + y? are 
@+y)@+y). 


2. Resolve into factors x* — 2 xy + y2 


The factors of zt — 222y + y? are 


(x? —y) @? — y). ° 


EXERCISE 388. 


Resolve into factors : 


Cl el ee ee ee 
el CS Cl FS 8 7 FS 


CRE ek SUN ey ee eee 


a? — 6ab+ 902% 
4a*+4ab+ 6% 
a®*—4ab+462. 
x?+ 6ay+9y% 
42?—12ax+ 9a? 
a* — 10 ab + 25 07. 


4a*—4a+1. 
49 y? — 14 yz + 2. 
x? — 162+ 64. 


. 9a? + 24 ay + 1677. 
. 1607+ 8 ax + 2% 

. 25+ 80a + 642% 

- 49a? — 28 ay + 477. 
wl — 206-4100 67. 

. 81a?+126ab + 4907. 


. mn?—16mna?+ 64a4. 


4a? — 20 ax + 25 x. 


. 12147+198 ay + 81 y2 


a*b*c® — 2 ab?c8a® + w1% 


49 — 140%? + 100 2% 


. 49a? + 42ac?+ 94 
. 81¢? — 90c + 25. 

. 1214+ 1102 + 2522 
. 144416824 49 2% 
. 362? — 60 ay + 25 7, 
. y? — 50 yz + 625 27, 


x — 342° + 289. 


. 49x? — 112 2y + 64y2. 
. 49 ab? — 28 abe + 4%. 
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121 a? — 286 xy + 169 y? 


. 4at*+ 20 a%a? + 25 2%. 
- @+y?—4e@t+y)+ 42 
oad. 0)? — Oa= byt 9. 


(a + )?+10(a +c) +26. 


90 
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126. When a binomial is the difference of two squares. 


The difference of two squares is the product of two 
factors, which may be found as follows: 


Take the square root of the first term and the square root 


of the second term. 


The sum of these roots will form the first factor. 
The difference of these roots will form the second factor. 


Resolve into two factors 16 x? — 9y*. 


The square root of 16 «? is 42. 
The square root of 92 is 3 y. 
The sum of these roots is 42 + 3%. 
The difference of these roots is 42 — 3 y3, 
Therefore, 1622 — 9y® = (4x2 + 3y3) (42 — 3y). 


Resolve into factors : 


1. a? — 4. 13. 
2. 1— a 14. 
SN rea i 15. 
4, 4a*— 496% 16. 
5. at—4y% Ev, 
6. 49—100y% 118. 
7 1—492° 19. 
8. 4—121y% ~~ 20. 
9. 1—169a°. 21. 
10. a*b*? —4c*. 22. 
11. 9a? —a®. 23. 
12, 428 — y™, 24. 


EXERCISE 39. 


25 — 16.a* 

16 — 25 y7 
a*>? — 1. 

a* — 100. 

121 a? — 365%. 
49 git — 4, 
64 a? — 9 d°. 
81 a4b* — ot. 
4a’%c — 9°. 
20 a®b® — 5 ab. 
38a°— 12a. 


9a* — S1G% 


35. 
36. 


. 8la?— 4y% 
64 a* — b+. 

. m*n* — 36. 
at — 144, 

» ©? — 265. 

. 25—64y% 

» 162%— 927% 


252° — 16 a*z’, 


. 36 ax? — 49 at 


i= A1G y* 
1 — 400 x. 
4a’c — 9°. 
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127. If the squares are compound expressions, the same 
method may be employed. 


1. Resolve into factors (2 + 3y)? — 16a? 


The square root of the first term is 2+ 3y. 

The square root of the second term is 4a. 

The sum of these rootsist+3y+4a. 

The difference of these roots isa + 38y — 4a. 

Therefore, (c + 8y)?— 16a2= («+ 38y+ 4a) («+ 38y — 4a). 


2. Resolve into factors a? — (36 — 5c)”. 


The square roots of the terms are a and (36 — 5c). 

The sum of these roots is a + (36 — 5c), ora+3b—5e. 

The difference of these roots is a — (8b — 5c), ora—3b+ 5¢e., 
Therefore, a? — (836 — 5c)?= (a+ 36 — 5c) (a— 30+ 5o). 


If the factors have like terms, these-terms should be 
collected so as to give the results in the simplest form. 


3. Resolve into factors (8a + 5b)? — (2a — 3b)?. 


The square roots of the terms are 3a + 5b and 2a — 3b. 

The sum of these roots is (3a + 5b) + (2a — 30), 
or8a+5b+2a—3b=5a+ 2b. 

The difference of these roots is (8a + 5b) — (2a — 380), 
or8a+5b—2a+3b=a-+t 8b. 

Therefore, (3a + 5b)? — (2a — 3b)? = (5a + 2b) (a+ 85). 


Exercise 40. 


Resolve into factors : 


a gy ees ad 0)e = (6 +a), 
(a — y)? — 22 (2 at b)? — 25 c% 


BT er Op tae Fae 
(G+ 93.6)? — 16 07. 


f (a+ 2y)? — (2a — y)*. 
ite Gy? (8 B— 4)% 


m ( wo 
O 2 D Oo 
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9. 2? — (y — 2)?. 15. (a+6—c)? —(a —b—e)* 
10. a? — (36 — 2¢)?. 16. (a — 32)?— (8a —22)*. 
11. — 2a+3se)* Via) oa t)* 

12% 1L=@ +56)". 18. (© — 5)?—@+y— 5)* 


13. Dat = @ —so)- 19. (2a+6—c)?—(a—26+6)* 
14. 16a?—(2y—32)% 20. (a+2b—38c)?— (a+ 5de)* 


128. By properly grouping the terms, compound expres- 
sions may often be written as the difference of two squares, 
and the factors readily found. 


1. Resolve into factors a? — 2ab + 6? — 9c% 


a? — 2ab + 0? — 9c? = (a2 — 2.ab + Bb?) — 9c? 
= (a — 6)? — 9c? 
=(a—b+38c)(a—b—8e). 


2. Resolve into factors 12 ab + 9x? — 4a?— 962. 


Here 12 ab shows that it is the middle term of the expression which 
has in its first and last terms a? and b?, and the minus sign before 4 a? 
and 9b? shows that these terms must be put in a parenthesis with the 
minus sign before it, in order that they may be made positive. 

Therefore, the arrangement will be 

9a? — (4a? — 12. ab + 9b?) = 942 — (2a — 8b)2 

= (8% + 2a— 8b) (8%—2a+ 3b). 


3. Resolve into factors — a? + 6? — c? + d?+ 2ac + 2bd. 


Here 2bd must be grouped with b? and d?, and 2ac with — a? and 
—c*; and this last group put in a parenthesis preceded by —. 
= 02 -F 02'— oF =— 2 oa -h2 ba 
= (0? + 2bd + a) — (a® — 2ac + c%) 
= (6 + d)?— (a—c)?2 
=(0+d+ta—c)(b+d—a+t+o). 


PP. Rone 
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EXERCISE 41. 


Resolve into factors: 


a?+2ab4+ 6? —4c2 
a — 2ey + 9 — 9%. 6 

6? —2?+4axr—- 407 7. a2+0?+ 2ab— 160762 
4a?+4ab+ 0? — 2% 8. 427—9a?+6a—1. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
iG 
18. 
ise 
20. 
gi ke 
22. 
23. 
24, 
25. 
26. 
27, 


or 


a? — 7? — 4° — 2a, 
. 1—a'—2ad— 62 


a? + 6? — c? — d? — 2ab — 2d. 

x? + y? — 2aey — 2ab — a*® — 6% 
92?-—62+1-—a?—4ad— 40% 

a? + 2ab — x* — 6ay — 94? + 5%. 

B= 2 Lae by — ys. 
9—62+4+27— a*—8ab— 168% 
4—424+2?— 4ab — 0? —4a% 

at — a? —9+ 044+ 6a — 207% 

4qa2+ 9c? —12ac+12bd — 96? — 4d2 
4a?—4y?—4a7+1—27?+4 yz. 
4ay—a?+1—4y 

ce —2ac—1+26+ a? — 0% 
4ac—1—6x—92?+a*?+4ec% 
4—9a?—4y?+122y. 
4a*—122?—92?+12y2-—4y°+ 9. 
at — ob? — 42*— 6a%e + 4627+ 9%. 
25 a? —1 —10ab — 9a*x? + 6? + 6 ax. 
16 wt + 30a? + 8c%x? — 25a°—-9+c4 
4at* +908 — 12.07b® — 81 x*y*z®, 
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129. A trinomial in the form a*-+a*b?+ 6* can be 
written as the difference of two squares. . 

Since a trinomial is a perfect square when the middle 
term is twice the product of the square roots of the first 
and last terms, it is obvious that we must add ab? to the 
middle term of a* + a*b? + 6* to make it a perfect square. 
We must also subtract a)? to keep the value of the 
expression unchanged. 


1. Resolve into factors at + ab? + b+. 


at -+ a?b? + 64 = at + 2 a%b? + bt — ab? 
= (a? + b2)? — ab? 
= (a? + 0? + ab) (a? + 6? — ab) 
= (a? + ab + 6?) (a? — ab + B?). 


2. Resolve into factors 4a* — 37 xy? + 9y*. 


Twice the product of the square roots of 4z* and 9 y* is 12 xy?, 
We may separate the term — 372? into two terms, — 12 2x*y? and 
— 25 x%y?, and write the expression 

(4 ct — 12 12y?2 + 9 4) — 25 xy? 
= (22? — 3 y?)? — 25 xy? 
= (242 — 3y? + bay) (222 — 8y? — bay) 
= (222 + bay — By?) (242 — Bay — 8 y?). 


EXERCISE 42. 


Resolve into factors 


1. ot + ay? 44, 6. Dat+ 26 a7)? + 25 bt. 
2. et t+e?4+1. 7%. 4a* — 21 ay? + 9 v4. 
38. 9at—15 4a? +1. 8. 4a* — 29 a%c? + 25 c4. 
4. 16a*—17a@?+4+1. 9. 4a*+ 16 ac? + 25 ct. 
5. 4a*—13a?+1. 10. 25 a4 + 31 xy? + 16 x4, 
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130. When a trinomial has the form x2 + ax+ Dd. 


Where a is the algebraic sum of two numbers, and is 
either positive or negative; and d is the product of these 
two numbers, and is either positive or negative. 


Since (27 + 5) @ +3) = 27+ 8a +15, 

the factors of 2?+82+15arex+5and2+3. 
Since (@ + 5) @ — 3) = 27+ 22 — 15, 

the factors of 2?+2a—15arex+5 and 2 — 3. 


Hence, if a trinomial of the form 2? + ax + is such an 
expression that it can be resolved into two binomial factors, 
the first term of each factor will be x; and the second 
terms of the factors will be two numbers whose product is 6, 
the last term of the trinomial, and whose algebraic sum is a, 
the coefficient of x in the middle term of the trinomial. 


1. Resolve into factors xz? + 112+ 30. 


We are required to find two numbers whose product is 30 and 
whose sum is 11. 

Two numbers whose product is 30 are 1 and 30, 2 and 15, 3 and 10, 
5 and 6; and the sum of the last two numbersis 11. Hence, 


x*+112+30= @+5)(@ + 6). 


2. Resolve into factors xz? — 7x2+ 12. 


We are required to find two numbers whose product is 12 and 
whose algebraic sum is — 7. 

Since the product is + 12, the two numbers are both positive or both 
negative; and since their sum is — 7, they must both be negative. 

Two negative numbers whose product is 12 are — 12 and — 1, —6 
and — 2, — 4 and — 3; and the sum of the last two numbers is — 7. 
Hence, 


eet lez (2 —:4) (“= 9): 
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3. Resolve into factors «? + 2a — 24. 


We are required to find two numbers whose product is — 24 and 
whose algebraic sum is 2. 

Since the product is — 24, one of the numbers is positive and the 
other negative; and since their sum is +2, the larger number is 
positive. 

Two numbers whose product is — 24, and the larger number posi- 
tive, are 24 and — 1, 12 and — 2, 8 and — 3, 6 and — 4; and thesum 
of the last two numbers is +2. Hence, 


a? -+ 20 — 24 = (a + 6) — 4). 


4. Resolve into factors x? — 3a — 18. 


Since the product is — 18, one of the numbers is positive and the 
other negative ; and since their sum is — 8, the larger number is 
negative. 

Two numbers whose product is — 18, and the larger number nega- 
tive, are — 18 and 1, —9 and 2, —6 and 3; and the sum of the last 
two numbers is — 3. Hence, 


a? — 8a —18 = (a — 6) (x +38). 


5. Resolve into factors 2? — 10 xy + 9y?. 


We are required to find two numbers whose product is 9 y? and 
whose algebraic sum is — 10y. 

Since the product is + 9 y?, and the sum — 10y, the last two terms 
must both be negative. 

Two negative numbers whose product is 9y? are —9y and —y, 
—8y and —38y; and the sum of the first two numbers is —10y. 
Hence, 


2?— 10a + 9y°=(@—9y) @ — 9). 


131. From these examples it will be seen that the 
following statements are true: 


1. If the third term of a given trinomial is negative, the 
second terms of its binomial factors have unlike signs. 

2. If the third term of a given trinomial is positive, the 
second terms of its binomial factors have the same sign, and 
this sign is the sign of the middle term. 
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EXERCISE 43. 


Resolve into factors: 


1. 27+ 82+ 15. 24. 27+72+10. 
2. x?—8a2+15. 25. 27? —Tx2+ 10. 

8. 27+ 22 —15. 26. 27+ 3a — 10. 
4. x?—32a2—10. 27. 227+ ax—6a*, 
5. 27+ 5ax+ 602 28. «*— ax — 6a? 
6. 2*— bax + 6a*. 29. 2+ 5ay +4y7, 
7. x22? — 2a — 15. $0. «#?— Say — 4y7. 
8. 2? -+ 52,4 6. 3k. a? — bay + 477 
(Reece cg wig 3 32. 2?7+3ay—4y*. 
ee 0, $3.8 SCY a Ye 
11. 2? —x—6. 34. a? —Tab+100% 
12. 27+6x2+5. 35. ax? — 3aax — 54, 
13. 2*— 62 + 5. 36. 27— Ta — 44. 
14. 2? +42 —5. 37. 22+ a — 132. 
15. 2? — 4a — 6. 38. 27— 15a + 50. 
16. #?+92+18. 39. a? — 23a + 120. 
17. 2*—92+ 18. 40. a?7+17a— 390. 
18. 27+32— 18. 41. c?+25c — 150. 
19. 2?— 32 —18. 42. c?— 58e-+ 57. 
20. 27+924+8. ns. ot 11 a*b® + 300°. 
21. «2 —924+ 8. 44. 22+ 92y+ 207% 
22, x7 +i 2 — 8, 45. ay? + 19 xyz + 48 2% 


23. w2—Ta —8. 46. ab? —18 abe + 22 c*. 
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182. When a trinomial has the form ax?+bx+c. 


1. Find the factors of 8x2? — 222 — 21. 


Multiply by 8, the coefficient of z?, and write the result in the 
following form: 


(8x)? — 22 X 8a — 168. 
Put z for 8%, and we have 
WA — 222 — 168, 
. Resolve this expression into two binomial factors (§ 130) 
(2 — 28) (z + 6). 


Since we have multiplied by 8, and put z for 8z, we must reverse 
this process. Hence, put 8a for z and divide by 8, and we have 
(8x — 28) (82+6). 
8 
As 4 is a factor of (82 — 28), and 2 is a factor of (82 +6), we 
divide by 8 by dividing the first factor by 4 and the second factor by 
2, thus 
(8a — 28) (8a + 6) 
4x2 
= (2% —7) (424+ 3). 


2. Find the factors of 242? — T0 ay — 75 y*. 


Multiply by 24, (24x)? — 70 y X 24a — 1800 y?. 

Put z for 24a, 22 — 710 yz — 1800 x2. 

Resolve into factors, (2 — 90 y) (z + 20y). (§ 180) 
Put 24 @ for z, (24% — 90 y) (24% + 20y). 


Divide by 6 X 4, (42 —1d5y) (6x + dy). 


3. Find the factors of 12 2? — 23 ay + 10 y?. 


Multiply by 12, (12 ©)? — 238y X 12@ + 120772. 

Put z for 122, 22 — 23 yz + 120 y2. 

Resolve into factors, (zg — 15 y) (z —8y). (§ 180) 
Put 12 @ for z, (12% — 16 y) (12% — 8 y). 


Divide by 3X4, (4% —5y) (3a—2y). 


[get Rn Cte mt Cee Ce re Ge ir peg Fa pes 
Pwo Dn rH SOHO MHRA Te FP HO DW H OO 


SO OO Ee Oe Eo WE oe ree 


Exercise 44. 


Resolve into factors: 
227+ 524+ 3. 
327 — a2 — 2. 
527 — 82+4+3. 
627+ Tx + 2. 
627— 2 — 2. 
15237 + 142 — 8. 
8x2?—102+3. 
18 x? + 9a — 2. 
12 2? — 5a — 2. 
122? — 7x+1. 
. 1227-2 —1. 

. o2? — 2a.— 5. 
3a7+4a—A4. 
6a?+ 5a —4. 

. 427413824 3. 
. 422+ 112 — 38. 
4a?— 4a — 3. 

. 4a? +8043. 

. 6a*x? + ax — 1. 
. 62? +172 4+ 12. 
. 1227-13 % — 14. 
. 10a? — 23a — 5. 
. 8c? + 538e¢ — 21. 
. 827— 37 2 — 10. 


FACTORS. 


25. 


26. 
27. 


28. 


29. 
30. 
31. 
32. 
33. 
34, 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 


44, 


45. 
46. 
47. 
48. 
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227+ Say +2y2 
627 7 ba— 35% 
8a?+14ab —15d% 
6a?—19ae+10c* 
8a? + 34ay + 2177. 
8x? — 22 ay — 21y’. 
Gn? 19a — Tig 
11 a? — 23 ab + 20% 
2c? —13cd + 6d’. 
677 + 1 aye — 32, 

1b ae — ZO ry + Sy". 
oa Oy 18 Y*. 
6a? — ay — 3b y*. 
10.47 = 2xy — 10 77. 
14 «2? — 5d ay + 21 vy’. 
627? — 23 xy + 20 47. 
627 + 35 ay — 647 
24a? — 14ay — 5y?*. 
2427 — 38 ay + 15 v7. 
(40° — 2ay— 1by. 
36 a 1D oy OY". 
15 2? +19 2y + 677. 
122? + 3lay — 1577. 
by? +13 y—6. 
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133. - When a binomial is the sum or difference of two cubes. 


3 3 
Since SEE mat ab +05 (§ 117) 
a’ — 0 2 2 1 
and eee ah + ab + 67; (§ 117) 
*,a® + 6° = (a.+ 6) (a? — ab + 6) (1) 
and a’ — 6 = a — b) (a? + 46+ 0%). (2) 


Therefore, the sum of two perfect cubes is divisible by 
the sum of their cube roots, and the difference of two per- 
fect cubes is divisible by the difference of their cube roots. 


A 


Resolve into factors 8 a? + 27 d°. 
The cube root of 8 a3 is 2a, and of 27 B8 is 362. 
By putting 2a for a and 30? for b in (1), we have 
(2.a)3 + (3 6?)3 = (24 + 3b?) (4a2 — 6 ab? + 94), 


Resolve into factors 1254? — 1. 
The cube root of 12523 is 5a, and of 1 is 1. 
By putting 5a for a and 1 for b in (2), we have 
12528 —1 = (5a—1) (25a2+52+41). 


Resolve into factors x* + y?. 
The cube root of x® is x?, and of y9 is y. 
By putting x? for a and y? for b in (1), we have 
a8 + y? = (2 + y’) (et — 228 + y?). 


Resolve into factors (@ — y)® + 28 


The cube root of (« — y)? is x — y, and of 2° is z. 
By putting « — y for a and z for b in (1), we have 
@—yPi+2e= (@—y) +2) (e@—y)?— &—y)2+27] 
= @—y t 2) (ce? — ay + y? — az + ye + 2). 


—— 
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EXERCISE 45. 


Resolve into factors: 


a? — 27 a’. 


125 a? +1. 
8.2" 5, 

216 m® + n°. 
ey — 512 2. 
729 a® + 216 c®% 
. T29y*° — 642%. 
. 6124* — 1. 
(Ce ewe 
fas bye A. 
te — 0)" 

. 27a +1254. 
. 216+ 343 7°. 

. oF —-125 2° 
pO oak Of. 
- @ — 2168". 

. 8&0 — 3435 2°. 
Pods at See ilo 
Ed Ye ied, 
ici meape® Aad: 
. 642% — 1257’. 
PRWAS ot Ya amet 


a® + 833 5. 
6. a? + 273°. 
a® + 64. . 
8. 64a°+ 125 


OT at? — 1. 


ay? — 64: 


33. 
34. 
35. 
36. 
Sis 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 


9. 216 a° — 6% 
10. 64a° — 276%. 
teed — 2, 
6% 12. a°$* + 3438. 
eel (eng ve 
8G ay) rw. 
(a+b) (ab)? 
Ga) ea, 
O(a —"e)* 
atl yeaah), 
GD) C: 
2—34)* + 6% 
(2 + 5)* —@. 
(y— 2+ y+) 
(Qa +y)'—(@—y)* 
Li (fa 90)". 
(on 4-4)* — S28. 


(20+ Yea #, 
(G. — Sy) eee’. 

(7 a= bye o. 
(8¢—2y)* — 82". 
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Theory of Divisors. 


134. Theorem. The expression x — y is an exact divisor 
of x" -- y" when n is any positive integer. 


Since — z*-l y+ a7-ly=0, (§ 34) 
rw yt® = er — gn-l (es iit Tue 
Taking out 2*—1 from the first two terms of the right side, and y from 
the last two terms, we have 
on y” = gr-1 (x ae y) + y (ar=1 = y™—1), 

Now « — y is an exact divisor of the right side, if it is an exact divisor 
of a»>-l1—y-1; and if  — y is an exact divisor of the right side, it 
is an exact divisor of the left side; that is,  —y is an exact divisor 
of a — y” if it is an exact divisor of e*-1— y*-1, 


But « — y is an exact divisor of x* — y? (§ 117), therefore it is an 
exact divisor of xt — y*; and since it is an exact divisor of xt — y4, it 
is an exact divisor of z° — y5; and so on, indefinitely. 


The method employed in proving this Theorem is called 
Proof by Mathematical Induction. 


135. The Factor Theorem. Jf a rational and integral 
expression in # vanishes, that is, becomes equal to 0, when r 
is put for x, then x — ris an exact divisor of the expression. 


Given an" + bar —t + ons, + he +k (1) 

By supposition, ar” + brr-1 +4... hin ae 0. (2) 

By subtracting (2) from (1), the given expression assumes the form 

a (co — 4) (eA Hl el) Eee he — PF), 

But 2 — ris an exact divisor of a — r", g"—-1 — 7-1, and so on. 

Therefore, x — r is an exact divisor of the given expression. 

Norn. If «#—vr is an exact divisor of the given expression, r is an 
exact divisor of k; for k, the last term of the dividend, is equal to r, 
the last term of the divisor, multiplied by the last term of the quotient. 
Therefore, in searching for numerical values of « that will make the 


given expression vanish, only exact divisors of the last term of the 
expression need be tried. 


s 
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1. Resolve into factors x? + 3a”2— 132 — 15. 


The exact divisors of 15 are 1, — 1, 8, — 8, 5, — 5, 15, — 15. 
If we put 1 for x in x3 + 8x22 — 13” — 15, the expression does not 
vanish. If we put —1 for 2, the expression vanishes. 


Therefore, z — (— 1), that is, x + 1, is a factor. 
Divide the expression by «+ 1, and we have 
28 + 3a?— 132 — 15 = (@& + 1) (x? + 22 — 15) 
= (@ + 1) (& — 3) (@ + 5). 


Nore. An expression can sometimes be resolved into three or 
more factors. 


2. Resolve into factors «? — 26a — 5. 


By trial we find that the only exact divisor of — 5 that makes the 
expression vanish is — 6. 
Therefore, divide by x + 5, and we have 
x — 26% — 5 = @ + 5)(2?— 52 —1). 


As neither +1 nor —1, the exact divisors of —1, will make 
x2 — 5a —1 vanish, this expression cannot be resolved into factors. 


EXERCISE 46. 


Resolve into factors : 


1. #® — 102 —3. 10. 2° —3a2?+4an—2. 
2. 2? — 262+ 5. 11. 2? +902? +16274+4. 
3. 2? —152—-—4. 12. «2° + 227 — 34a — 5. 
4, «— 82+ 3. 13. 4a? -—1227+ 9a —1. 
5. 28+ 2274+ 9. 14. 2? —2a2?— 232+ 60. 
6. 2—38a4+2. 15. 62° — 2327+ 162 — 3. 
7. 2—122+16. 16. z?— 1027+ 3382 — 36. 
8. 22+4a?—5. 17. 2§+729+1224+4. 
9. 42°—-7T2+3. 18. 224+ 527+7x4+2. 
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-136. A compound expression involving « and y is divis- 
ible by x — y if the expression vanishes when + y is put 
for x; and is divisible by «x+y if the expression van- 
ishes when — y is put for z. ¢ 


If n is a positive integer, prove by the Factor Theorem: 


1. x*+ 4" is never divisible by x — y. 
Put y for ina” + y"; then a+ y= y*+ y= 2Qy, 
As 2y” is not zero, 7 + y” is not divisible by « — y. 
2. «”— y” is divisible by x + y, if m is even. 
Put — y for & in a — y”, then at — y= (— yy) — y". 
If n is even, (— y)" = y”, and (—y)*—-y=ay"—- yy". 
As y” — y® = 0, «” — y” is divisible by « + y, if n is even. 
3. 2” + y” is divisible by x + y, if m is odd. 
Put — y fore in a + y", then a" + y* = (— y)"+ y*. 
If n is odd, (— y) "= — y*, and (— y)?+ y= — y* + yy” 
As — y"™+ y= 0, 2 + y” is divisible by x + y, ifn is odd. 
From § 134 and these three cases, we have 
1. For all positive integral values of n, 
a” — se = (a me y) (a*—? + aay + spa edie + ap); 
2. For all positive even integral values of n, 
en — af = (a + y) (aa —_ mere ty + gt — 8,72 — ...., — art. 


3. For all positive odd integral values of 7, 
e+y=@t+y) (eho = tay se a WS) +o" 5. 


4. x” +y" is never divisible by « — y; and is not divisible 
by a+ y, if n ts even. 


Nore. In applying the preceding rules for resolving an expression 
into factors, if the terms have a common monomial factor, this factor 
should be removed first. 

When an expression can be expressed as the difference of two per- 
Sect squares, the method of § 126 should be employed in preference to 
any other. 


Resolve into factors: 


~ ee 
nw He Oo 


13. 
14. 
15. 
16. 
ie 
18. 
19. 
20. 
21. 
22. 


SO OEP ene ee ee 
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EXeERcisE 47. — Review. 


a — 9a. 
4 a4 — o*. 
Cis ook pa 
ae ae 
Crys ma os 
2 — 4". 
36 a? — 49 y*. 
xo y?. 
a* — 142 + 49. 
ot et (Tt) ie 
ay Oe = (Mery a). 
. 2—112+ 18. 
et + 4a — 45. 
2? +132 + 36. 
22 — 132 — 48. 
a? + 9a — 36. 
x? + 2 — 110. 
22? + day — 2y?. 
27 — 62 — 40. 
ef ty? 4 y'. 
et T a= 60: 


2a7—Tat+6. 


23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
366 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 


xy? — 4 xy* — 3 xy?, 
C2 ed. 
327 + a2 — 2. 

x? — 24x + 95. 
9a?+12a+4. 

a* — 6%? — ce + 2be. 
PAY tae ay. 
32° + 227 — 92 — 6. 
(@—y)? 0 

m* — 2mn +n? — 1. 
“+ Zon + 30% + 6.ad. 
a? + m? — n? — 2mm. 
9 at + 21 xy? + 25 y*. 
e—4+ y+ 2ay. 
62? — a — TT. 

2 3.0y — Gb y* 

et — 7 23 + 1. 

1 — a? — B? — 2ab. 
32* — 62° + 92% 

x® — 5a?— 22+ 10. 
a? + ax — ba — ab. 


20°—3ay+4ax— bay. 


105 


106 


45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 


62. 


xe + y', 
a2n — CF 

a’ + 64y%. 
029 ek. 
Cap, 
(Gap by =k. 
164+ — 312 
a+ o* + 1. 
272° — 644%. 
eon ase 
eye 


a® — 256. 


a+b? +a+t b. 
a—B+a—b. 
v—V+a—bd. 


FACTORS. 


63. 


64 


65. 
66. 
Oils 
68. 
69. 
70. 
105 
72. 
73. 
74. 
75. 
we 


80. 


ax’ + ba? — ax — b. 


- @—y)—2y(@—Yy)- 


L— 10 ay 26 xy", 

at —F + 2be — c*. 

x? + 44? — 2? — Ay. 
CAP 9er- a2 be. 
AO ep a = 1 ay 
(a +b)? — ( — ay 
o+at oo — 90 
te — te — Wc 

are — cx + ay — cy. 
x* + 16 72? + 256 at. 
(@+y)* + (2x —y)?. 


a+ 6? — + 2ad. 


. yi —a*— c?— 2ac. 


(2 + 5a)? — 25 a*. 
5 a ee gt et 


4a*— 9a?+6a-1. 


81... a? + 24)0-+ O)- ay — ea — Oy 
82. 2x7— 4ay+ 2y?+ 2ax — 2ay. 
83, (aekb)* 1 ake ee 
Ba, ie = ee te 

86. a? — ey — 2 — 2 ye a ye: 
86. 22+ 97+ 2? — 2aey — Zaz + 2yp, 
87. 4.0%? (ae b° — 087, 


88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 


96. 
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wt+22—3 97. 279+ Try + 1247. 
2? +32 — 40. 98. 27°F ay — 24% 
x?— 9x2 — 10. 99. 7+ 3ay — 4y2 
x*+ 82? — 9. 100. x* — (y +-2)* 
So tie secs 101. x? — y° — Say (x — y). 
et — 14 2* — 61. 102. 2° — 2474+ 2—~2. 
x? — 10 az + 160%. 103. 2?— 8 — 62+ 32%. 
a — 1p ey FO y*. 104. 3 a7y? + Day? —12y'%.. 
1-92 — 102% 105. at—a% + ab8— bh 

106. a? — 4c? +a—2e. 

107. 4a? + 95? — e? + 12.0. 

108. 1b2?— d5ax + 3ba— abd. 

109. 3a*+ 154°) — 24 ab. 

110. 6a? — 30a) + 36 ab. 

111. 25a*—47?+42— 10a. 

112 ey ay a oy, 

113. 9a?—40°+ 3a + 26. 

114 = (0 ey) 

115.0 (9- y)? = 1 — 2 ieeny 1). 

116. a —2a*e+a*—4a+8c—4. 

117007 ~ 0) —@ F2he a +b — Co. 

118. 2®z? — 8 y®z? — 4'n? + 32 yPn*. 

119. 5ac+3be+cec+5ab+ 30? +b. 

120. 2ab —2be —ax+ca+ 2b? — be. 


. at —2 abu? — at — ah? — 4. 


CHAPTER VIII. 
COMMON FACTORS AND MULTIPLES. 


Highest Common Factor. 


137. Common Factors. A common factor of two or more 
integral numbers in Arithmetic is an integral number that 
divides each of them without a remainder. 


138. A common factor of two or more integral and rational 
expressions in Algebra is an integral and rational expression 
that divides each of them without a remainder. 

Thus, 5a is a common factor of 20a and 25a. 


189. Two numbers in Arithmetic are said to be prime to 
each other when they have no common factor except 1. 


140. Two expressions in Algebra are said to be prime to 
each other when they have no common factor except 1. 


141. The greatest common factor of two or more integral 
numbers in Arithmetic is the greatest number that will 
divide each of them without a remainder. 


142. The highest common factor of two or more integral 
and rational expressions in Algebra is an integral and 
rational expression of highest degree that will divide each 
of them without a remainder. - 


Thus, 3a? is the highest common factor of 8a?, 6a’, and 12 at; 
5 xy? is the highest common factor of 10 xy? and 15 x2y2, 
é 


, 
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For brevity, we use H.C.F. for highest common factor. 
1. Find the H.C.F. of 42 ad? and 30 at. 


42 a*b? =2xX3XT7X aaa xX bb; 
30 a*b* —2 Xo OD xX aa xX G000- 
=. the HC, F = 2 x 3 « aa’X 66 = 6 ab 


2. Find the H.C.F. of 2? — 9y? and a7 + 6ay + 9y% 
x — 94? =(@+3y) @-3y); 
“+ 6ay+9y=(at+3y) (@t+3y). 
the H:C.F.=ae¢+3y. 


3. Find the H.C.F. of 
4a*— 4x —80; 227—18a%+ 40; 22? — 24% + 70. 

4x?— 4a — 80=4 (x? — x — 20) 
=4(@—5)(@+4); 

2x? —18x% +40 = 2 @’?— 9x + 20) 
=2(@-5)(@—4); 

2a? — 242+ 70 = 2 (a? — 12% +35) 
= 2 (@ — 5) (@ — 7). 

..the H.C.F.=2(@— 5). Therefore, 


143. To Find the H.C.F. of Two or More Expressions, 


Resolve each expression into its prime factors. 

The product of all the common factors, each factor being 
taken the least number of times it occurs in any of the given 
expressions, is the highest common factor required. 


Norr. The highest common factor in Algebra corresponds to the: 
greatest common measure, or greatest common divisor, in Arithmetic. 
We cannot apply the terms greatest and least to algebraic expres- 
sions in which particular values have not been given to the letters. 
contained in the expressions. Thus a is greater than a?, if a stands, 
for 1; but a is of lower degree than a? P 
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EXERCISE 48. 


Find the H.C.F. of: 
1. 120 a? and 168 a®. 4. 36a°x* and 28 wy. 
2. 362° and 27 *. 5. 48 a7b%c and 60 a*c®. 
3. 42 a7x* and 60 a*x?. 6. 8(a +6)? and 6(a + 4)*. 


ie 
8. 
9. 


12a(a@+y)? and 4b(@+y)’. 
(a — 1)? @ + 2)? and @ — 8) (@ + 2)* 
24 ab* (a + b) and 42 a% (a4 + 6)’. 


10. 2?(«—3)* and a?— 3a. 12. 2?—42 and 2*— 62+ 8. 
11. «?—16 and 27+ 42. 13. 2?7—Tx+12 and x? — 16. 


14, 
15. 
16. 
Wis 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29, 


9a7— 44" and 27 2° — 8y*. 
x?—Ta—S8and2?+5244. 

v.+ day — 107? and 2? — 2ay — 3597. 

xt — 2a — 2427 and 62° — 6a* — 180°. 

oe — 3 oy and 2° — 27 4% 

1+ 642° and 1— 42+ 162% 

e* — 81 and «* + 82?— 9. 

a+ 2e—3and 2?+72+12. 

a—6ae+5 and 2+ 32 — 40. 2 
3a‘ + 15 a5 — 72 a7b? and 6 a* — 30.a% + 36 ab. 
6 xy — 12ay? + 6y* and 3 2%y? + 9ay® — 12 y*. 

1 — 16c* and 1 + c?—12c+ 

Vax — an; 9a?9— 6a tis 272°—1, 

w?— 3a— 54; 227-2 —42; 2?—-— 2a — 48. 
Sai + 274°; 42°+ 1207+ 947; 4027-972 

a — afy — ay? y*®s casa Day 43 


’ 
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Lowest Common Multiple. 


_ 144. Common Multiples. A common multiple of two or 
more integral numbers in Arithmetic is a number that is 
exactly divisible by each of the numbers. 

A common multiple of two or more integral and rational 

* expressions in Algebra is an integral and rational expression 
that is exactly divisible by each of the expressions. 


145. The least common multiple of two or more integral 
numbers in Arithmetic is the deast integral number that is 
exactly divisible by each of the given numbers. 

The lowest common multiple of two or more integral and 
rational expressions in Algebra is an intefral and rational 
expression of lowest degree that is exactly divisible by each 
of the given expressions. 

We use L.C.M. for lowest common multiple. 


1. Find the L.C.M. of 42 a*d?; 30a7b*; 66a6% 
42 a°b?=2X3X7Xa*X 3; 
30 a*%*=2xX3xX5X a’ xX dt; 
66 ap" i= 2 xox 1 Ka x 6°. 


The L.C. M. must evidently contain each factor the greatest num- 
ber of times that it occurs in any expression. 


pa, the, C; Noa 3 XTX PX 11 x ax OF 
= 2310 a*d*. 


2. Fimd the L.C.M. of 
4a%— 4a — 80 and 227 — 18 + 40. 
40? — 4a —80=4 (a? — a — 20)=4(x— 5) (@ +4); 
2a? — 182+ 40 = 2 (x? — 9a + 20) = 2 (a — 5) (a — 4). 
.. the L.C.M.= 4 (@ — 5) (a +4) (@—4), Hence, 


112 COMMON FACTORS AND MULTIPLES. 


146. To Find the L.C.M. of Two or More Expressions, 


Resolve each expression into its prime factors. 

The product of all the different factors, each factor being 
taken the greatest number of times it occurs in any of the 
given expressions, is the lowest common multiple required. 


Exercise 49. 
Find the L.C.M. of: 


Tay anid 6-7 7. ab, abc’, and abc’. 

2. 5abc? and a7b7c*. 8. ay, xyz", and xy*z. 
3. 4a%y and 12 ay%. . 9. ta and re a. 

4. 5a°d® and 10 a. Pag Gr — and ioe. 

5. 21 ay? and 28 xy’. 11. a?+ ab and ab + 6. 
6. 10 272? andlb 272", 12. a*+ 2a and (a + 2)%. 


13. 2*-+ 4¢ +4 and a? + 54-6. 

14. 2? +a — 20 and 2? — x — 30. 

15. y? +y— 42 and y* — 114 + 30. 

16. “24 — 102+ 24 and 27 + 2 — 20. 

LT. (a G)75 (= 8)5: a? — $?. 

18: (+20) (Gre ee ae 

19. soay'(o -Fg)*s: 20" (ae We ene (ie) 
20. 2+T7e%+12; 27+6¢4+8; 2?°+52+4+6. 
21 Tepe a yh Coa, 

22. wo 2 ay Rg) eae ey 
23. 08 =— 203 oF O92} oo ao 

24. oP — 13 og ry de eet le 
25. (@@+y)*—24; @+yt+e)3; 2+y—2. 
26. a7—(a+b)e+abd; «?—(a+¢)a-+ ae. 
27. 2+ 3ay+2y°; 2+ 5ay+4y?; 2? — bay —Ty2 
28. x? — Tay +12y*; x? — bay + 8y*?; 2*— 5ay+ 6y% 
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147. The chief difficulty in finding the H.C.F. and the 
L.C.M. of two or more algebraic expressions’ consists in 
resolving the expressions into factors. 

When two numbers in Arithmetic cannot readily be re- 
solved into their prime factors, we divide the greater num- 
ber by the smaller; then the divisor by the remainder; 
and so on until there is no remainder. The last divisor is 
the greatest common factor. 

Likewise in Algebra when two given expressions cannot 
readily be resolved into their factors, we arrange the two 
given expressions in descending powers of a common 
letter, and divide the expression which is of higher degree 
in the common letter by the other expression. After the 
first division, we take the remainder for a new divisor and 
the divisor for a new dividend, and so proceed until there 
is no remainder. The last divisor is the highest common 
factor. 


Nore. If the two expressions are of the same degree in the com- 
mon letter, either expression may*be taken for the divisor. 


Find the H.C.F. of 222+ «—3 and 4z°+ 8a?— 2-6. 
2027 -+a2—3)408+8a2— «—6(2443 
428 + 202? —6% 
62? +52 —6 
6227+ 32-9 
2a +3) 202+ mm OC 
202+ 32 
APES 3} 
—2“—3 


.. the H.C.F. = 2a +3. 


Nore. <Each division is continued until the first term of the re- 
mainder is of lower degree than the first term of the divisor. 
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148. This method is of use only to obtain the compound 
factor of the H.C. F. Monomial factors of the given expres- 
sions must first be separated from them, and the H.C. F. of 
these monomial factors must be reserved to be multiplied 
into the compound factor obtained. Also, at any stage of 
the operation a monomial factor of either expression may 
be removed without affecting the compound factor sought. 


1. Find the H.C. F. of 
12“*+ 3023 — 72a? and 322° + 842? — 1762. 
1204 + 3028 — 7227 = 62? (2a? + 5a — 12): 
32 «8 + 84a? — 1762 = 44 (8a? + 21% — 44). 
622 and 4x have 2% common. 
222+ 5x — 12) 82? + 212 — 44 (4 
8 az + 20a — 48 
e+ 4)227+ 54—12(22—8 


222 + 8x 
— 32 — 12 
le —3z2—12 


Aeeebe nels Gallas iar (x + 4). 
2. Find the H.C. F. of 42?— 8a —5 and 122? — 4a —65. 
402 — Siti) U2 etd ni GO (S 
, 1222 — 24a —15 
20 az — 50 
The first division ends here, for 20 is of lower degree than 422, 
We take out the simple factor 10 from 20a” — 50, for 10 is not a 


factor of the given expressions, and its rejection can in no way affect 
the compound factor sought, and proceed with 2 — 5 for a divisor, 


AC a 2 — 8 Bien (Datei 


4x2— 10% 
2a — 5 
22—6 


.. the H.C.F. = 2a — 8. 
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3. Find the H.C.F. of 
21 a* — 4x? — 15a — 2 and 212° — 322? — 542 — 7. 


21 2? — 42? — 152% — 2)2128 — 3222 — 542 —7(1 
21273— 4”72?—152—2 
— 2822 — 39z2—5 


The difficulty here cannot be obviated by removing a simple factor 
' from the remainder, for — 28x22 — 39a —5 has no simple factor. In 
this case, to avoid the inconvenience of fractions we multiply the 
expression 21 23 — 422 — 15x — 2 by the simple factor 4 to make its 
first term exactly divisible by — 28 22. 

The introduction of such a factor can in no way affect the H.C.F. 
sought, for 4 is not a factor of either of the given expressions; and if 
we multiply only one of the expressions by 4 we do not introduce a 
common factor. 

The signs of all the terms of the remainder may be changed; for 
if an expression A is divisible by — F, it is divisible by + F. 

The process then is continued by changing the signs of all the terms 
of the remainder and multiplying the divisor by 4. 


2822 + 392 +5)8423 — 1622— 60r— 8(32 
8403+ 11702?+ 152% 
— 138322— Jb2— 8 
Multiply by — 4, —e 

582 22 + 3002 + $2(19 

"58242 + 7412 + 95 

Divide by — 63, — 63) — 4412 — 63 

Ue ae AN 


7a2+1)28a?+ 39a+5(4e+5 « 
2802+ 42 


3852+ 5 
385a2+5 


.. the H.C.F. = 72+1. 
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4. Find the H.C.F. of 
8a?+2a” —3 and 623+ 52? — 2. 
(hea Lye — Wy 
Multiply by 4, 4 
822+ 20 —3)2408+2002?— 8 (844+7 
243 -— 6a2—- 9a 
142 OS 
Multiply by 4, 4 
56 x2 + 362 — 32 
5622 + 14a — 21 


Divide by 11, P22 
20 — 1) 824-- 2a—3 (490-3 
Sie — ar 
62—s 
62—~p 


<. the H.C ¥.= 224: 


The following arrangement of the work will be found 
most convenient : 


Sao 6ae-- ba2— 2 
822—4a 4 
62-3 2423 + 20a2— 8 32 
6z—3 2478 --° 622 — Oa 
1422+ 9a2— 8 
i Real oleic 
66 x2 + 362 — 32 +7 
5622 + 142 —21 
11) 22% —11 
Be 4x+3 


Notr. From the nature of division, the successive remainders are 
expressions of lower and lower degree. Hence, unless at some step 
the division leaves no remainder, we shall at last have a remainder 
that does not contain the common letter. In this case the given 
expressions have no H.C.F. that contains the common letter. 


COMMON FACTORS AND MULTIPLES. 117 


149. In the examples worked out we have assumed that 
the divisor which is contained in the corresponding divi- 
dend without a remainder is the H.C. F. required. 


The proof may be given as follows: 

Let A and B stand for two expressions which have no 
monomial factors, and which are arranged according to the 
descending powers of a common letter, the degree of B 
being not higher than that of A in the common letter. 

Let A be divided by B, and let Q stand for the quotient, 
and # for the remainder. Then, since the dividend is 
equal to the product of the divisor and quotient plus the 
remainder, we have 

A=BQ+ £. (1) 

Since the remainder is equal to the dividend minus the 

product of the divisor and quotient, we have 
A — BO: (2) 

Now, a factor of each of the terms of an expression is a 
factor of the expression. Hence, any common factor of B 
and # is a factor of BQ + R, and by (1) a factor of A. 
That is, a common factor of 6 and F# is also a common 
factor of A and B. 

Also, any common factor of A and B is a factor of A— BQ, 
and by (2) a factor of &. That is, a common factor of A 
and B is also a common factor of B and R. 

Therefore, the common factors of A and B are the same 
as the common factors of B and #; and consequently the 
H.C.F. of A and B is the same as the H.C.F. of B and R&, 

The proof for each succeeding step in the process is 
precisely the same; so that the H.C.F. of any divisor and 
the corresponding dividend is the H.C. F. required. 

If at any step there is no remainder, the divisor is a face 
tor of the corresponding dividend, and is therefore the 
H.C.F. of itself and the corresponding dividend. Hence, 
this divisor is the H.C. F. required. 
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150. The methods of resolving expressions into factors, 
given in the last chapter, often enable us to shorten the 
work of finding the H.C. F. required. 


1. Find the H.C.F. of 
et+3a°+122—16; 2®—1382+412. 
Both of these expressions vanish when 1 is put for x. Therefore, 
both are divisible by « — 1, § 135. 


The first quotient is 2? + 422+ 42 + 16 = (a + 4) (x + 4). 
The second quotient is 72 + 2 —12 = (x —3)(x +4). 


Therefore, the H.C.F. is (@ — 1) («+ 4). 


2. Find the H.C.F. of 
204+90'+1424+3; 382t+140° +9242. 
.2a4* +928 + 1404 3/8at+ 1402+ 92+2 


patie sista) 
Gat + 27 23 + 4204-9 
; 240 —5 
The remainder, x? — 24x — 5, vanishes when 5 is put for a. 
The quotient of 7? — 24% — 6 divided by e — 5 isa? +5241. 
Since 5 is not an exact divisor of 3, «—5 is not a factor of 224 
+92%?+142+3; but a +52+1 is found by trial to be a factor, 
and is, therefore, the H.C. F. required. 


3. Find the H.C.F. of 

2827+ 39~%+5; 84a*—162?— 602-8. 
By § 182, the factors of 2822+ 39% +5 are7x%+1 and 42+ 5, 
The factor 7x + 1 is the H.C. F. required. 


4. Find the H.C.F. of 
2 @* — 6a* —2?+15¢—10; 4a*+ 62°— 427-152 —15. 
2a4 —608 — 22+ 16%—10|4a4+ 623 —4a2— 15a — 15/2 
42% — 12'4* — 2a? + 30a — 20 
18 2892 — 26-6 
The remainder = 222(9% — 1) — 5(9a — 1) 
= (2 a2 — 5) (9x —1). 
The factor 2? — 5 is the H.C. F. required. 
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5. Find the H.C. F. and the L. C. M. of: 
62° —112%y + 2y* and 9a — 22 ay? — 8, 
628 — 11 ay +2y8 
628— 8ar2y —A4Axy? 
— 82y+4aey2?+278 
— 32%y + 42y? +278 


9x3 —22a2y2?— 8y8 
2 

18 23 — 442y2— 1678 3 
1823 — 338a2%y+ 6y8 


11 y) 33 xy — 44 vy? — 22 ¥8 


302 — 4ay — 2y? 22—-Yy 
.. the H. 0. F. = 3 a? — 4ay — 2 y?. 


To find the L. C. M., divide each of the expressions by the 
H.C. F. 
(62° —11 ay + 2y*) + Ba? —4ay —2y) = 2a —-y. 
(92° — 22 xy* — 87°) + 82? -—4ay—2y) =32+4y. 
.. the L.C.M.=(22—y) @at4y) (82?—42y—2y’). | 


EXERcIsE 50. 
Find the H.C. F. and the L.C.M. of: 
427+32—10; 42°+72?—32—15. 
22° —62?9+52—2; 82° —2327+172 —6. 
6 2° — Tax? — 200%; 327+ ax —4a? 
8a*®—132?+ 232-21; 628+ 27?-— 442421. 
c§—2Zei+e; 2ct—2e2—2e— 2. 
a® — 6a +12 ax? — 82°; 2a?—8ar+82% 
T2®§—2a®°—5; Ta? +122?+1002+4+5. 
et —132°4+36; 2t—2*?—T2?+a-+6. 
22°+307—Tx—10; 42°-—42?-—92+5. 
122? — x? — 30x%—16; 62° —22?—132—6. 
. 628 +227—5a—2; 623+ 52?—3e — 2. 
2 —9n?+26e —24; x2 —1207+ 47 x — 60. 


See eet a ME aah Bett Ph Fay. 


= 
wir © 
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13. 
14, 
15. 
16. 
WU 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


32. 
33. 
34. 
35. 
36. 
37. 
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4a’ — 2a?—16a"—91; 122° — 282? — 37 x — 42. 
et — 4a? +100?—-1224+9; a*+2274+9. 

20° — 3x*— 1624+ 24; 4a°+ 22*— 284° —162?— 320. 
120° +427+172-—3; 242%—520?+ 142-1. 
20°+ Taxv?+4a%—3a®; 42°+ 9 az? —207%x— a’. 
2a? — Qax?+ 9a%x —Ta®; 42° — 20 axz?+ 20a7%x —16a* 
2a4+-928 +1424 3; 3044+142°+ 92 4 2. 

202%? + 2a?—1824+48; 202*—172?4+ 482 — 38. 
2 +27 —1224+9; 22° —T2?+12¢—9. 

ve — 8e2+3; 2 —32°+4+ 212-8. 

32° — 8a%y + ay? — y®; 42° — ay — 3azy*. 

8at— 6a?=> 2? +154 — 25; 42°+72?-— 32-15. 
4a%®—4e?—52+3; 102?7—1927+ 6. 

6a*— 1323+ 327+ 22; 62*—1027°+42?—6274+4, 
2a4*— 38a°+2e79-—2e—3; 4a4+327+42—-38. 
38a*—ae—2e7+2e—8; 62°+13827?+ 32+ 20. 
38a°+2at+a?; 8at+ 2a8 —3a?9+2e—-1. 
8—2a2+50?+225; 12—17¢4+ 2274+ 32% 


10% — 6a? — 112° + 924 — 625; 
602% + 4274+ 1023+ 10at4+ 425. 


et —o®—140%?@+a4+1; 26 —4at— 2? — 22748242, 
2a* —2a8— 8a*?—2a; 38at— a®— 2a? — 16a. 
62° — 14ae?+ 6a’x —4a°; xt — az®— a*x*? — ax — 2a'. 
4—22¢—8a?+ 72° — 9a°; 2+ 52 —102?—72°+ 6% 
2a* + 3a'x — 9a%x?; 6atx — 3axt— 17a*e? + 140% 
2a’ — 4a* + 8a — 1207+ 6a; 

3a°— 3a°'— 6a'+ 9a'— 3a 
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151. The product of the H.C.F. and the L.C.M. of two 
expressions is equal to the product of the given expressions. 


Let 4 and B stand for any two expressions; and let # 
stand for their H.C. F. and I for their L.C.M. 

Let a and é be the quotients when 4 and B respectively 
are divided by #& Then 


A=aFr 
and B=0F. 
Therefore, AB=F xX abF. (1) 


Since F stands for the H.C.F. of A and B, F contains 
all the common factors of A and B. Therefore, a and 6 
have no common factor, and abF is the L.C.M. of A and B. 


Put MM for its equal, a/, in equation (1), and we have 


AB = FM, 
152. Since FM = AB, (§ 151) 
ABU A 155 ; 
Maa Rr Bahra That is, 


The lowest common multiple of two expressions may be 
found by dividing their product by their highest common 
factor, or by dividing either of them by their highest com- 
mon factor and multiplying the quotient by the other. 


153. The H.C.F. of three or more expressions is obtained 
by finding the H.C.F. of two of them; then the H.C.F. of 
this result and of the third expression; and so on. 


For, if A, B, and C stand for three expressions, 
and D for the highest common factor of A and B, 
and for the highest common factor of D and C, 
then D contains every factor common to A and B, 
and Z# contains every factor common to D and C; 
that is, every factor common to A, B, and C. 
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154. The L.C.M. of three or more expressions is obtained 
by finding the L. C. M. of two of them; then the L. C. M. of 
this result and of the third expression; and so on. 


For, if A, B, and C stand for three expressions, 
and ZL for the lowest common multiple of A and B, 
and M for the lowest common multiple of J and C, 
then Z is the expression of lowest degree that is 
exactly divisible by 4A and B, 
and M is the expression of lowest degree that is 
exactly divisible by Zand C. That is, M is the expression 
of lowest degree that is exactly divisible by 4, B, and C. 


EXeErcIsE 51. 
Find the H.C. F. and the L. C. M. of: 
60? +a—2; 2e7+ Tx —4; 22?-T2+3. 
a+ 2ab+ 07; a? —b?; a + 20%4+ 2007+ 3% 
x? — 5ax+4a?; 2?—38ax+2a?; 327—10axr+7ar 
e+a—6; 2 —22°—o2+ 2; 284+ 327 —62—S. * 
v—6e?+11le—6; 2°— 8a2?+192—-12; 
x®— 9a? +262 — 24. 

6. 622+ Tay — 3y?; 3a? +11ay — 473; 

227 + lay +12¢7 
7. 8—14a+ 6a’; 4a+4a?—3a'; 4a7+2a'— 6a‘* 
8. 60° +7a?—3a; 327+142 —5; 627+ 39m + 45. 
9. 272°— a’; 622+ ax—a?; 152%?—5ax+3bx — ab. 
10. x? —1; 227—a2—-1; 8a?7—2—-2. 
11. 6079 —aw@—2; 212?—1724+2; 1427+52—1. 
12. 1207+ 2% —4; 1207-422 — 24; 1207— 28% — 24. 
13. 227+ 32—5; 32279—a2—2; 22°+2—3. 
14. 28 +72°+5e—1; 2° +32 —82%-1; 

32° + 6e?+-e2—1L 
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CHAPTER IX. 


FRACTIONS. 


Definitions. 
155. An algebraic fraction is the indicated quotient of 
two expressions written in the form = 


156. The dividend a is called the numerator; the divisor 
6 is called the denominator; the numerator and denominator 
are called the terms of the fraction. 


Fundamental Principle of Fractions. 


a 


Multiply by 6, a = be. 
Multiply by ¢, ac = bex. 
oe ae ac 
Divide by be, meee (2) 
From equations (1) and (2), - = . 
Now is obtained by multiplying both terms of ; by ¢; 


and ; is obtained by dividing both terms of . by c. Hence, 

157. If the numerator and denominator of a fraction are 
_ both multiplied by the same number, or both divided by the 
same number, the value of the fraction is not altered. 
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Reduction of Fractions to their Lowest Terms. 


158. A fraction is in its lowest terms when the numera- 
tor and denominator have no common factor. Hence, 

To Reduce a Fraction to Lowest Terms, 

Resolve the numerator and denominator into their prime 
factors, and cancel all the common factors ; or, divide the 
numerator and denominator by their highest common factor. 


Reduce the following fractions to their lowest terms: 
1 38 a7bct - 2X19 a%bict _ 2 b7c? 
' 87a? 383x190 36 
9 ai—a _ (a—a)(@tarte’)  atarta 
0 (a —2)(a+2) a+z2 
3 a+Tat+10_(@+5)a@+2)_atod. 
' a@+5a+6 (a+3)(a+2) at+3 
o° — 44a 1 
es? — 22% -+4ae—3 
We find by the Factor Theorem the H.C.F. of the 
numerator and denominator to be x — 1. 


4. 


The numerator divided byx—1 = 2?—32+1. 

The denominator divided by « —1 =2?—2 +3. 
Cee ee a quse 

Pheretars x hot 4 ea emt ae 


e—2e?+4e-—3 z?-—24+3 


EXERCISE 52. 
Reduce to lowest terms : 


“ 6 ab? : 2m 7 34 axty? | 
9 a% " 49 mn? > Slate’ 

ieciau' 2 5 30ay8et | 9, Boat. 
15 a*b?c? "18 aty%e? " 5 atl ec 

3. 26 x7y3_ ¢. 21 m?n? ‘ 58 ab?c? | 
39 xy? 28 m*p 87 atd®? 


10. 


eel 


12. 


13. 


14. 


15. 


16. 


iff 


18. 


Ixy —12y? 


1227—l6xy 


4a?—9c? 
4a*?+6ac 
38a?+6a , 
a+4a+4 
b2?>— 5d ; 
6?>— 4b6—5 
20 (a* — c*) 


4 (a? + ac+ ec) 


x + 7? 


a+ 2ay+y? 


ee an 


zw? +2a2—15 


a?—8a+15_ 
2a?— 132421 


ce — 20 


20°9—Tae—15 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26 


27. 


4x°+ 120x+9a? 
8a? + 27.03 
tk: based a aigusk 
x? + 2ay+ y? — 23 
xt + xy? + yt 
a — yp ; 
2a?+17a+21 
3a*7+ 26a + 35 
(ne Ct 
@+b+op 
(ead 
@—y 
(x + a)? — 6? 
(z =F 6)* — "a? 
(a+ 0)* = @+d)* 
FP OF HF 
@ +c) 6? : 
4 a?c? — (a? +c? — 67)? 


Reduce by the Factor Theorem ; or by finding the H.C. F. 


of the numerator and denominator : 


28. 
29. 
30. 


31. 


a — 6a —4+ 
322—82+8 
a? —38a24+2 


4+ 4a?—b 
Sie Le Le 
8a? —4a?—a24+2 


mo l1oae + 30 Fe 
xt — a —Tx*+xa+6 


32. 


33. 


34. 


35. 


oa +172? + 222+8— 
6a? + 2507+ 232+6 
xe? — 32° —15@+ 25° 
e+Ta?+5a— 25 
Za? + a*® —8 e+ 3° 
3822+ 8a? +a—2 
e+ 457—S824+ 24 
at—a+8a—8 
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159. There are three signs to consider in a fraction, the 
sign before the fraction, the sign of the numerator, and the 
sign of the denominator. 


Since, SS eh (§ 87) 


any two of the three signs may be changed without chang- 
ing the value of the fraction. 

The sign of a compound expression is changed by chang- 
ing the sign of every term of the expression. Hence, 


1. We may change the sign of every term of the numera- 
tor and denominator of a fraction without changing the 
value of the fraction. 


2. We may change the sign before a fraction and the sign 
of every term of either the numerator or denominator with- 
out changing the value of the fraction. 


160. From the Law of Signs, therefore, 


1. We may change the signs of an even number of factors 
of the numerator, or of the denominator, or of both, without 
changing the sign of the fraction. 


2. We may change the signs of an odd number of factors 
of the numerator, or of the denominator, or of both counted 
together, if we change the sign before the fraction. 


; —= 6 = 
Reduce to its lowest terms eB OB ot 
(6 — a) (e+ d) 
Change the sign of the factor (6 — a) of the denominator and the 
sign before the fraction, and we have 


(a—bd)(ec—d)_ ss (@— dD) C— a) _ ea 
(b—a)(c+d) (a—b)(e+a) ct+da 
In the last fraction change the sign of the numerator, the sign of the 
fraction, and the order of the terms of the denominator, and we have 
c=. a—¢ 
“etd d+te 
Nore. Factors and terms must not be confounded. 
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EXercisE 53. 


Reduce to lowest terms: 


: xy — 37? 3 ab (6? — a?) 


' 27y— a " 4(@ — ab%) 

>. oe ee ed CD yh 
CE" — acx a* + ab —ae 

: 4a*—6ab. . ac — be —ax+ ba 

" 90?— 4a? ; x? — ¢? 

ae Lae A Ga-¢-+d)) > at. 
4a (x — 1) (a — b)?— (¢ +d)? 
z?*+5a2—14 (a —a)*—}? 

Soe sce ree 


161. Mixed Expressions. A mixed expression is an inte- 
gral expression and a fraction. 


1 = 
Thus, -+— and «+y— 2—¥ are mixed expressions. 
x oy 


Reduction of Fractions to Integral or Mixed 
Expressions. 


By the distributive law of division, § 43, 
a+e a 


cé é 
=—+-=a4+-: 
a a a a 


Therefore, a fraction whose numerator is of a degree equal 
to, or higher than, the degree of the denominator is reduced 
to an integral or mixed expression by division. Hence, 


162. To Reduce a Fraction,to an Integral or Mixed Expression, 
Divide the numerator by the denominator. 


2 —= 2 
CUE elt Ms Lr Pap a 


cas, 52 5a ie Aye 6a 
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Pa 


Reduce ape? to an integral or mixed expres- 
sion. 
a + 4a? 16 ae 
Co a— 20 Be 
8a? +2a—6 
3a?+3a—6 
= (baad : 


The remainder —a-+1 is the numerator of a fraction, and the 
divisor a? + a —2 is its denominator, to be added to the integral 
quotient a +3. Thus,the complete expression required is 


2 ak 


OF ae a 


By changing the sign of each term of the numerator and the sign 
before the fraction, 


——\bt eae a-—1 


Oe eae @t+a—2 


The last form of the expression is the form usually written. 


EXERCISE 54. 


Reduce to an integral or a mixed expression: 


4x2°+122—8 4a?— 3a —54 
pare SSeS SS 6. SSS See Sen 
4z a—4 

, Sa Oe “ 3a at —16e%—2 
j 3a . : vt+a—3 
3 x + yy? A er ht Th 
ey "gta —2 
a ge yt . 407+ 6 ax — 2742-2 
_ aty ; 22—3a 

8 8 3 2 
5, ae + 2° io: 52° +92 +5) 


at+2a ba?+42—-1 
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Reduction of Mixed Expressions to Fractions. 


163. The value of a number is unaltered if it is both 
multiplied and divided by the same number. Hence, 
To Reduce a Mixed Expression to a Fraction, 


Multiply the integral expression by the denominator, to 
the product add the numerator, and under the result write 
the denominator. 


ph ee firi7 2? 
Reduce to a fraction a — 6 — oer eA 


a+b 
ety 2 Oe) ed) = Gt ob = YY) 
- atdb a+ 
ee de 4 Ob + bP 
a+b 
pe Sue 
atb 


Note. The dividing line between the terms of a fraction has the 
force of a vinculum affecting the numerator. If, therefore, a minus 
sign precedes the dividing line, as in the preceding example, and this 
line is removed, the numerator of the given fraction must be enclosed 
in a parenthesis preceded by the minus sign, or the sign of every term 
of the numerator must be changed. 


EXERCISE 55. 


Reduce to a fraction : 


Zab. 7 gill aa ! 
1at+d rw De ae 0) 100 PORE 
a? + a? a—3u 

2. I oa a 6. 4 a+t+2a. 
a—12 3 a? — 20? 
3. Pea irs dee vi th Re LS: appar ages 
8 ats 
eee attire Fig x 8 on—-7—21 13 x 


ata : 2 —3 
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Reduction of Fractions to Equivalent Fractions 
Having the Lowest Common Denominator. 


ae, ot es to equivalent fractions having 


the lowest common denominator. 


1. Reduce 


The L. C. M. of the denominators is 12 a3. (§ 152) 
Divide the L. C. M. by the denominators 4 a?; 3a; 6a. 
The respective quotients are 3a; 4a?; and 2. 
Multiply both terms of the given fractions taken in order by the 
respective quotients, 3a; 4a?; and 2. 
We have for the required fractions 
Gan Bary 10 


1208? 1qe) 4 os 


PESO CAES SUE a 
e+5a+6’ +4743 
tions having the lowest common denominator. 


2. Reduce to equivalent frac- 


Express the denominators in their prime factors. 
2 ; 3 ee 2 f 3 J 
w+52+6’ w@+4e24+3 (© +3) (e+ 2)’ @+3)(@4+1) 
The lowest common denominator (L. C, D.) is 
(x + 3) (@ + 2) (@ + 1). 
The respective quotients arex +1; 2+ 2. 
The respective products are 2 (x + 1); 3 (x + 2). 
The required fractions are 
2 (@ + 1) : 3 (x + 2) ; 
(e +3) (e-F 2) (@ Al)? (@ +S) 2) Ed) 


164. Therefore, we have the following rule: 


Find the lowest common multiple of the denominators of 
the given fractions for the common denominator. Divide 
this common denominator by each of the given denominators ; 
and multiply the given numerators each by the correspond- 
ing quotient for the required numerators. 


Notre. Every fraction should be in its lowest terms before the 
common denominator is found. 
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EXeErciseE 56. 


Express with lowest common denominator: 


10. 


oT 44-9. in 4a?+ ¢? Zate. 

6s eels Se ey eee 
a—2e 32°—2a ays Ce 0 a i 

3a? Y9aa " 25a?— 47? Bat2y 
2a—4y 32—8y “e Deora a Noe S 

5a 2. 10a ae? 2+2 
4a—5e 3a—2¢ a 4 x? xY 

Bac * 120% “3(@+b)? 6 (a? — 0) 

ego (Rene Pel Mat 2 
1—2’ 1-2? ey Ma 6 he 10 

i et Ha ' re a — bm. 4 ce — bn 
at+2’? «+3 Gah ets OE Sy 

a. a? ; 4 1 ‘ 1 
x—a’ x?—a? ' (a—b)6—e)’ (a—b)a@—e) 

re 1 mass i, x? x3 ; 
1+2¢@7 1—44 -g¢—1’ w#+1’ 2-1 

9 ee? 3 a b ; (oe 
“16-27? 4+¢2@ “a—b’ at+b’ &@—P? 

a : tee mh shee x : x? , 
ii ee? (a-F1)?; (2 + 1) 
21 1 ated ayy A en a 

 @=y)E€—2%’ ©€-HNEe-%’ @-9E-2 
1 Pp eo nee 
ae e—5a+6’ w—4a4+3’ 22-3242 
il a i 
23. } 


x2—-2a’ «—b5bar+6a?’ «—3a 
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Addition and Subtraction of Fractions. 


b 
1. Find the algebraic sum of et = 
ee ae 
Ls ean cs aa (§ 43) 
ete, ae Bd 
2. Find the algebraic sum of 
S040  26—) he a se 


4 3 12 
The L.C. D. = 12. 
The multipliers, that is, the quotients obtained by dividing 12 by 
4, 8, and 12, are 3, 4, and 1, respectively. 
Hence, the sum of the fractions is 
DN ZO Si 20 te eee Wine 


12 12 “ 12 

Le Va— 126 — 3 43-40 — Serr O46 
> 12 

= 26-780 = SiC 2 G40 ee 

na 12 a 6 


The preceding work may be arranged as follows: 


The L. C. D. = 12. 
The multipliers are 3, 4, and 1, respectively. 


8(a—4b) = 9a—126 = Ist numerator. 
—4(2a—b+c)=—8a+ 4b6—4c= 2d numerator. 
l@— 4c) = a —4c=8d numerator, 


Y= SO -— Sic 
or 2(a — 4b — 4c) = the sum of the numerators, 
2(¢— 4b Se) a — 40 — 40. 
12 = 6 
165. To Add Fractions, therefore, 


Reduce the fractions, if they have different denominators, 
to equivalent fractions having the lowest common denomina- 
tor; and write the algebraic sum of the numerators of these 
fractions over the common denominator. 


.. sum of fractions = 


Notre. The resulting fraction should be expressed in its lowest 
terms, 


FRACTIONS. 


EXERCISE 57. 


Find the algebraic sum of: 


12. 


13. 


—— ee 


yin 5 10 5 
Za—-1 «+7 2-4 oS 
3 6 4 Ds 
Tx—5 32+2 Bist AS 6% = 10. 
8 3 4 i 
BSE ee 2 aa See 
9 6 12 3 
22+3 Pe Ser Oy ees! 
2a 42 8 x? 2 
ge - 2e—-ll 2+3 at oe eh 
2 3 4 6 12 


4a? a+b AD LIE EL alamaiad 


B2 ab a? a*h? 


5a—11 peven lel Ade. 


4 10 12 3 
a+1i 8¢2-—4 1 6247 
eet ae eae 
ta—G -Sa—4 56 x — 48 

5a Ibs 45a 


7 2, ,2 3 8 
ny xy ay 


a—b b—c .c—a , ab?+ be? + ca? 
a b abe 


3 1 1 oti 2 ey mo 2: 


2 ay - 6ytz Qazi" 4a%x? 4 x*yz 
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166. When the denominators are polynomials arranged 
in the same order, we first express the denominators in 
their prime factors. 


Find the algebraic sum of : 


a*# — b? = (a + b) (a — ). 
The L.C.D. is (a — 6) (a + 5). 
The multipliers are a + b, a — b, and 1, respectively. 
(a+b)(a+b)= a?+2ab + 6? = 1st numerator. 


— (a —b) (a —b) = — a? + 2ab—b?= 2d numerator. 
— 1(4ab) = —4ab = 3d numerator. 
0 = sum of numerators. 


.. sum of fractions = 0. 


Exercise 58. 


Find the algebraic sum of : 


1 i ie? : Lion) Ue ae 
“g+6 2-5 “1i+a+e? 1—2+2? 
i EE 6. Pe Oe ere. 
“1l+a 1-2 “g—-y aty zy? 

1 2 x x 2 a? 
“A+a 1-2? ate oe a 

2 4,2 
Pe Mat ie Coal ig 1, ee 

C— yo ei y)* err ee Le ae, 
ag wes ae 
(ie Ue y)?. 12. © cde : ee 
oy @tgy 9—@. “Sasa 
i a 
" 2a?+2ab  2a?—2ab “a+b (a+b)? (a+0d)8 
Ne _, @=8o 1. ety 22 xX(e—y), 
a—3c a*'—27¢é y Syn Wary") 


Hint. Reduce the last fraction to lowest terms. 
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15 1 L: a 
“a+t2y  a—2y x2—4y? 
jy ee eee 
TBS IRS: SERGE TBS nat OE pac 
x iL L 
os a Pe Cpe 
3 4a 5 a? 
18. —— 
2 @. > (2 — 4)" (x — a)* 
1 a? ata 
2°. SDI ge parry is rey weer er fl 
x2? —227+3 a—2 ib 
 Se+L eB aeti z+1 
La 2 ae 
oT a 4 a—1 ee +a2—3 


z—-3 2+324+9 a? — 27 ‘ 


e4+-S824+-15 2-1 
zv+72+10 2-2 


Hint. Reduce the first fraction to lowest terms. 


22. 


x? —5ax+ 6a? x— Ta 


ze x?—S8ar+15a? x—5a 
if 1 Gy 
24; wa) ear ee ely ree 


Hiyt. Express the denominators of the last two fractions in 
prime factors. 


a eee 
ze: a—Tat+12 a’—4a+3 a@—5a4+4 
3 4 
26. ———_ - 5-5 
10a@+a—3 2a7+T7a-4 
3 i} 
27. 


ey agit lease? 8 
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167. When the denominators are polynomials not ar- 
ranged in the same order, we first write the fractions, by 
§ 159, so that the denominators shall be arranged in the 
same order. 

: 2 3 22—3 

1. Find the sum of Page DR TaES | ar erar cere 

Change the signs before the terms of the denominator of the third 
fraction and the sign before the fraction. We now have 


z 2¢—1 422—1 
Proceeding as in § 166, we find for the required sum 
=3 de 2 


z(2a—1)(22+1) -z(l1—2z)(1+2z) 
if we change the sign of 2 and the signs of (2% — 1), § 160. 
2. Find the sum of 
1 i: 1 
a (a — b)(a—€¢) t ¥(b — a) @— 0) LOVES YE 


Change the sign of the factor (6 — a) in the denominator of the 
second fraction, and change the sign before the fraction, § 160. 

Change the signs of the two factors (ec —a) and (c—}) in the 
denominator of the third fraction, § 160. We now have 


Sen a Se 0 


a(a—b)(@—c)  d(ai— 6) (6 —e) Toa oh) 
The L.C.D. = abc (a — b) (a — c) (6 — ¢). 


bc (b — c) = 2c — bc? = 1st numerator. 
—/ace(@ —'c) = — arc +; ac? = 2d numerator. 
ab(a — b) = ab — ab? = 3d numerator. 


ab — a?c — ab? + ac? + b?¢ — bc? = sum of numerators, 
== 07(0 —c) a (04 Se") = oct —e)e 
Divide by the common factor (b — c), and we have 
a? — "Go —Tae 100; 
and this is equal to (a — b) (a —c). 
“. (a — b) (a — c) (b — c) = sum of numerators. 


.. sum of fractions SRR (Nowe) CC oh Daa) Oe 


~ abe(a—b)(a—c)(b—c) abe 
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EXERCISE 59. 


Find the algebraic sum of: 


2 


137 


x as oer ES 

= —- ot oe 
se 

es 2 SS ee 

cat eaatae 

Se ce Ce CES Cr RCE CS) 
2 ae a a AS 
Whe — 0) (b — 0), bare) (ema). (a — ee) (a-- d) 
FE 

a* — be 6? + ac c2 + ab 


13. 


(@—b)(a—0) b—a)bFe) C—aC+d). 
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Multiplication of Fractions. 


Find the product of 5 x = 
a Cc 
Let ri SG 7 is 


Multiply each of these equals by } X d. 
Since the order of the factors is immaterial, 


Or, 


From (1) and (2), 


Likewise, 


168. To Find the Product of Two or More Fractions, 


( 


Divide by 0 x d, 


a 
AE aes Gee” 


and so on for any number of fractions. 


\x(Sxd)=oxdxe 


1 6 GND SKU OAD 


BA ae 
De et 


Cc aXe 
a6 x 
cam ee aX 


c 


(1) 


(§ 42) 


(2) 


€ @xXt Xe 
BC Fe 


Find the product of the numerators for the required 
numerator, and of the denominators for the required de- 


nominator. 


In applying the rule, reduce every mixed expression to a fraction, 
and every integral expression to a fraction with 1 for the denominator. 
Cancel every factor common to a numerator and a denominator, as 
the cancelling of a common factor before the multiplication is equiva- 


lent to cancelling it after the multiplication. 


2a _ 67d 


1. Find the product of =—,; x 


2 a2b 
8 cd? 


F Se Ww See 
3cd2”  5ab 8 a?c*d? 


5abec _ 2X6 X 5arhicSd _ 2 | 
8arc2d? 3X 5X 8aibc3dt 28 


FRACTIONS. 


2. Find the product of 
a? —s y? 


a? — Say + 2y? 


oh oe ae a? — ey 
eabiey y(t. — yy)? 


Express the numerators and denominators in prime factors. 


(c—y)(e@ + y) x Ye=2y) . 
a(e+y) 


(x — y) (e& — 2y) 


Tt deed | ae, ae 
(@e—y)(@—-y) a-y 
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The common factors cancelled are (x—y), («+ y), («—2y), a, 


and (x — y). 


EXERCISE 60. 


Find the product of: 


r aa ae 10. 
2 3a Be, 
Se. 
L$ Fy 
5. Se gey. 14. 
ate 
aie wa = 16. 
8. ovat are 17. 


8 a3 a* + ab + 6? 
a® — 6° 4 a? 
mee Cryo” 
Tae I a oa -+ 347 
a(a+b) b? 
a?— 4g? ax + 4a? 
a+4axn a*?—2ax 
Ca ey 
(@—y) a? + ay 
a? + a3 a+3a 
x? —9 a? ata 
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1 


Se) 


20. 


i) 


2 


e 


22. 


23. 


24, 


25. 


26. 


ZAG 


28. 


29. 


30. 


31. 


32. 


FRACTIONS. 


a 


4a? ae eons 
4a?+ 2ay+y? 


Fo) ee 
(arate 


ooo 1) 


OS ere Bd Roees | ae 
if vot) (2 ee) ee aes 
8a 


sR aL SEL IY bed — cd? 

¢ Sa? ed ~~ 4 (6 — bd) 

YOSY) Seay ee Ee 

a (x + y) *Etayty/ *@-y— 
(CBee a hee eee 
a*+ab—ac (a+c)?—8 ab — — be 
(GeO tay ee (ener e—a— bh. 
a 6-6 —¢ —(a+-0)* ac — a®+ab 
Cleat) Mel a ied (Sore 
(o~ bP ee (a— by - tebe 
O52 Ob ISOS eA Bor a 
V+2ab+0?—-— a-—-bt+e 


eo -(e + 1) e+e x Pett, 
x (*% + 1) Pa) 2x 
2 ax® + 2 ake a? — a? ata 


(2— a)? @+ a)? ~ 2(a*+ a’) - ax 


ira (22 ae are Se 1 2¢ 
a’? — ab — ae atdbt+e 


at+a?+bht atb _at—# 
zo — He aioe Bee a : 

e+ Tay+12y_ etay—2y 

e+ bay+6y ~ 2?+3ay—4y3 
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Division of Fractions. 

169. Reciprocals. If the product of two numbers is equal 

to 1, each of the numbers is called the reciprocal of the other. 
: a. 6 a. 6 -ab 

The reciprocal of 3 833 for ie SS 1 


ab 
The reciprocal of a fraction, therefore, is the fraction 
inverted. 
: ; a@ ¢ 
Find the quotient of z — Z 
Co 
Let a ik 


(@) 


Since the dividend is the product of the divisor and 
quotient, 


Beaudet h 
: d 
Multiply each of these equals by =e 


Then (2) 


170. To Divide by a Fraction, 
Multiply the dividend by the reciprocal of the divisor. 


ti a+2a—3 
i lt of — X Te CR EGY SE To 
Find the result S araaediah =F gis OF 
1 ire lie Mee Se ede a? — 25 
BRT iy ES g—25 3862 x 


SER A RRS) 
Bulk (@—1)@ +1) , (& —5)(@ + 5) _ et 5b” 

i (© —5)(@-+-1). @+3)@=—1) «e@+3) 
The common factors cancelled are (« — 1), (« + 1), («© — 5). 
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Exercise 61. 


Find the quotient of: 


A 15a? | 9aee 3 ee 30% | 3be 
Te 2847 " 2ab” Bae 2a? 

3 Bxryre? | 18 a?yz? 7 a? tine. 

" 4a’? ~ 9 akbie ' gtd? a +2a 

: 5arbct | 20 m'n*p* 3 wy + say | cyt+3_ 
" 3m'np* 21. abe* " 48-1 ~~ 2e-1 
a 16a%bc*§ | 8 abc? | 9n*—4y 3a-—2y 
., 2havtey® > Tmizy* "4-2? ~ 24a 
2a? ae ab 0 gimme, Zab a 


"g!+tda” 2?—16 


w= ter- ot Clea “a—Ta 
i hag a.d. oh Soo ee 


ay? _ web ey ay 
w—3ayt2y  ay—2y (@—y)? 
4 (a — 6)" _2ab— 20" |, ai + ab 


2 een al) 3 a—b 

Hy ($0) 0) Se See); 

‘@—(b—o) e—(a— by 
@=a—  t§- 3) 
(a — b)?—a* ~ a? — (6 — a)? 
17. (a +b)i-—C+d? _ (a—o?—d—d)? 
Ca ar ane (SIC) 
ot 2 a7 8 eee 


18. + 
a+ Qayty—e2 aty—e 
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Complex Fractions. 


171. A complex fraction is a fraction that has one or 
more fractions in either or both of its terms. 


3 
Simplify the complex fraction —— 


32 ie Rae 4 12 
: eer gan = 7 =52 X 


172. To Simplify a Complex Fraction, 
Divide the numerator by the denominator. 


173. The shortest way to simplify a complex fraction is 
to multiply both terms of the fraction by the L. C. D. of the 
fractions contained in the numerator and denominator, 
§ 157. 


a Ee a 
1. Simplify S—* °F *. 


= 6p th Se 
The L.C.M. of a—awanda+zis (a—Z2z)(a+2). 
Multiply both terms by (a — x)(a + 2), and we have 
a(a+2)—a(a—2) _a@t+ax—atan_2ax_, 
z(a+z)+a(a—az) avt+a+ar—a22? 2axr ~~ 


1 
pe 


1 
a ee 


Multiply both terms of the last complex fraction by 1—2. We 


2. Simplify 


have : — “, and this put in place of the last complex fraction changes 
the given fraction to the form 
I at 
iloe : rae 


: : A Ze 
Multiply both terms of this fraction by 2—z. We have aaaas 
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Simplify : 


FRACTIONS. 


EXERCISE 62. 


10. 


3 ta I 


12. 


13. 


14, 


a 
1 
oa x?—1 
1 
aaa 
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es 16. alia 
aa ee ee 
Sine 
17 = : 
; ar y (aye + x + 2) 
re 
ec ae 
a-—1 -b6-—1 6-1 
8 Sabet Ae Be As 
" be + ac + ab ieee 
Gt-O 6 
mtn, m+n?\  (m—n_ m+n*\_ 
19. (ete, mtn). (a* a 
“ee Paley ere sty ,e+y 
20. (= mot) x (ete Lea) 
1 1 
—o 
a b+¢e e+ce—a? 
21. 
ey al (1+ 2 be ) 
al o-e 
a 
22. 
= x 
x 
Baha Cora pe 
oy pecan a a le 
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EXeERcIsSE 63. — REVIEW. 
When a = 2,b = — 2, andc =4; find the value of: 


Ae Vai Pee (a — b= 6) 

e+h—?+2ab 

a? — 6b? — e? + 2be 

3. @—5)6—4 —3 6 —2)6G—D)+364)C6+2): 
oe ales ace UE oa al Ob ea a 
32°4+1382?+1724+6 


2. 


4. Reduce to lowest terms 


Simplify : 

eo ES eee 

'@-D@-H @-HeE-s) | ©-De-% 
a a Zar 4 a* 

2 Ga tee eee at + bt 


Hint. Add the first two fractions; then their sum and the third 
fraction and this result to the fourth fraction. 


il 1 2 
mag Vary pia 


Al 
il ad zi 2 
8. Us a . 
z+y (4+) +} 


ee ee ee zee. 


hh = ee 
(@ — 2 4% a+ 


) eee ay % css es D 
a a b ee ian (a b)? 


a —3ab+2P~ at+ab ~ a(a—db) 
1 @HON eat Be 
" @+ab—ac’ att+ab+ac ° abe 


ott ey 10 ee ert 
w+6ay+5y?  wt+4a+4° 242 


12. 


13. 


14, 


15. 


16. 


i. 


18. 


19. 


20. 


21. 


22. 


24. 


25. 


26. 
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x? -+ yz y? + xz 22+ ay 


@—-Ne-)  W-)U-%)  @-DE-Y 


x 4ir2 am x 1—~2z s 
1+a a “\1l+e x 
tfc AN Wee 
e\a—e a+2e x? + cx — 2 ¢? 


at — 7 2 Yy 
ary? a itary a) 


eae ee 2 a2) - 


av—a—2 av+a—2 ay 
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CHAPTER X. 


FRACTIONAL EQUATIONS. 


Reduction of Equations Containing Fractions. 


a «e—1 
ae BOs ie Se 


Multiply by 33, the L. C. M. of the denominators. 


Then, llz—382+3=332 — 297, 
llz—3e—33a¢ = — 297 — 3, 
— 252 = — 300. 
2. © = 12. 
Nore. 


Since the minus sign precedes the second fraction, in 


removing the denominator the sign of every term of the numerator 
is changed. : 


2 Sol 2ea+til 2xe-—1 8 


The L. C. D. = (2% + 1) (2a —1). 

Multiply by the L. C. D., and we have, 
4e-+4e+1—(402?—4¢2+4+1)=8. 
oA ete Lae a a O 


Reducing, z=1. 


174. To Clear an Equation of Fractions, therefore, 
Multiply each term by the L. C.M. of the denominators. 


If a fraction is preceded by a minus sign, the sign of 


every term of the numerator must be changed when the 
denominator is removed. 
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Solve 


Norse. The solution of this and similar problems will be much 
easier by combining the fractions on the left side and the fractions 
on the right side than by the rule. 


(x — 4) (@@ — 6) — (@ — 5)? __ (@ — 7) (@ — 9) —(@ — 8)? , 


@—d)@—-6)  @—8)@—9) 
By simplifying the numerators, we have 


ee he a 
(¢—5)(@—6) (@—8) (@—9) 


Since the numerators are equal, the denominators are equal. 


Hence, (x — 5) (« — 6) = (a — 8) (@&@— 9). 
Solving, we have “= 7. 


EXERCISE 64. 


Solve 

pe rel iene tl TAR oe! 

Pore ma Sian rae ete 
Ta—1 192+3 

2. 2— 3 =38a-— Z 

e bet) allot Ty Sede heed, 

: 3 9 2 Sean ak 
2 8a—2 112+2 2-Tex 

Se fake wea VIIEEE SGU 

“ 92+5 ,8x2—T  36x%+15 41 

’ 14 iY ee 56 56 


82-1, 2a4+1 2a2—5 , Ta-—1 


Gort Sil a. ged) © SGr D4 e. 


9 5 6 
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2x—8 a+5 alah 
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4p 10h 0 4. i 2a+1 _ 8 x fel, 
Gt fre ae “Ge . det 1 Se oes 
a 5+ 8a» 45 — 8a ia 5-22 2—Tx 52°+4 
°" 38422 13-22 ~ @¢—1 etl zi—d 
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IBS oS Oe ee oe ee 
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175. If the denominators contain both simple and com- 
pound expressions, it is best to remove the simple expres- 
sions first, and then each compound expression in turn. 
After each multiplication the result should be reduced to 
the simplest form. 


82+5 Ta—3 4¢%+6— 


1. Solve —_— = 
14 62+2 7 
Multiply both sides by 14, 
Then, g2+5+ U2) _ p24 12, 
Sa pal 
Transpose and combine, at =7. 


Divide by 7 and multiply by 3z + 1, 
ie — 3 — Owe Le 
~e=1, 


2. Solve 


ET er 
Simplify the complex fractions by multiplying both terms of each 
fraction by 9. 


Then, Say a SOP eae 


Multiply both sides by 180, the L.C.D., 
135 — 20% = 45 — 142+ 54, 
—6z2= — 36. 
“2= 6. 


EX®rRCISE 65. 


Solve: 
, Ago Zep eel 
; 10 ie eos ae 5 
924+20 42—12 a 
se eeesGme hard. A 
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Wei 122+2 bas 


18 See —166= 9 
6a+7 (Kat es 22 Bhi 
9 62-3)” 3 


62+7T 2a—2 ae +1 


1) 2 he 2 Se 
Oe a he Ae _2e—1, 


LS Tigh Ge 3 
ie=18 “22a 78) 4 132+7 


14 28 ~ F8a+% 

fot $5 eee Ce ee 
7 li a= 32,8, 12 36 

6— da 7 — 22? Sioa ee a ee 
15 ~ 144@—-1 21 6 105 


2xe—5 a—3 42—3 


Literal Equations. 


176. Literal equations are equations in which some or 
all of the given numbers are represented by letters; known 
numbers are represented by the first letters of the alphabet. 


Solve (a — x) (a+ #)=2a?+ 2ax— 2% 


Then, a? — 72 = 2.42 + 2ar— 2%, 


Solve: 


—=— 2:00 =i144, 


bwin 


EXERCISE 66. 


1. aw +2b=3b0+4a. 3. (atx) (b+2)=2(4—0). 
2. 27+ 0? = (a — x)*. 4. «@—a)(a#+b)=(a — b)(a —¢). 


15. 


16. 
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2 eee ee ca +d 
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Problems Involving Fractional Equations. 


EXERCISE 67. 


1. The sum of the third and fourth parts of a certain 
number exceeds 3 times the difference of the fifth and sixth 
parts by 29. Find the number. 


Let x = the number. 
Then, : ap ; = the sum of its third and fourth parts, 
: = 7 = the difference of its fifth and sixth parts, 
3 & = a) = 3 times the difference of its fifth and sixth parts, 

ae ote DON oe 
3 SP Tee 3 ( a ies the given excess. 

But 29 = the given excess. 
ho eee 

a8 (G 6 ='29. 


Multiply by 60, the L.C. D. of the fractions. 
20% + 15% — 36x + 30% = 60 X 29. 

Combining, 292 = 60 X 29. 

Dividing by 29, x = 60. 

The required number, therefore, is 60. 


2. The difference between the fifth and ninth parts of 
a certain number is 4. Find the number. 


3. One half of a certain number exceeds the sum of its 
fifth and ninth parts by 17. Find the number. 


4. The sum of the third and sixth parts of a certain 
number exceeds the difference of its sixth and seventh parts 
by 20. Find the number. 


5. There are two consecutive numbers, 2 and « + 1, such 
that one half of the larger exceeds one third of the smaller 
number by 9. Find the numbers. 
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6. The sum of two numbers is 63, and if the greater 
is divided by the smaller number, the quotient is 2 and the 
remainder 3. Find the numbers. 


Let x = the greater number. 

Then 63 — x = the smaller number. 

Gincelthe qnotient = Dividend — Remainder | 
Divisor 


and since, in this problem, the dividend is x, the remainder is 8, and 
the divisor is 63 — x, we have 


i 
638—a2 
Solving, a = 43. 


2. 


The two numbers, therefore, are 43 and 20. 


7. The sum of two numbers is 120, and if the greater is 
divided by the smaller number, the quotient is 2 and the 
remainder 15. Find the numbers. 

8. The sum of two numbers is 126, and if the greater is 


divided by the smaller number, the quotient is 3 and the 
remainder 10. Find the numbers. 


9. The difference of two numbers is 51, and if the greater 
is divided by the smaller, the quotient is 4 and the remain- 
der 6. Find the numbers. 


10. The difference of two numbers is 87, and if the 
greater is divided by the smaller, the quotient is 8 and the 
remainder 10. Find the numbers. 


11. Divide 450 into two parts such that the smaller part 
is contained in the larger part 9 times, with a remainder 
of 20. 

12. The difference of two numbers is 25, and if the 


greater is divided by the smaller, the quotient is 4 and 
the remainder 4. Find the numbers. 
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13. Eight years ago a boy was one fourth as old as he 
will be one year hence. How old is he now? 


Let = the number of years old he is now. 

Then z — 8 = the number of years old he was eight years ago, 
and x + 1 = the number of years old he will be one year hence. 
Sit 198 — +(e 1) 

Solving, z=11. 


Therefore, the boy is 11 years old. 


14. A son is one third as old as his father. In 10 years 
he will be one half as old. Find the age of the son. 


15. B’s age is one fifth of A’s age. In 12 years B’s age 
will be one third of A’s age. Find their ages. 


16. The sum of the ages of A and B is 60 years, and 10 
years hence B’s age will be one third of A’s. Find their 
ages. 

17. A father is 40 years old, and his son is one fourth of 


that age. In how many years will the son be half as old 
as his father ? 


18. A is 30 years old, and B’s age is two thirds of A’s. 
How many years ago was B’s age one third of A’s ? 
19. A son is one fourth as old as his father. Four years 


ago he was only one fifth as old as his father. What is 
the age of each ? 


20. A is 40 years old, and B is half as oldas A. In how 
many years will B be two thirds as old as A? 


21. B is one third as old as A. Ten years ago he was 
one fourth as old as A. What are their present ages ? 


22. The sum of the ages of a father and his son is 75 
years. The son’s age increased by 5 years is one fourth of 
the father’s age. Find their ages. 
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23. <A rectangle has its length 6 feet more and its width 
5 feet less than the side of the equivalent square. Find the 
dimensions of the rectangle. 


Let x = the number of feet in a side of the square. 

Then « + 6 = the number of feet in the length of the rectangle, 
and «x — 5 = the number of feet in the width of the rectangle. 

Since the area of a rectangle is equal to the product of the number 
of units of length in the length and width of the rectangle, 

(x + 6) (« — 5) = the area of the rectangle in square feet, 

and «x X x= the area of the square in square feet. 

But these areas are equal. 

. (& + 6) (@ — 5) = 22, 

Solving, x = 380. 

Therefore, the dimensions of the rectangle are 36 feet 
and 25 feet. 


24. <A rectangle has its length and breadth, respectively, 
12 feet longer and 8 feet shorter than the side of the 
equivalent square. Find its area. 


25. The length of a floor exceeds the breadth by 6 feet. 
If each dimension were 1 foot more, the area of the floor 
would be 41 sq. ft. more. Find its dimensions. 


26. A rectangle whose length is 8 feet more than its 
breadth would have its area 35 sq. ft. more, if each dimen- 
sion were 1 foot more. Find its dimensions. 


27. The length of a rectangle exceeds its width by 4 feet. 
If the length were diminished by 2 feet and the width by 
2 feet, the area would be diminished by 40 sq. ft. Find its 
dimensions. 

28. The length of a floor exceeds its width by 8 feet. 
If each dimension were 2 feet more, the area would be 124 
sq. ft. more. Find its dimensions. 
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29..A can do a piece of work in 2 days, and B can do 
it in 3 days. How many days will it take both together to 
do the work ? 

Let x = the number of days it will take both together. 


Then = the part both together can do in one day, 


+= the part A can do in one day, 
+= the part B can do in one day, 
and 4+++4= the part both together can do in one day. 


Ll 
PEE See 
Solving, - x= 1i. 


Therefore, they together can do the work in 1} days. 


30. A can do a piece of work in 3 days, B in 4 days, and 
C in 5 days. How many days will it take them to do it 
working together ? 


31. A can do a piece of work in 6 days, B in 5 days, and 
Cin 4 days. How many days will it take them together 
to do the work ? 


32. A can do a piece of work in 2} days, B in 31 days, 
and C in 33 days. How many days will it take them 
together to do the work ? 


33. A can do a piece of work in 8 days, B in 10 days; 
A and B together, with the help of C, can do the work in 
3 days. How many days will it take C alone to do the 
work ? 


34. A and B together can mow a field in 8 hours, A and 


C in 10 hours, and A alone in 15 hours, In how many 
hours can B and C together mow the field ? 


35. A and B together can build a wall in 12 days, A and 
C in 15 days, B and C in 20 days. In how many days can 
they build the wall if they all work together ? 

Hint. By working 2 days each they build 7; + 4, + ; of it. 

Hence, in one day they can build }(,1; + 7; + +). 
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36. A cistern can be filled by two pipes in 15 and 20 
hours, respectively ; and can be emptied by a waste pipe 
in 380 hours. In how many hours will it be filled if all the 
pipes together are open ? 


Let x = the number of hours if all the pipes are open. 
Then : = the part filled in one hour if all the pipes are open. 
gs + a5 — a = the part all ‘pias can fill in one hour. 
a iee i =F = = 
Solving, x= 12. 


Therefore, if all the pipes are open it will be filled in 12 
hours. 


37. A cistern can be filled by three pipes in 8, 12, and 
16 hours, respectively. In how many hours will it be filled 
by all the pipes together ? 


38. A cistern can be filled by two pipes in 4 hours and 5 
hours, respectively, and can be emptied by a third pipe in 
6 hours. In how many hours will the cistern be filled if the 
pipes are all running together ? 


39. A tank can be filled by three pipes in 1 hour and 40 
minutes, 3 hours and 20 minutes, and 5 hours, respectively. 
In what time will the tank be filled if all three pipes are 
running together ? 


40. A cistern can be filled by three pipes in 2} hours, 3} 
hours, and 42 hours, respectively. In how many hours will 
the cistern be filled if all the pipes are running together ? 


41. A cistern has three pipes. The first pipe will fill the 
cistern in 6 hours, the second in 10 hours, and all three 
pipes together will fill it in 3 hours. How long will it take 
the third pipe alone to fill it ? 
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42. A courier who travels 6 miles an hour is followed, 
after 2 hours, by a second courier who travels 7} miles an 
hour. In how many hours will the second courier overtake 
the first ? 


Let «x = the number of hours the first travels. 
Then % — 2 = the number of hours the second travels, 
6a = the number of miles the first travels, 
and (« — 2) 74 = the number of miles the second travels. 


They both travel the same distance. 


oe 62 = (a — 2) 74, 
or 12% = 152 — 80. 
o % = 10. 


Therefore, the second courier will overtake the first in 
10 — 2, or 8 hours. 


43. A sets out from Boston and walks towards Portland 
- at the rate of 3 miles an hour. Three hours afterward B 
sets out from the same place and walks in the same direc- 
tion at the rate of 3} miles an hour. How far from Boston 
will B overtake A? 


44. A courier who goes at the rate of 4} miles an hour is 
followed, after 4 hours, by another who goes at the rate of 
5% miles an hour. In how many hours will the second 
overtake the first ? 


45. A person walks to the top of a mountain at the rate 
of 14 miles an hour, and down the same way at the rate of 
4} miles an hour. If he is out 6 hours, how far is it to the 
top of the mountain ? 


46. In going a certain distance, a train traveling at the 
rate of 50 miles an hour takes 2 hours less than a train 
traveling 40 miles an hour. Find the distance. 
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47. Find the time between 2 and 3 o’clock when the 
hands of a clock are together. 


At 2 o’clock the hour-hand is 10 minute-spaces ahead of the 
minute-hand. 

Let x = the number of spaces the minute-hand moves over. 

Then z — 10 = the number of spaces the hour-hand moves over. 

Now, as the minute-hand moves 12 times as fast as the hour-hand, 

12 (x — 10) = the number of spaces the minute-hand moves over. 
-. 12(e — 10) = 2, 
and 11a = 120. 
“. = 1022, 


Therefore, the time is 1012 minutes past 2 o’clock. 


48. Find the time between 4 and 5 o’clock when the 
hands of a clock are together. 


49. Find the time between 3 and 4 o’clock when the 
hands of a clock are at right angles to each other. 


Hint. In this case the minute-hand is 15 minutes ahead of the 
hour-hand. 


50. Find the time between 2 and 3 o’clock when the 
hands of a clock point in opposite directions. 
Hint. In this case the minute-hand is 30 minutes ahead of the 


hour-hand, or 30 minutes behind it. 


51. Find the times between 4 and 5 o’clock when the 
hands of a clock are at right angles to each other. 


52. Find the time between 1 and 2 o’clock when the 
hands of a clock point in opposite directions. 


53. At what time between 6 and 7 o’clock are the hands 
of a watch together ? 
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54. A hare takes 4 leaps to a greyhound’s 3; but 2 of 
the greyhound’s leaps are equivalent to 3 of the hare’s. 
The hare has a start of 50 of her own leaps. How many 
leaps must the greyhound take to catch the hare ? 


Let 3a = the number of leaps taken by the greyhound. 
Then 4a = the number of leaps of the hare in the same time. 
Also, let a@ = the number of feet in one leap of the hare. 


Then vs = the number of feet in one leap of the hound. 


Therefore, 32 X os or “ae = the whole distance. 


As the hare has a start of 50 leaps, and takes 4x leaps more before 
she is caught, and as each leap is a feet, 


(50 + 4x) a = the whole distance. 


x ou = (50 + 42) a. 
Multiply by 2, 9ax = (100 + 8a)a. 
Divide by a, 9x = 100 + 8a, - 
x = 100, 
-. 32 = 300. 


Therefore, the greyhound must take 300 leaps. 


55. A hound takes 3 leaps while a rabbit takes 5; but 
1 of the hound’s leaps is equivalent to 2 of the rabbit’s. 
The rabbit has a start of 120 of her own leaps. How 
many leaps will the rabbit take before she is caught ? 


56. A rabbit takes 6 leaps to a dog’s 5, and 7 of the dog’s 
leaps are equivalent to 9 of the rabbit’s. The rabbit has a 
start of 60 of her own leaps. How many leaps must the 
dog take to catch the rabbit ? 


57. A dog takes 4 leaps while a rabbit takes 5; but 3 
of the dog’s leaps are equivalent to 4 of the rabbit’s. The 
rabbit has a start of 90 of the dog’s leaps. How many 
leaps will each take before the rabbit is caught ? 
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58. A merchant adds yearly to his capital one third of 
it, but takes from it, at the end of each year, $5000 for 
expenses. At the end of the third year, after deducting 
the last $5000, he has twice his original capital. How 
much had he at first? 


Let x = number of dollars he had at first. 

Then 22 — 5000, or cde LI ae ’ 
will stand for the number of dollars at the end of first year, 
mr 3(= = a) — 5000, or 16% ee 


will stand for the number of dollars at the end of second year, 


ee 3(= = ae — 5000, or 642 ye ' 


will stand for the number of dollars at the end of third year. 
But 2 stands for the number of dollars at the end of third year. 


64a — 555000 ae 
zs 27 
Whence x = 55,500. 


Therefore, the merchant had $55,500 at first. 


59. A trader adds yearly to his capital one fourth of it, 
but takes from it, at the end of each year, $800 for ex- 
penses. At the end of the third year, after deducting the 
last $800, he has 13 of his original capital. How much 
had he at first? - 


60. A trader adds yearly to his capital one fifth of it, 
but takes from it, at the end of each year, $2500 for ex- 
penses. At the end of the third year, after deducting 
the last $2500, he has 1,7, of his original capital. Find 
his original capital. 

61. A trader maintained himself for three years at an ex- 
pense of $500 a year; and each year increased that part of 
his stock which was not so expended by one third of it. 
At the end of the third year his original stock was doubled. 
What was his original stock ? 
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62. The sum of the third, fourth, and fifth parts of a 
number exceeds the half of the number by 17. Find the 
number. 


63. There are two consecutive numbers, « and «+1, 
such that one fourth of the smaller exceeds one ninth of the 
larger by 11. Find the numbers. 


64. Find three consecutive numbers such that if they are 
divided by 7, 10, and 17, respectively, the sum of the quo- 
tients will be 15. 


65. In a mixture of alcohol and water the alcohol was 
24 gallons more than half the mixture, and the water was 
4 gallons less than one fourth the mixture. How many 
gallons were there of each ? 


66. The width of a room is three fourths of its length. 
If the width was 4 feet more and the length 4 feet less, the 
room would be square, Find its dimensions. 


67. The difference of two numbers is 40, and if the greater 
is divided by the less the quotient is 4, and the remainder 
4, Find the numbers. 


68. Divide the number 240 into two parts such that the 
smaller part is contained in the larger part 5 times, with a 
remainder of 6. 


69. A can do a piece of work in 3 days, B in 4 days, and 
C in 6 days. How many days will it take them to do it 
working together ? 

70. At what time between 2 and 3 o’clock are the hands 


of a watch at right angles ? 


71. Find a number such that the sum of its sixth and 
ninth parts shall exceed the difference of its ninth and 
twelfth parts by 9, 
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72. The sum of two numbers is 91, and if the greater is 
divided by the less the quotient is 2, and the remainder 
is 1. Find the numbers. 


73. A is 60 years old, and B is three fourths as old. 
How many years since B was just half as old as A? 


74. A can do a piece of work in 2} days, B in 3} days, 
and C in 42 days. How long will it take them to do it 
working together ? 


75. A and B can separately do a piece of work in 12 
days and 20 days, and with the help of C they can do it in 
6 days. How long would it take C alone to do the work ? 


76. A rectangle has its length 4 feet longer and its width 
3 feet shorter than the side of the equivalent square. Find 
its area. 

77. A person has 6 hours at his disposal. How far may 
he ride at 6 miles an hour so as to return in time, walking 
back at the rate of 3 miles an hour? 


78. A boy starts from Exeter and walks towards Ando- 
ver at the rate of 3 miles an hour, and 2 hours later another 
boy starts from Andover and walks towards Exeter at the 
rate of 2} miles an hour. The distance from Exeter to 
Andover is 28 miles. How far from Exeter will they meet ? 


79. A dog makes 4 leaps while a hare makes 5, but 3 of 
the dog’s leaps are equal to 4 of the hare’s. The hare has a 
start of 60 of the dog’s leaps. How many leaps will each 
make before the hare is caught ? 

80. At what time between 3 and 4 o’clock are the hands 
of a watch pointing in opposite directions ? 

81. In going from Boston to Portland, a passenger train, 
at 36 miles an hour, occupies 1 hour less time than a freight 
train at 27 miles an hour. Find the distance from Boston 
to Portland. 
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82. A cistern can be filled by three pipes in 15, 20, and 
30 minutes, respectively. In what time will it be filled if 
the pipes are all running together ? 


83. A cistern can be filled by two pipes in 25 minutes 
and 30 minutes, respectively, and emptied by a third in 20 
minutes. In what time will it be filled if all three pipes 
are running together ? 


84. A hare takes 7 leaps while a dog takes 5, and 5 of 
the dog’s leaps are equal to 8 of the hare’s. The hare has 
a start of 50 of her own leaps. How many leaps will the 
hare take before she is caught ? 


85. The width of a rectangle is an inch more than half 
its length, and if a strip 5 inches wide is taken off from the 
four sides, the area of the strip is 510 square inches. Find 
the dimensions of the rectangle. 


86. A and B together can do a piece of work in 10 days, 
A and C in 12 days, and A by himself in 18 days. How 
many days will it take B and C together to do the work ? 
How many days will it take A, B, and C together ? 


87. A and B can do a piece of work in 10 days, A and 
C in 12 days, Band C in 15 days. How long will it take 
them to do the work if they all work together ? 


88. A sets out and travels at the rate of 9 miles in 2 
hours. Seven hours afterwards B sets out from the same 
place and travels in the same direction at the rate of 5 
miles an hour. In how many hours will B overtake A ? 


89. A man walks to the top of a mountain at the rate of 
2} miles an hour, and down the same way at the rate of 4 
miles an hour, and is out 5 hours. How far is it to the top 
of the mountain ? 
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90. A tank can be filled by three pipes in 1 hour 20 
minutes, 2 hours 20 minutes, and 3 hours 20 minutes, 
respectively. In how many minutes can it be filled by 
all three together ? 


91. A’s age now is two fifths of B’s. Eight years ago 
A’s age was two ninths of B’s. . Find their ages. 


92. A had five times as much money as B. He gave B 
5 dollars, and then had only twice as much as B. How 
much had each at first ? 


93. At what time between 12 and 1 o’clock are the hour 
and minute-hands pointing in opposite directions ? 


94. Eleven sixteenths of a certain principal was at in- 
terest at 5 per cent, and the balance at 4 per cent. The 
entire income was $1500. Find the principal. 


95. A train that travels 36 miles an hour is 3 of an 
hour in advance of a second train that travels 42 miles 
an hour. In how long a time will the last train overtake 
the first ? 


96. An express train that travels 40 miles an hour starts 
from a certain place 50 minutes after a freight train, and 
overtakes the freight train in 2 hours 5 minutes. Find 
the rate per hour of the freight train. 


97. If 1 pound of tin loses ,8, of a pound, and 1 pound 
of lead loses 2, of a pound, when weighed in water, how 
many pounds of tin and of lead in a mass of 60 pounds that 
loses 7 pounds when weighed in water ? 


98. If 19 ounces of gold lose 1 ounce, and 10 ounces of 
silver lose 1 ounce, when weighed in water, how many 
ounces of gold and of silver in a mass of gold and silver 
that weighs 530 ounces in air and 495 ounces in water ? 
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99. A messenger starts to carry a despatch, and 5 hours 
later a second messenger sets out to overtake the first in 8 
hours. In order to do this, he is obliged to travel 2} miles 
an hour more than the first. How many miles an hour 
does the first travel ? 


100. The fore and hind wheels of a carriage are respec- 
tively 93 feet and 11? feet in circumference. What distance 
will the carriage have made when one of the fore wheels 
has made 160 revolutions more than one of the hind 
wheels? 


101. When a certain brigade of troops is formed in a 
solid square there is found to be 100 men over; but when 
formed in column with 5 men more in front and 3 men less 
in depth than before, the column needs 5 men to complete 
it. Find the number of troops. 


102. An officer can form his men in a hollow square 14 
deep. The whole number of men is 3136. Find the num- 
ber of men in the front of the hollow square. 


103. A trader increases his capital each year by one 
fourth of it, and at the end of each year takes out $2400 
for expenses. At the end of 3 years, after deducting the 
last $2400, he finds his capital to be $10,000. Find his 
original capital. 

104. A and B together can do a piece of work in 1} days, 
A and C together in 1$ days, and B and C together in 1% 
days. How many days will it take each alone to do the 
work ? 


105. A fox pursued by a hound has a start of 100 of her 
leaps. The fox makes 3 leaps while the hound makes 2; 
but 3 leaps of the hound are equivalent to 5 of the fox. 
How many leaps will each take before the hound catches 
the fox ? 
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Formulas and Rules. 


177. When the given numbers of a problem are repre- 
sented by letters, the result obtained from solving the prob- 
lem is a general expression which includes all problems of 
that class. Such an expression is called a formula, and the 
translation of this formula into words is called a rule. 


We will illustrate by examples: 


1. The sum of two numbers is s, and their difference d; 
find the numbers. 


Let x = the smaller number; 
then, x + d= the larger number, 
Hence, t+etd=s, 
or 22=s—d. 
Sd 
— 2 9 
pr age La Gh 2d, 
2 
Se d 
2 


Therefore, the numbers are <= and 5 


As these formulas hold true whatever numbers s and d 
stand for, we have the general rule for finding two numbers 
when their sum and difference are given: 

Add the difference to the sum and take half the result for 
the greater number. 

Subtract the difference from the sum and take half the 
result for the smaller number. 

2. If A can do a piece of work in a days, and B can do 
the same work in 0 days, in how many days can both 
together do it? 
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Let xz = the required number of days. 
Then, : = the part both together can do in one day. 
Now, Zi = the part A can do in one day, 
and ; = the part B can do in one day ; 
therefore, s ai ; = the part both together can do in one day. 
ie! 
Whence, r= = a 


The translation of this formula gives the following rule 
for finding the time required by two agents together to 
produce a given result, when the time required by each 
agent separately is known: 


Divide the product of the numbers that express the units 
of time required by each to do the work by the sum of these 
numbers ; the quotient is the time required by both together. 


EXERCISE 68. 


1. A person has a hours at his disposal. How far may 
he ride in a coach that travels 6 miles an hour, so as to 
return home in time, walking back at the rate of ¢ miles an 
hour ? 


2. A courier who travels a miles a day is followed after 
ce days by another who travels 6 miles a day. In how many 
days will the second overtake the first ? 


3. A has a dollars and B has 6 dollars. B gives A a cer- 
tain number of dollars, and then has ¢ times as much as A. 
How many dollars does A receive from B? 
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4. The fore wheel of a carriage is a feet in circumfer- 
ence, and the hind wheel is 6 feet. Find the distance 
traveled when the fore wheel has made ¢ revolutions more 
than the hind wheel. 


5. Two towns, P and Q, are a miles apart. One person 
sets out from P and travels towards Q at the rate of } miles 
an hour, and at the same time another person sets out from 
Q and travels towards P at the rate of ¢ miles an hour. 
How many miles from P will they meet ? 


6. A person was employed a days on these conditions: 
for each day he worked he was to receive } cents, and for 
each day he was idle he was to forfeit ¢ cents. At the end 
of a days he received d cents. How many days did he work ? 


7. A banker has two kinds of coins: it takes a pieces of 
the first to make a dollar, and 4 pieces of the second to make 
a dollar. A person wishes to obtain ¢ pieces for a dollar. 
How many pieces of each kind must the banker give him ? 


Interest Formulas. 


178. The elements involved in computation of interest 
are the principal, rate, time, interest, and amount. 
Let p = the principal, 
r = the interest of $1 for 1 year, at the given rate, 
t = the time expressed in years, 
2 = the interest for the given time and rate, 
a = the amount (sum of principal and interest). 


179. Given the Principal, Rate, and Time; to Find the Interest. 
Since r is the interest of $1 for 1 year, pr is the interest 
of $p for 1 year, and prt is the interest of $p for t years. 


aa, (Formula 1) 
Rutz. Find the product of the principal, rate, and time. 
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180. Given the Interest, Rate, and Time; to Find the Principal. 
By formula 1, prt = %, 


Divide by 7t, p— (Formula 2) 


181. Giventhe Amount, Rate, and Time; to Find the Principal. 


From formulal, p+prt=a, 
or p(A+trt) =a. 


Divide by 1 + 7#, P= 


a 
ee (Formula 3) 
182. Given the Amount, Principal, and Rate; to Find the Time. 
From formulal, p+prt=a. 

Transpose p, prt =a—p. 
Divide by pr, t= = (Formula 4) 


183. Given the Amount, Principal, and Time; to Find the Rate. 


From formulal, p+ prt=a. 
Transpose p, prt=a—p. 
Divide by pt, r=* a (Formula 5) 


EXERCISE 69. 


Solve by the preceding formulas : 


1. The sum of two numbers is 40, and their difference is 
10. Find the numbers. 


2. The sum of two angles is 100°, and their difference is 
21° 30’. Find the angles. 


3. The sum of two angles is 116° 24' 30", and their 
difference is 56° 21' 44". Find the angles. 
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4. A can do a piece of work in 6 days, and B in 5 days. 
How long will it take both together to do it? 


5. Find the interest of $2750 for 3 years at 44 per 
cent. : 
6. Find the interest of $950 for 2 years 6 months at 5: 
per cent. 
7. Find the amount of $2000 for 7 years 4 months at 6. 
per cent. 
8. Find the rate if the interest on $680 for 7 months is. 
$35.70. 
9. Find the rate if the amount of $750 for 4 years is. 
$900. 
10. Find the rate if a sum of money doubles in 16 years 
8 months. 
11. Find the time required for the interest on $2130 to 
be $436.65 at 6 per cent. © 
12. Find the time required for the interest at 5 per cent 
on a sum of money to be equal to the principal. 
13. Find the principal that will produce $161.25 interest: 
in 3 years 9 months at 8 per cent. 
14, Find the principal that will amount to $1500 in 3 
years 4 months at 6 per cent. 
15. How much money is required to yield $2000 interest: 
annually if the money is invested at 5 per cent? 
16. Find the time in which $640 will amount to $1000 
at 6 per cent. 
17. Find the principal that will produce $100 per month, 
at 6 per cent. 
18. Find the rate if the interest on $700 for 10 months 
is $25. } 


CHAPTER XI. 


SIMULTANEOUS SIMPLE EQUATIONS. 


184. If we have two unknown numbers and but one rela- 
tion between them, we can find an wnlimited number of 
pairs of values for which the given relation will hold true. 


Thus, if « and y are unknown, and we have given only the one 
relation « + y = 10, we can assume any value for z, and then from 
the relation z + y = 10 find the corresponding value of y. For from 
x+y=10 we findy=10—z¢. Ifa stands for 1, y stands for 9; if 
a stands for 2, y stands for 8; if x stands for — 2, y stands for 12; 
and so on without end. 


185. We may, however, have two equations that express 
different relations between the two unknowns. Such equa- 
tions are called independent equations. 


Thus, c+y=10 and «—y=2 are independent equations, for 
they evidently express different relations between x and y. 


186. Independent equations involving the sameunknowns 
are called simultaneous equations. 


If we have two unknowns, and have given two independ- 
ent equations involving them, there is but ove pair of values 
which will hold true for both equations. 


Thus, if in § 184, besides the relation « + y = 10, we have also the 
relation x — y = 2, the only pair of values for which both equations 
will hold true is the pair = 6, y = 4. 

Observe that in this problem z stands for the same number in both 
equations ; so also does y. 
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187. Simultaneous equations are solved by combining 
the equations so as to obtain a single equation with one 
unknown number; this process is called elimination. 

There are three methods of elimination in general use: 


I. By Addition or Subtraction. 
Il. By Substitution. 
III. By Comparison. 


188. Elimination by Addition or Subtraction. 


1. Solve: ba —3y= 20 (1) 
2a +5y = 39 (2) 
Multiply (1) by 5, and (2) by 3, 
252 —15y = 100 (3) 
62+ 1lby=117 (4) 
Add (8) and (4), 3lz =217 
cits i fe 


Substitute the value of z in (2), 


14+ 5y = 39. 
a ay, 


In this solution y is eliminated by addition. 


2. Solve: eee eu: (1) 
8x—21y= 33 (2) 


Multiply (1) by 4, and (2) by 3, 


24” + 140 y = 708 (8) 
242— 68y= 99 (4) 
Subtract, 203 y = 609 
= 3. 


Substitute the value of y in (2), 


82 — 63 = 33. 
. @ = 12. 


In this solution x is eliminated by subtraction. 
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189. To Eliminate by Addition or Subtraction, therefore, 


_ Multiply the equations by such numbers as will make the 
coefficients of one of the unknown numbers equal in the 
resulting equations. 

Add the resulting equations, or subtract one from the other, 
according as these equal coefficients have unlike or like signs. 


Note. It is generally best to select the letter to be eliminated 
that. requires the smallest multipliers to make its coefficients equal ; 
and the smallest multiplier for each equation is found by dividing 
the L.C.M. of the coefficients of this letter by the given coefficient in 
that equation. Thus, in example 2, the L.C.M. of 6 and 8 (the co- 
efficients of x) is 24, and hence the smallest multipliers of the two 
equations are 4 and 3, respectively. 


Sometimes the solution is simplified by first adding the 
given equations or by subtracting one from the other. 


Solve: x+49y= 51 (1) 
49x+ y=99 (2) 
Add (1) and (2), 502 + 50y = 150. (8) 
Divide (8) by 50, ety =s. (4) 
Subtract (4) from (1), 48 y = 48. 
y=. 
Subtract (4) from (2), 48x = 96. 
0 = 2, 


EXeERciseE 70. 


Solve by addition or subtraction : 


1. 5a+2y=39) 4. eile Bat 
2e2— y= 8) *38e—6y=15 

2 we+3y=22 5 2x+2y=35 
2x—4y= 4 3a2—2y=17 

3) 19 — 2y=11 6 x2x+4y=35 


a+5y =28 24 —3y = 26 
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7. 32+ 5y= 50 1 oa 2y= ee 
x—Ty= 8 vt — iy = 90 
8. 5a2+2y= 36 12. 4x” — eee 
22+3y=438 3a— 4y=17 
* 8 32+Ty= 50 18. Tx — 2y=—69 
$a—2y=15 z—10y¥=39 
10. 22+ y= 3 14. 341+ Ty=16 
Te+d5y=21 22+ 5y=138 
190. Elimination by Substitution. 
Solve: 5a +4y = 32 
4x%+3y=25 
Transpose 4 y in (1), 5% = 382—4y. 
Divide by coefficient of x, a tt 


Substitute the value of z in (2), 


4 (==*2) + 8y =25, 


BER + by = 25, 
128 — 16y + 1d5y = 125, 
—y=——3. 
Y= 3. 
Substitute the value of y in (2), 
44+9 = 25. 
an DA, 


To Eliminate by Substitution, therefore, 


L Wve 


@) 
(4) 
(3) 
(4) 


From one of the equations obtain the value of one of the 
unknown numbers in terms of the other. 
Substitute for this unknown number its value in the other 
equation, and reduce the resulting equation. 
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EXERrcIseE 71. 


Solve by substitution : 


1a ie al pe © 8 32— 2y= 28 

3a— 5y=11 24+ 5y=63 

2 4x%— BSy= As 9. 2x— 3y=23 

3a2— 2y=10 5a+ 2y=29 

Si ee 10.564 — ae 

342— 2y= 29 5ba—- b6y= 8 

4. e+ laa 1l. 7~@+ 6y=20 

224+ Ty=88 2a+ 5y=32 

b 2S y= 12, 2+ 5y=37 

e+ 2y= 25 sa+ 2y= 46 

6. 192 —1by= 23 13. 3a— Ty=40 

13%— 5y=21 4ea— 3y= 9 
a ens A! 14. 52+ Yy=—17) 
Te— 2y srt da2+ily= 1) 


191. Elimination by Comparison. 


Solve: 2x —5y= 66) 
82+ 2y=235 
Transpose 5y in (1) and 2y in (2), 
2% = 66+ dy, 
8% = 23 — 2y. 
ay 5 
Divide (3) by 2, = mae. 
=o 
Divide (4) by 3, a= wes 


66 + 5y_ 238—2y 


Equate the values of 2, 5) 3 


(1) 
2) 


(3) 
(4) 


(5) 
(6) 
(7) 
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Reduce (7), 198 + lby = 46 —4y, 
19y = — 152. 
~y=—8. 
Substitute the value of y in (1), 
22+ 40 = 66. 
-. &= 18. 


192. To Eliminate by Comparison, therefore, 


From each equation obtain the value of one of the unknown 
numbers in terms of the other. 

Form an equation from these equal values and reduce the 
equation. 


EXERCISE 72. 


Solve by comparison : 


5 e+ y=30 9. 2e— 3y= Aa 
32— 2y=25 5a+ 2y=126 
2. t2+ oy =710 10. 50a2— 9y= at 
38. 94+ 4y=54 LY ite wh Oe a 
44+ 9y=89 aly+ 22= 19 
4. Tx+ 2y=63 12. 102+ 3y=174 
8a— y=-s 32+10y¥y=125) 
5. 2a—33y= 29 13. 62—137= 2) 
3x2 —4Ty = 46 Ba—-1y= 45 
6. 2 ti 9 ay = 3: 14 ee Uine 
5ba— 3y=14 10x+ 2y= 60 
Tolle ee a 15. 382— by= a 
9x— B5y=10 Tx+ y= 265 
8. I ae 16. 12%+ Se mesict 
18”@—2y= 57 s¥—192=. 3 


180 SIMULTANEOUS SIMPLE EQUATIONS. 


193. Each equation must be simplified, if necessary, 
before the elimination. 


Solve: fe—4¢(y+1)=1 (1) 
$(@+1)+2y-1)=9 (2) 
Multiply (1) by 4, and (2) by 12, 
38a—2y—2=4, (8) 
4xr+4+9y—9=108. (4) 
From (8), 382—2y=6. (5) 
From (4), 4z2+9y = 118. (6) 
Multiply (5) by 4, and (6) by 3, 
12%¢— 8y= 24 (7) 
12a + 27 y = 339 (8) 
Subtract (7) from (8), 35 y = 315 
Rt at 
Substitute value of y in (1), x= 8. 


EXERCISE 73. 


Solve 

10 f4¥=% 4. tt Y Fa» 
e+hat Font dit 

a “Fu pd tig 5. se Pu pga 2ety 

SE BE, Pag ak 5) ] 
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iar el 
3 


Li 


10. 


11. 


12. 


13. 


14, 


yt2 2(e¢—y)} 


4 oo oy 
4 5 " 2a—y+1 


SS ———————— __ 


2yt4 4a4+y7+26 
Bir 8 


26 Y Foe oC 2y 19 
3 eo 4 
382a—4y+3 2y—4xe+4+21 
ee 


(Gate Lk oe a 
Bo eee oe 3! 
y—T , 4% 


Dag 
Ze tg 


5 46 25 


26 +502—6y 
13 


12 4 92 OY _ ee tiy 


=4y—32 


3y—2 

6 
Qaty 9x—T Ty—4x+36 
2 Say = 16 


= ae 


a+t2y+3_ b5y—4x2—6 
13 <a 3 

62—5yt4 38a+2y+1 
3 19 
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aty _5 Cae oe 
ilar IY 16. Ta S40 
oY aria © apt ees 
3a — 7 = 13 ar 5 = 3} 
oe 10 - ~ 
17 i +2x2=3(y-—1) 
60 + Og tie ye 
10 a la 
a 4e2—38y—T 9n—4y— 26 
: 5 ae 30 
US oho LO aD y at 20 ea eine ee 
3 20 - 30 


Note. In solving the following problems proceed as in § 175. 


a5 Cy +5 “4a —by +o Jy— 4 


8 4a—2y 12 
pi atl SM a 
4 (—_ en 
25— 0 
tea Tange 9} 
UaTOs Ses 
Wik 
4ea+7  Sba—4y 17482 
ay G0 oe See 
5% —12—~4¢2 —6y—18_ 102—53 
q 2a—8y 8 
Bo. T+8e_ 3(@@—2y)_11+4e 
10 2 (a — 4) 5 


82y+3) 6y+21 38y+5e 
Ln, ed 2(2y — 8) 
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194. Literal Simultaneous -Equations. 


Solve : ax + by =c 

ale + bly =c' 

Nore. The letters a’, b’ are read a prime, b prime. In like man- 
ner, a”, a” are read a second, a third, and ay, de, ag are read a sub 
one, a sub two, a sub three. It is sometimes convenient to represent 
different numbers that have a common property by the same letter 
marked by accents or suffixes. Here a and a have a common prop- 
erty as coefficients of x. 

ax + by =c. (1) 
wet by=c’. (2) 
To find the value of y, multiply (1) by a’ and (2) by a. 
aa’a + a’by = a’c 
aa’z + ab’y = ac’ 


Subtract, aby — ab’y = a’c — ac’ 
au pat A5gF = ac — ac’. 
Divide by a’b — ab’, DF SET 


To find the value of x, multiply (1) by b’, and (2) by 0. 
ab’ + bb’y = b’c 
abe + bb’y = bc’ 


Subtract, ; ab’x — a/bx = b’c — bc’ 
ne . . PEL C a UCaE 
Divide by ab’ — a’b, ee EIT 


* 


EXERCISE 74. 


Solve: 

1 «e«+y=s 5. maa = 
x—y=d x= dy 

2. mx ee 6. ba tay =1 
m'x + n'y =r! bx —a'y=1 

3. eR na, 7. 3ba + 2ay=3ab 
ale +bly=e' 4 ba — 3ay = fab 

(fh tier 8. 22—sy=a—b 
cx + aby = ms 3a2—2y=at+b 
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10. 


1b 


We 


13. 
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ba 
5; 


a? — b? 


cy ° is 


+p @ ats 


ba +cy=at+b 


14. WEE afb: 
bx + ay=c 


15. 3a°+ ax=b?+ by 


ax + 2by=d 
eS et eee 
ee a+b a—6 até 
x (male whe 
oh are a—b” a—sd 


17, ———+—4 ay 


195. Fractional simultaneous equations, of which the 
denominators are simple expressions and contain the un- 
known numbers, may be solved as follows: 


if 


Gand 
Solve: ---= . 
Vv fi ai F m (1) 
Ce) 
—~+-=n (2) 
eed 
To find the value of y. 
Multiply (1) by c, “ 4° % =cm. (8) 
Multiply (2) by a, - + = = an. (4) 
Subtract (4) from (8), dal = cm — an. 


SIMULTANEOUS SIMPLE EQUATIONS. 185 


Multiply both sides by y, and we have 
be — ad = (cm — an)y. 


Divide by em — an, ae 

cm — an 
To find the value of x. 
Multiply (1) by d, “ a = dm. (5) 
Multiply (2) by 8, “ + = = bn. (6) 
Subtract (6) from (5), aoe = dm — bn. 


Multiply both sides by x, and we have 
ad — be = (dm — bn)a. 


Divide by dm — bn, e = ~~. 
5 eae 1 
2. Solve: Sass ae, ie 
#4 LA. 2 
fe ais (2) 


Multiply (1) by 15, the L.C.M. of 3 and 5; and (2) by 30, the 
L. C. M. of 6 and 10, 


25, 6 


== ' 3 
. fe, 105 (3) 
35 3 
fetish a f 4 
pe et (4) 
Multiply (4) by 2, and add the result to (8), 
95 285. 
x 
ei 
ae 
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EXeERcIsE 75. 


tepiPos} tet Si 


east KES! 


+o = 7 
ae, 
Loa ee 
Pee 
Fiche 8. 
y 
+2 = 23 
| 
eg 9. 
y 
Le 
a ot 
Peet, 10. 
y 
oe 
y 
4 ie 
. Sh oy t 11. 
ect cE 
x Sy -20 
1 2 
Sn? Gynu 12. 
3 4 
ie Gye 


EQUATIONS. 


sd that 
yet 
——= = 
ee 
ee), 
ied 
Late ae 
oa 
mm 
~ 
rss 5 
ee 
fate we 
eign 18 
se csi! 
eee ee 
oh ie 
ax by 
2 3 

ae Wig oe 
eS 
bx ay 

bo, @ 
—-+-=aq?+4 0? 
ie, 


SIMULTANEOUS SIMPLE EQUATI ONS. 187 


196. If three simultaneous equations are given, involving 
three unknown numbers, one of the unknowns must be 
eliminated between two pairs of the equations; then a 
second unknown between the two resulting equations. 

Likewise, if four or more equations are given, involving 
four or more unknown numbers, one of the unknowns must 
be eliminated between three or more pairs of the equations ; 
then a second between the pairs that can be formed of the 
resulting equations; and so on. 


Norse. The pairs chosen to eliminate from must be independent 
pairs, so that each of the given equations shall be used in the process 
of the eliminations. 


Solve: 2a—3y+t4z2= 4 (1) 
3a+5y—Tz=12 (2) 
5a— y—8z2= 5 (3) 
Eliminate z between the equations (1) and (8). 
Multiply (1) by 2, 4x—6y+8z= 8 (4) 
(8) is ba—- y—8z= 5 
Add, 9e— Ty =18 (5) 
Eliminate z between the equations (1) and (2). 
Multiply (1) by 7, 144 —21y + 28z = 28 
Multiply (2) by 4, 12% +20y — 28z = 48 
Add, Pa = 76 (6) 


We now have two equations (5) and (6) involving two un- 
knowns, « and y. 


Multiply (6) by 7, 1824 —7y = 532 (7) 
(5) is 92—Ty= 138 
Subtract (5) from (7), 173% = 5619 
% = 3. 
Substitute the value of x in (6), 78—y= 76. 
“y =2. 


Substitute the values of # and y in (1), 
6—6+42=4. 
Z=1, 
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Solve: 

ety— 8=0 
yt+t2—28=0 
xa2+t+eze—14=0 


32—2y+5z2= 20 


32 ay + 5a = 20} 
10%—5y+32=17 


5a —2y—22=12 
a eY AR 
(eh8y 42 ow 


t= ¥-Poee ii 
BO SO am 2-= 00 


10%—5y—38z2= 0 


» Le ypse=42 
Te+2y+ z2=51 
8a+3y— 2=24 


. Sa+2y—3z2 
Sy ob oe 
2%—38y—5e= 45 


. 64—2y+52=53 
Se tdyt tea | 


et yt z= 5 


6x+2y—Tze= 54 


: srt ay—te= 5} 
2 — 


yt8e= 45 


Ce 7 a 


ote ae 
Tx—Ty—12=73 


10. 


ate 


12. 


13. 


14, 


15. 


16. 


Lis 


18. 


SIMULTANEOUS SIMPLE EQUATIONS. 


EXERCISE 76. 


5a + 2y— 20z2= 20 
3“2—6y+ Tz=51 
4a+8y— 92=53 


=a 


PR ay ard oe 


2x+ yt #2=256 
10z2= yt+42+ 56 
B8y=2x4+32—98 
22= «x«—3y—18 
3a —by—2e=14 
5a —8y— == 1a} 
£—-3y— 32> 1 
2ex+3y+ 2=31 
2 rae sl 
10y +52 —22= 48 
2e-- Sy— 4e=1 
10%— 6y+122 =o} 
et+i2y+ 22=5 
oa+ 6y+ 2e=8 
9ax+18y— 42=4 


by—4a2—42=1 
8a+9y+ 


3a+2y+ 2= 205 
20 seach 


a+ y+102=55 


2e+ teat} 


2z=9 


189 


SIMULTANEOUS SIMPLE EQUATIONS. 
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CHAPTER XII. 


PROBLEMS INVOLVING TWO OR MORE UNKNOWN 
NUMBERS. 


197. It is often necessary in the solution of problems to 
employ two or more letters to represent the numbers to be 
found. In all cases the conditions must be sufficient to 
give just as many equations as there are unknown numbers 
employed. If there are more equations than unknown 
numbers, some of them are superfluous or inconsistent; if 
there are fewer equations than unknown numbers, the 
problem is indeterminate. 


EXERCISE 77. 


1. If A gave B $10, B would have three times as much 
money as A. If B gave A $10, A would have twice as much 
money as B. How much has each? 

Let « = the number of dollars A has, 
and = the number of dollars B has. 

Then, if A gave B $10, 

x — 10 = the number of dollars A would have, 
y + 10 = the number of dollars B would have. 
“oY $10 = 3 (= 10). (1) 

If B gave A $10, 

x + 10 = the number of dollars A would have, 
y — 10 = the number of dollars B would have. 
© + 10 = 2(y — 10). (2) 
From the solution of equations (1) and (2), # = 22, and y = 26. 
Therefore, A has $22, and B has $26. 
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2. If the smaller of two numbers is divided by the 
greater, the quotient is 0.21, and the remainder 0.0057; 
but if the greater is divided by the smaller, the quotient is 
4 and the remainder 0.742. Find the numbers. 


Let x = the greater number, 
and y = the smaller number. 
y — 0.0057 _ 
Then, agai 0.21, (1) 
and a cee = 4. (2) 
“. y — 0.21 2 = 0.0057, (3) 
B—Ay — 0,742. (4) 
Multiply (8) by 4, . 4y — 0.842 = 0.0228 (5) 
(4) is Se Wa x = 0.742 
Add, 0.16 x = 0.7648 
-. @ = 4.78, 
Put the value of z in (2), 4y = 4.088, 
“. ¥ = 1.0095. 


Therefore, the numbers are 4.78 and 1.0095. 


3. If A gave B $100, A would then have half as much 
money as B; but if B gave A $100, B would have one third 
as much as A. How much has each ? 


4. If the greater of two numbers is divided by the 
smaller, the quotient is 7 and the remainder 4; but if three 
times the greater number is divided by twice the smaller, 
the quotient is 11 and the remainder 4. Find the numbers. 


5. If the greater of two numbers is divided by the 
smaller, the quotient is 4 and the remainder 0.37; but if 
the smaller is divided by the greater, the quotient is 0.23 
and the remainder 0.0149. Find the numbers. 


6. If A gave B $5, he would have $6 less than B; but if 
he received $5 from B, three times his money would be $20 
more than four times B’s. How much has each? 
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7. If the numerator of a fraction is doubled and its 
denominator diminished by 1, its value will be }. If its 
denominator is doubled and its numerator increased by 1, 
its value will be }. Find the fraction. 


Let x = the numerator, 
and y = the denominator. 
22 
Then, emiae i (1) 
ag eal 
and aoe 3, (2) 
y 


The solution of equations (1) and (2) gives 5 for x and 21 for y. 
Therefore, the required fraction is 5%. 


8. A certain fraction becomes equal to } if 3 is added 
to its numerator and 1 to its denominator, and equal to } 
if 3 is subtracted from its numerator and from its denomi- 
nator. Find the fraction. 


9. A certain fraction becomes equal to ,%, if 1 is added 
to double its numerator, and equal to } if 3 is subtracted 
from its numerator and from its denominator. Find the 
fraction. 


10. There are two fractions with numerators 11 and 5, 
respectively, whose sum is 14; but if their denominators 
are interchanged their sum is 2}. Find the fractions. 


11. A certain fraction becomes equal to } when 7 is added 
to its denominator, and equal to 2 when 13 is added to its 
numerator. Find the fraction. 


12. A certain fraction becomes equal to % when the 


denominator is increased by 4, and equal to 2¢ when the 


numerator is diminished by 15. Find the fraction. 

13. A certain fraction becomes equal to 3 if 7 is added 
to the numerator, and equal to 3 if 7 is subtracted from 
the denominator. Find the fraction. 
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14. A certain number is expressed by three digits. The 
sum of the digits is 21. Thesum of the first and last digits 
is twice the middle digit. If the hundreds’ and tens’ digits 
are interchanged, the number is diminished by 90. Find 
the number. 

Let x = the hundreds’ digit, 

y = the tens’ digit, 
z = the units’ digit. 
Then, 1002 + 10y + z = the number. 


By the conditions, ety+z= 21, (1) 
ectze=2y, (2) 
and 100y + 10%+z2=100%+ 10y+z—90. (3) 


Solving these equations, = 8, y=7,z=6. 

Therefore, the number is 876. 

15. The sum of the two digits of a number is 9, and if 
27 is subtracted from the number, the digits will be reversed. 
Find the number. 

16. The sum of the two digits of a number is 9, and if 
the number is divided by the sum of the digits, the quotient 
is 5. Find the number. 

17. A certain number is expressed by two digits. The 
sum of the digits is 11. If the digits are reversed, the new 
number exceeds the given number by 27. Find the number. 

18. A certain number is expressed by three digits, the 
units’ digit being zero. If the hundreds’ and tens’ digits 
are interchanged, the number is diminished by 180. If the 
hundreds’ digit is halved, and the tens’ and units’ digits are 
interchanged, the number is diminished by 336. Find the 
number. 

19. A number is expressed by three digits. If the digits 
are reversed, the new number exceeds the given number by 
99. If the number is divided by nine times the sum of its 
digits, the quotient is 3. The sum of the hundreds’ and 
units’ digits exceeds the tens’ digit by 1. Find the number. 
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20. A boatman rows 20 miles down a river and back in 
8 hours. He finds that he can row 5 miles down the river 
in the same time that he rows 3 miles up the river. Find 
the time he was rowing down and up respectively. 


Let x = the boatman’s rate per hour in still water, 
and y = the rate per hour of the current. 

Then, on = the number of hours he was rowing down, 
and ee = the number of hours he was rowing up. 

20 20 
heref —_ = 

Therefore, Fp ey 8, (1) 

and : : (2) 


ety «2—y 
Solving these equations, = 51, y = 114. 
2050 20 
ety °a#-y 


Therefore, =D 


It takes him 3 hours to row down and 5 hours to row 
back. 


21. A boat’s crew which can pull down a river at the 
rate of 10 miles an hour finds that it takes twice as long to 
row a mile up the river as to row a mile down. Find the 
rate of their rowing in still water and the rate of the 
stream. 


22. A boatman rows down a stream, which runs at the 
rate of 2} miles an hour, for a certain distance in 1 hour 
30 minutes; it takes him 4 hours 30 minutes to return. 
Find the distance he pulled down the stream and his rate 
of rowing in still water. 


23. A person rows down a stream a distance of 20 miles 
and back again in 10 hours. He finds he can row 2 miles 
against the stream in the same time he can row 3 miles with 
it. Find the time of his rowing down and of his rowing 
up the stream; and also the rate of the stream. 
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24. A and B can do a piece of work together in 3 days, 
A and C in 4 days, B and C in 4} days. How long will it 
take each alone to do the work ? 


Let x, y, =the number of days in which A, B, C can do the 
work, respectively. 
a ge fie | 
Then, = tars = the parts A, B, C can do in 1 day, respectively. 


Teen 
And “ + 7 = the part A and B together can do in one day. 


But + =the part A and B together can do in 1 day. 
Therefore, = ae ; = » (1) 
Likewise, : : = ts (2) 
wa oe) @ 
Add, and divide by 2, + + = +252 (4) 


Subtract (1), (2), and (8), separately from (4), and we have 
j Merde sy | hea 


2 72 y 72 2 72 
Therefore, 2=142, y=68, c= 5,5. 
Therefore, A can do the work in 5y, days, B in 6,8 
days, and C in 142 days. 


25. A cistern has three pipes, A, B, and C. A and B 
will fill the cistern in 1 hour 10 minutes, A and C in 1 
hour 24 minutes, B and C in 2 hours 20 minutes. How long 
will it take each pipe alone to fill it ? 


26. A and B can do a piece of work in 2} days, A and 
C in 3} days, B and C in 4 days. How long will it take 
each alone to do the work ? 


27. A and B can doa piece of work in a days, A and C 
in 6 days, B and C ine days. How long will it take each 
alone to do the work ? 
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28. A sum of money, at simple interest, amounted to 
$2480 in 4 years, and to $2600 in 5 years. Find the sum 
and the rate of interest. 


Let « = the number of dollars in the principal, 
and y = the rate of interest. 
The interest for one year is ——~ i - of the principal, = I a —— of &; for 4 


Ue aoe 
years, = 599 of x; and for 5 years, = 100 of x. 
The amount is principal + interest. 
4ay _ 
Therefore, ie 100 > 2480. 
er ctv 2 son = 2600. 
Hence, 00a + ae = 248,000. (1) 
100 « + 5xy = 260,000. (2) 


Multiply (1) by 5 and (2) by 4, and we have 
500 x + 20 xy = 1,240,000 
400 x + 20 zy = 1,040,000 
Subtract, 1002 = 200,000. 
Therefore, xz = 2000. 
Substitute the value of @ in (1), y =6. 


Therefore, the sum is $2000, and the rate 6%. 


29. A sum of a erie at simple interest, amounted in 4 
years to $29,000, and in 5 years to $30,000. Find the sum 
and the rate of interest. 


30. A sum of money, at simple interest, amounted in 10 
months to $2100, and in 18 months to $2180. Find the 
sum and the rate of interest. 


31. A man has $10,000 invested. For a part of this 
sum he receives 5 per cent interest, and for the rest 6 per 
cent; the income from his 5 per cent investment is $60 
more than from his 6 per cent. How much has he in each 
investment ? 
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32. In a mile race A gives B a start of 20 yards and 
beats him by 30 seconds. At the second trial A gives Ba 
start of 32 seconds and beats him by 9,5, yards. Find the 
number of yards each runs a second. 


Let x = the number of yards A runs a second, 
and y = the number of yards B runs a second. 
Since there are 1760 yards in a mile, 
ne = the number of seconds it takes A to run a mile. 
Since B has a start of 20 yards, he runs 1740 yards the first trial; 
and as he was 30 seconds longer than A, 


== + 30 = the number of seconds B was running. 


But 7 = the number of seconds B was running. 
e 1740 __ 1760 + 30. Q) 
y a 


In the second trial B runs (1760 — 9,) yards = 1750, yards. 
6 
pS 175078 _ 1760 4 39. (2) 
y x 


From the solution of equations (1) and (2), « = 512, and y = 5,8. 
Therefore, A runs 543 yards a second, and B runs 5,3, 
yards a second. 


33. Two men, A and B, run a mile, and A wins by 2 
seconds. In the second trial B has a start of 18} yards, 
and wins by 1 second. Find the number of yards each 
runs a second, and the number of miles each would run in 
an hour. 


34. In a mile race A gives B a start of 3 seconds, and is 
beaten by 124 yards. In the second trial A gives B a start 
of 10 yards, and the race is a tie. Find the number of 
yards each runs a second. At this rate, how many miles 
could each run in an hour ? 
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35. A train, after traveling an hour from A towards B, 
meets with an accident which detains it half an hour; after 
which it proceeds at four fifths of its usual rate, and arrives 
an hour and a quarter late. If the accident had happened 
30 miles farther on, the train would have been only an hour 
late. Find the usual rate of the train. 


Let y = the number of miles from A to B, 
and 5a = the number of miles the train travels per hour. 
Then, 4a = the rate of the train after the accident. 


Then, y—5x2=the number of miles the train has to go after 
the accident. 


, 


Hence, - = = = the number of hours required usually, 
y— 5% ; 
and sar era the number of hours actually required. 
o— a pala eek the loss in hours of running time. 
4x 5x 


But since the train was detained $ an hour and arrived 1} hours 
late, the running time was 2 of an hour more than usual. That is, 
£ = loss in hours of running time. 
USOC ys OC aoe 
bathe bes 4 (1) 


If the accident had happened 30 miles farther on, the remainder of 
the journey would have been y — (5a + 30) miles, and the loss in 
running time would have been $ an hour. 


¥— (e+80) y—(e+80)_1- 3 
* 4a 5a a (2) 


From the solution of equations (1) and (2), « =6, and 5a = 80. 


Therefore, the usual rate of the train is 30 miles an hour. 


36. An express train, after traveling an hour from A 
towards B, meets with an accident which delays it 15 min- 
utes. It afterwards proceeds at two thirds its usual rate, 
and arrives 24 minutes late. If the accident had happened 
5 miles farther on, the train would have been only 21 
minutes late. Find the usual rate of the train. 


DB ti 
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37. If 3 yards of velvet and 12 yards of silk cost $60, 
and 4 yards of velvet and 5 yards of silk cost $58, what is 
the price of a yard of velvet and of a yard of silk? 


38. If 5 bushels of wheat, 4 of rye, and 3 of oats are sold 
for $9; 3 bushels of wheat, 5 of rye, and 6 of oats for $8.75; 
and 2 bushels of wheat, 3 of rye, and 9 of oats for $7.25; 
what is the price per bushel of each kind of grain? 


39. A train proceeded a certain distance at a uniform 
rate. If the speed had been 6 miles an hour more, the time 
occupied would have been 5 hours less; butif the speed had 
been 6 miles an hour less, the time occupied would have 
been 7} hours more. Find the distance. 

Hint. If ec =the number of hours the train travels, and y the 
number of miles per hour, then ry = the distance, 

40. A certain number of persons paid a bill. If there had 
been 10 persons more, each would have paid $2 less; but if 
there had been 5 persons less, each would have paid $2.50 
more. Find the number of persons and the amount of the bill. 


41. A man bought 10 cows and 50 sheep for $750. He 
sold the cows at a profit of 10 per cent, and the sheep at a 
profit of 30 per cent, and received in all $875. Find the 
average cost of a cow and of a sheep. 

42. It is 40 miles from Dover to Portland. A sets out 
from Dover, and B from Portland, at 7 o’clock Aa.m., to meet 
each other. A walks at the rate of 3} miles an hour, but 
stops 1 hour on the way; B walks at the rate of 2} miles 
an hour. At what time of day and how far from Portland 
will they meet ? 

43. A number is expressed by three digits. The sum of 
the digits is 21; the sum of the first and second exceeds the 
third by 3; and if 198 is added to the number, the digits in 
the units’ and hundreds’ places will be interchanged. 
Find the number. 
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44, If the length of a rectangular field is increased by 5 
yards and its breadth by 10 yards, its area is increased by 
450 square yards; but if its length is increased by 5 yards 
and its breadth diminished by 10 yards, its area is dimin- 
ished by 350 square yards. Find its dimensions. 


45. If the floor of a certain hall had been 2 feet longer 
and 4 feet wider, it would have contained 528 square feet 
more; but if the length and width were each 2 feet less, it 
would contain 316 square feet less. Find its dimensions. , 


46. If the length of a rectangle was 4 feet less and the 
width 3 feet more, the figure would be a square of the same 
area as the given rectangle. Find the dimensions of the 
rectangle. 


47. Ifa certain number is divided by the sum of its two 
digits diminished by 2, the quotient is 5 and the remainder 
1; if the digits are interchanged, and the resulting number 
is divided by the sum of the digits increased by 2, the 
quotient is 5 and the remainder 8. Find the number. 


48. A person has a certain capital invested at a certain 
rate per cent. Another person has $2000 more capital 
invested at one per cent better than the first, and receives 
$150 more income. A third person has $3000 more capital 
invested at two per cent better than the first, and receives 
$280 more income. Find the capital of each, and the rate 
at which it is invested. 


49. A man makes an investment at 4 per cent, and a 
second investment at 4} per cent. His income from the 
two investments is $715. If the first investment had been 
made at 4} per cent and the second at 4 per cent, his income 
would have been $15 greater. Find the amount of each 
investment. 
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50. A number is expressed by two digits, the units’ digit 
being the larger. If the number is divided by the sum of 
its digits, the quotient is 4. If the digits are reversed and 
the resulting number is divided by 2 more than the differ- 
ence of the digits, the quotient is 14. Find the number. 


51. An income of $335 a year is obtained from two in- 
vestments, one in 44 per cent stock and the other in 5 per 
cent stock. If the 4} per cent stock should be sold at 110, 
and the 5 per cent at 125, the sum realized from both stocks 
together would be $8300. How much of each stock is there ? 


52. A sum of money, at simple interest, amounted in m 
years to ¢ dollars, and in » years to d dollars. Find the 
sum and the rate of interest. 


53. A sum of money, at simple interest, amounted in m 
months to a@ dollars, and in » months to 6 dollars. Find 
the sum and the rate of interest. 


54. A person has $18,375 to invest. He can buy 3 per 
cent bonds at 75, and 5 per cent bonds at 120. How much 
of his money must he invest in each kind of bonds in order 
to have the same income from each investment ? 

Hint. Notice that the 3 per cent bonds at 75 pay 4 per cent on the 
money invested, and 5 per cent bonds at 120 pay 41 per cent. 

55. Ina mile race A gives B a start of 44 yards, and is 
beaten by 1 second. In a second trial A gives B a start of 
6 seconds, and beats him by 9% yards. Find the number 
of yards each runs a second. 


56. A train, after running 2 hours from A towards B, 
meets with an accident which delays it 20 minutes. It 
afterwards proceeds at four fifths its usual rate, and arrives 
1 hour 40 minutes late. If the accident had happened 
40 miles nearer A, the train would have been 2 hours late. 
Find the usual rate of the train. 


- 
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57. A boy bought some apples at 3 for 5 cents, and 
some at 4 for 5 cents, paying $1 for the whole. He sold 
them at 2 cents apiece, and cleared 40 cents. How many 
of each kind did he buy ? 


58. Find the area of a rectangular floor, such that if 3 
feet were taken from the length and 3 feet added to the 
breadth, its area would be increased by 6 square feet, but 
if 5 feet were taken from the breadth and 35 feet added to 
the length, its area would be diminished by 90 square feet. 


59. A courier was sent from A to B, a distance of 147 
miles. After 7 hours, a second courier was sent from A, 
who overtook the first just as he was entering B. The time 
required by the first to travel 17 miles added to the time 
required by the second to travel 76 miles is 9 hours 
40 minutes. How many miles did each travel per hour ? 


60. A box contains a mixture of 6 quarts of oats and 9 
of corn, and another box contains a mixture of 6 quarts of 
oats and 2 of corn. How many quarts must be taken from 
each box in order to have a mixture of 7 quarts, half oats 
and half corn ? 


61. A train traveling 30 miles an hour takes 21 minutes 
longer to go from A to B than a train which travels 36 
miles an hour. Find the distance from A to B. 


62. A man buys 570 oranges, some at 16 for 25 cents, 
and the rest at 18 for 25 cents. He sells them all at the 
rate of 15 for 25 cents, and gains 75 cents. How many of 
each kind does he buy ? 


63. A and B run a mile race. In the first heat B 
receives 12 seconds start, and is beaten by 44 yards. In 
the second heat B receives 165 yards start, and arrives at 
the winning post 10 seconds before A. Find the time in 
which each can run a mile. | 


a 
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198. The discussion of a problem consists in making 
various suppositions as to the relative values of the given 
numbers, and explaining the results. We will illustrate by 
the following example : 


Two couriers are traveling along the same road, in the 
same direction. A travels m miles an hour, and B travels 
n miles an hour. At 12 o'clock B is d miles in advance of A. 
When will the couriers be together ? 


Suppose they will be together x hours after 12. Then A has tray- 
eled maz miles, and B has traveled nx miles, and as A has traveled 
d miles more than B 


mz — nx = d. a nbn, 

jt 

Discussion. 1. If m is greater than n, the value of z is positive, 
and A will overtake B after 12 o’clock. 


2. If m is less than n, the value of x is negative. In this case B 
travels faster than A, and as he is d miles ahead of A at 12 o’clock, 
A cannot overtake B after 12 o’clock, but B passed A before 12 
o’clock. The supposition, therefore, that the couriers are together 
after 12 o’clock is incorrect, and the negative value of z points to an 
error in the supposition. 


3. If m equals n, then the value of x assumes the form c. Now, if 


the couriers are d miles apart at 12 o’clock, and if they travel at the 
same rates, it is obvious that they never will be together, so that the 


symbol ‘ may be regarded as the symbol of impossibility. 


eons 2 Now, if the 
=" 0 


couriers are together at 12 0’clock, and if they travel at the same 

rates, it is obvious that they will be together all the time, so that z 
0 

may have an indefinite, number of values. Hence, the symbol 0 may 


4. If m equals n and d is 0, then 


be regarded as the symbol of indetermination. 
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EXeERcIsE 78. 


1. A train traveling 6 miles per hour is m hours in 
advance of a second train that travels a miles per hour. 
In how many hours will the second train overtake the first ? 

bm. 
a6 


Discuss the problem (1) when ais greater than 6 ; (2) when a is equal 
to 6; (8) when a is less than 0. 


Ans. 


2. A man setting out on a journey drove at the rate of 
a miles an hour to the nearest railway station, distant bd 
miles from his house. On arriving at the station he found 
that the train left c¢ hours before. At what rate per hour 
should he have driven in order to reach the station just 


in time for the train ? 
ab 


baa 


Ans. 


Discuss the problem (1) when c= 0; (2) when c =°, (8) when 


c= —*. In case (2), how many hours did the man have to drive 


from his house to the station? In case (8), what is the meaning of 
the negative valne of ¢ ? 


3. A wine merchant has two kinds of wine which he sells, 
one at a dollars, and the other at 6 dollars per gallon. He 
wishes to make a mixture of ? gallons, that shall cost him 
on the average m dollars a gallon. How many gallons 
must he take of each ? 


Ans. mao of the first ; =e ay 
a— a— 


of the seeond. 


Discuss the problem (1) when a=}; (2) when a or b=™m; (8) 
when a=b=m,; (4) when a is greater than } and less than m; (5) 
when a is greater than b and 0 is greater than m. 


CHAPTER XIII. 
SIMPLE INDETERMINATE EQUATIONS. 


199. If a single equation is given with two unknown 
numbers, and no other condition is imposed, the number of 
its solutions is unlimited ; for, if any value is assigned to 
one of the unknown numbers a corresponding value may be 
found for the other. An equation that has an indefinite 
number of solutions is said to be indeterminate. 


200. The values of the unknown numbers in an inde- 
terminate equation are dependent upon each other ; so that 
they are confined to a particular range. 

This range may be still further limited by requiring 
these values to satisfy some given condition; as, for 
instance, that they shall be positive integers. 


1. Solve 3x2 + 4y = 22, in positive integers. 


Transpose, 3” = 22 — 4y. 
i ae 
Divide by 3, De are 
1— 
Transpose, ety—-—T= eee 
o 


Sele : 
—,j7 1S an Integer. 


Since x and y are integers, 3 


Let Lt =m, an integer. 

Then, y=1—3m. (1) 
Put this value for y in the given equation. 

Then, x=6+4m. (2) 
In equations (1) and (2), 

If m = 0, then y = 1 andzx =6, 

If m = —1, then y = 4 andz=2, 


No other value of m gives positive integers for both « and y, 
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2. Solve 5a — 14y = 11, in positive integers. 


Transpose, 62=11+14y. 

Divide by 5, 2=2+2y+—-4 Leen. 
Transpose, 2—2y—2= tik : 

Then, E = a must be integral. 

Let ie =m, then y = es. » a fraction in form. 


To avoid this difficulty, it is necessary to make the coefficient of y 
4y 1 4y is 


equal to unity. Since Las is integral, any multiple of 


integral. Multiply the numerator of the fraction, then, by a number 
that will make the division of the coefficient of y give a remainder of 1. 
In this case, multiply by 4. 


We'tase Se dy 
5 3) 
4 
Let Art Y — =m, an integer. 
Then, y=dm—4. (1) 
Since z = 4(11 + 14y), from the original equation, 
x=14m—9. (2) 
Here it is obvious that m may have any positive value. 
Ty z= 5, y= 1; 
irae x=19, y= 6; 
Ii m=, z= 33, y=11; 
and so on. 


3. Solve 5a + 6 y = 30, so that 2 may be a multiple of y, 
and both positive. 


Let = my. 
Put this value of x in the given equation. 
Then, (6m + 6) y = 30. 
vi y a Rees re . 
5m+6’ 
aad - 30 m_. 
5m+6 
It m= 2, @ = 38 'y Says 


If m=3, r= 42, y=]. 
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EXeERcIsE 79. 
Solve in positive integers: 
1. 22+1ly= 49. 
2. Tx+3y=40. 
3. 5a+ Ty = 53. 
4..2+10y9= 29. 


38e2+8y= 61. 
8a+5y= 97. 
162+ 7y=110. 
Tx+ 10 = 206. 


SUH H 


Solve in least positive integers : 


9. 124—Ty=1. 12, 23% —9y = 929. 
10. 5a—1f y= 23. 13. 23a —33y = 43. 
11. 23y—132=3. 14. 555% — 22y = 73. 


15. A man spent $114 in buying calves at $5 apiece, 
and pigs at $3 apiece. How many did he buy of each ? 


16. In how many ways can a man pay a debt of $87 
with five-dollar bills and two-dollar bills ? 


17. Find the smallest number that, when divided by 5 
or when divided by 7, gives 4 for a remainder. 
t= 4 =o, and "= ay, 

1s. A farmer sold 15 calves, 14 lambs, and 13 pigs for 
$200. Some days after, at the same price for each kind, 
he sold 7 calves, 11 lambs, and 16 pigs, and received $141. 
What was the price of each? — 

First eliminate one of the unknowns from the two equations. 


Let n = the number, then 


‘19. A number is expressed by three digits. The sum of 
the digits is 20. If 16 is subtracted from the number and 
the remainder divided by 2, the digits will be reversed. 
Find the number. 


20. In how many ways may 100 be divided into two 
parts, one of which shall be a multiple of 7 and the other 
a multiple of 9? 


CHAPTER XIV. 
INEQUALITIES. 


201. If a—4 is positive, a is said to be greater than 3 ; 
if a — bd is negative, a is said to be less than 6. 


Nore. Letters in this chapter are understood to stand for positive 
numbers, unless the contrary is expressly stated. 


202. An Inequality is a statement in symbols that one of 
two numbers is greater than or less than the other. 


203. The Sign of an Inequality is >, which always points 
toward the smaller number. Thus, a> 0 is read a is 
greater than 6; c¢<d is read ¢ is less than d. 


204. The expressions that precede and follow the sign of 
an inequality are called, respectively, the first and second 
members of the inequality. 


205. Two inequalities are said to subsist in the same sense 
if the signs of the inequalities point in the same direction ; 
and two inequalities are said to be the reverse of each other 
if the signs point in opposite directions. 

Thus, a>b and c>d subsist in the same sense, but a>bandc<d 
are the reverse of each other. 


206. Jf the signs of all the terms of an inequality are 
changed, the inequality is reversed. Thus, if a>, then 
—-a<—b. 


207. If the members of an inequality are interchanged, 
the inequality is reversed. Thus, if a>, then b<a. 


Og ogee. i 
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208. An inequality will continue to subsist in the same 
sense if each member is increased, diminished, multiplied, or 
divided, by the same positive number. 


Thus, if a>b, then atc>b+¢; a-—c>b—c; ac>be; 
a@=+c>b~+e. Therefore, 


209. A term can be transposed from one member of an 
inequality to the other, provided the sign of the term is 
changed. 


Thus, if Ce, 
by adding c to both members, Ci IEG A (§ 208) 


210. An inequality will be reversed if its members are 
subtracted from equal numbers; or if its members are 
multiplied or divided by the same negative number. 

Thus, ife=y and a>}, then x—a<y—b; —ac<— bc; and 
2-6) << Di (= C). 


211. The sum or product of the corresponding members 
of two inequalities that subsist in the same sense is an 
inequality in the same sense. 


Thus, if a>b and c>d, thena+c>b+d, andac>bd. 


212. The difference or quotient of the corresponding 
members of two inequalities that subsist in the same sense 
may be an inequality in the same sense, or the reverse, or 
may be an equality. 


Thus, 7 > 4 5 > 4 
By subtraction, ree By subtraction, : = 2 
T>4 5>4 


ets By division, B22 
24>2 1¥<2 


By division, 
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1. Find one limit for z, if 


42% —3> 


Multiply by 10, 


3 


5 


402 —30>152—6. 


Transpose, 25x > 24. 
Divide by 25, a> #. 
2. Find the limits of a, 

given e— 452-3, 

and $42—2<2+4. 
Transpose in (1), 42>6. 
Divide by 4, > 14. 
Transpose in (2), 20 <5. 
Divide by 2, v< 24. 


Therefore, the value of x lies between 1} and 2}. 


Exercise 80. 
Find one limit for x, given: 
eo (Gites) We ae? rod enh 
4¢%—2_ 3-52 


Siible ainccoy 

5. Find the limiting values of 2, 
given 4x—6<22+4, 
and 2x%+4>16 — 22. 

6. If a<4, find the limiting values of a, 
given “= + be — ab> = 

2 

and —ax+ab <> 

7. Find the integral value of a, 
given ¢(a+2)+4a<4¢@—4) +3, 


and t@+2)+4e>h(@+1) +4. 


3. «c+26>7T72. 


4. 3a—2<547}. 


) 
(2) 


— 
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8. Twice a certain integral number increased by 7 is not 
greater than 19; and three times the number diminished 
by 5 is not less than 13. Find the number. 


9. Twice the number of pupils in a certain class is less 
than 3 times the number minus 39; and 4 times the num- 
ber plus 20 is greater than 5 times the number minus 21. 
Find the number of pupils in the class. 


213. Theorem. Jf a and b are unequal, a? + b?>2 ab. 


For (a — 6)? must be positive, whatever the values of a and b. 


That is, (a—6)2> 0: 
Squaring, a2—2 ab - 0. 
Transposing — 2 ab, a? + b2> 2 ab. 


If a and 0 are positive and unequal, show that 
a+ > a% + ab? 
Now, a8 + 63> a®b + ab?, 
if (dividing each side by a + b) 
a — ab -- bab, 


if (transposing — ab) a? + b2>2 ab. 
But a? + 62> 2ab. (Theorem) 
Therefore, a’ + 08 > a®b + ab. 


Exercise 81. 
If the letters are unequal and positive, show that: 


1. @+30°>26 (at+d). 


2. (a? + b%) (at + 0+) > (a + 8%)”. 

3. ab + ae + ab? + Be + ac? + bc? > 6 abe. 

4, The sum of any fraction and its reciprocal > 2. 

5. ab+acthe <(at+b—c)?+ (a+c—b)*?+ b+e—a)* 
6. (a? + 0%) (2? +a”) > (act bd)?. 


CHAPTER XV. 


INVOLUTION AND EVOLUTION. 


Involution. 


214. The operation of raising an expression to any re- 
quired power is called Involution. 


215. Index Law for Involution. If m is a positive integer, 
a™=aXaxXa--to m factors. 
Consequently, if m and m are both positive integers, 


(ya a ee to m factors 


— qrtnitn steee to m terms 
=a". Hence, 
Any required power of a given power of a number is found 
by multiplying the exponent of the given power by the expo- 
nent of the required power. 


216. To find (ad)". 


(ab)” = ab X ab ++. to m factors 
= (a X a+ to n factors) (6 X b +++. to n factors) 


In like manner, (abc)" = a"b"c"; and so on. Hence, 
Any required power of a product is found by taking the 
product of its factors each raised to the required power. 


217. In the same way it may be shown that 
Any required power of a fraction is found by taking the 
required power of the numerator and of the denominator. 
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218. From the Law of Signs in multiplication it is evi- 
dent that all even powers of a number are positive; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative ; 
and the even powers of two compound. expressions that 
have the same terms with opposite signs are identical. 


Thus, (6 —a)’?= (a — 6)’. 


219. Binomials. By actual multiplication we obtain, 
(a + b)?=a?+20b+0?; 
(a+b)?=a§+3a%+3ab?+085; 
(a+b)*=a*+4a% + 6 a7? + 4 ab8 + bt 

In these results it will be observed that: 


1. The number of terms is greater by one than the ex- 
ponent of the binomial. 


2. In the first term the exponent of a is the same as 
the exponent of the binomial, and the exponent of a 
decreases by one in each succeeding term. 


3. 6 appears in the second term with 1 for an exponent, 
and its exponent increases by 1 in each succeeding term. 


4. The coefficient of the first term is 1. 
5. The coefficient of the second term is the same as the 
exponent of the binomial. 


6. The coefficient of each succeeding term is found from 
the next preceding term by multiplying the coefficient of 
that term by the exponent of @ and dividing the product 
by a number greater by one than the exponent of 0. 


220. If d is negative, the terms in which the odd powers 
of } occur are negative. Thus, 
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i, (a — 6)? = a® — 3.0%) + 3 ab? — B*. 
2. (a — 6)* = a4 — 4 0°) + 6.07)? — 40d? + Of. 
By the above rules any power of a binomial of the form 
a +6 may be written at once. 
Nore. The double sign + is read plus or minus; and a + b means 
at+bora—b., 
221. The same method may be employed when the terms 
of a binomial have coefficients or exponents. 
1. Find the third power of 5a? — 27’. 
Since (a — 6)?=a*— 3a + 3ab?— B, 
putting 5? for a, and 2%? for b, we have 
Oe —2y7)* 
= (xi) —3 Sail) 2y') +3 Sa") 2y*)?—@y")? 
= 125 2° — 150 x*y* +- 60 x7y* — 87’. 
2. Find the fourth power of x? — hy. 
Since (a —b)*=a*— 4a*% + 6a*b? — 4ad? + BF, 
putting x? for a, and }y for 6, we have 
(a? — by)" 
= (w')* — 4 (a")* dy) + 6 @)* (Gy)? — 427 ay)? + By)* 
= a8 — 2aty + § aty? — gary? + Dy y's 


222. In like manner, a polynomial of three or more terms 
may be raised to any power by enclosing its terms in paren- 
theses, so as to give the expression the form of a binomial. 


il (a+b+c*®=[a+ O+c)} 
=8+307(b+c)+38a(6+0c)?+6+4+0)8 


=a'+3a%+3a%+3 ab? + 6 abe 
+ 38ac?+ 084+ 36%e + 8 be? + c& 
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2. (@*— 207+ 3244) 


=[@ — 2a!) + Be +47 


= (a — 227)? + 2 @® — 2x7) Ba+4)+ (82+ 4)? 
= #6 —47°+ 4a*+ 621 — 403 — 1622+ 9a? + 247 +16 


=2°— 42°4+102* —429—T72?4+ 2474+ 16. 


EXERCISE 82. 


Raise to the required power: 


1. (a4)®. 10. 
2. (a°b*)®. ty 
é (34 - 12. 
TENS CO" #3: 
(— 5 ab’c*)*. 14, 

Be (— ¢ xye")*. 15. 
‘ (- oe 16. 
i 2 x7y?* LT: 
(—2 oh We 18. 

(— 3 a*b*x")*. 19. 


© 


omy \ 20. 
428 PAN 


(x + 2)° 

(a — 2)* 

(x + 3)%. 

C5 Be ale Whe 

(25? —1)°. 
(2%+3y)*. 

(2a —y)°. 

(ay = 2)" 
(ax) 
d—2¢+ 32%). 
ad—a+a%)*. 

(3 —4a+ 52)? 


Evolution. 


223. The operation of finding any required root of an 


expression is called Evolution. 
power cannot be found exactly. 


A root of an imperfect 


Thus, the exact value of the square root of 2 can be written’ only 
as V2, and the exact value of the cube root of 4 can be written only 


3 
as V4. Approximate values of these expressions, however, can be 
found by annexing ciphers and extracting the root. 
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224. Index Law for Evolution. If m and n are positive 
integers, we have 


(a™)"=a™. (§ 215) 
Conversely, Vam =a" =a". ; 
Also, (ab)” = a"b”. (§ 216) 
Conversely, Varb" = Va" x Vb" = ab, 


and Vab = Va x Vo. 

Thus, the cube root of a® is a8 :=a?; the fourth root of 
81a? is found by taking the fourth root of 81 and of a”; 
and is 3a*. Hence, 


225. To Find the Root of a Simple Expression, 


Take the required root of the numerical coefficient, and 
divide the exponent of each letter by the index of the required 
root. 


226. From the Law of Signs it is evident that: 

1. Any even root of a positive number will have the double 
sien. 

2. There can be no even root of a negative number. 

For V— 2? is neither + x nor — 2; since the square of + « = + 23, 
and the square of —x = + 22, 

The indicated even root of a negative number is called 
an imaginary number. 

3. Any odd root of a number will have the same sign as 
the number. 


n n 
If n is a positive integer, (¢) caret (§ 217) 
: nln Van a : 
Conversely, = =e = eax That is, 


Any required root of a fraction is found by taking the 
required root of the numerator and of the denominator. 
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163 4 
Syl 593 V= 27 min’ = — 3mn’; 


4/16 ay P 9 ay 


Si at. Sat 


Thus, 


227. If the root of a number expressed in figures is not 
readily detected, it may be found by resolving the number 
into its prime factors. Thus, to find the square root of 
8,415,104: 


iL 
Alo Oe ok Ken LA 
-. V5,415,104 = 2° xX3 XT xX 11 = 1848. 


EXERCISE 83. 


Simplify : 
TW Age. 9. V/ — 2164" ~ jz, 9 a*b® , 
6 1 4,,2 
2. V64a°. 10. V729 2. se # 
3. Vib xy Aeey ae ak Ne 
4. V=3208, 12. Vo 17a, Ze | 
5. V—27 a8 13, V— 343 a8 243 x8 
6. V25 a4. 14. V81 40%. 20. \ ee a 
as yy a 
7. V—8 ab. 15. V512a™0%, ee . 
8. 


21. 


rN, 64 2. 16. v Hak ott ale P16 at 
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Square Roots of Compound Expressions. 


228. Since the square of a+0 is a? + 2ab+0?, the 
square root of a7+ 2ab+ 0? isa-+t bd. 

It is required to find a method for extracting the square 
root, a + b, when a? + 2 ab + 0? is given: 


The first term, a, of the root is obviously the square root of the 
first term, a?, of the expression. 
a2+2ab+b?|a+b If the a? is subtracted from the given 


a? expression, the remainder is 2ab + b?. 
2a+b| 2ab+02 Therefore, the second term, b, of the root 
2 ab + 62 is obtained when the first term of this 


remainder is divided by 2a, that is, by 
double the part of the root already found. Also, since 
2ab+ 0? = (2a+ d)b, 


the divisor is completed by adding to the trial divisor the new term of 
the root. 


Find the square root of 25 a? — 20 ay + 4 ay? 


25 x? — 20 a8y + 4xty2|5a — 2 a2y 
25 x? 


10% — 2a?y|— 20 a8y + 4 arty? 
— 20 a8y + 4 xty? 
The expression is arranged according to the ascending powers of x. 
The square root of the first term is 5x, and 52 is placed at the 
right of the given expression, for the first term of the root. 
The second term of the root, —2a%y, is obtained by dividing 


— 20 x#8y by 10a, and this new term of the root is also annexed to the 
divisor, 10z, to complete the divisor. 


229. The same method will apply to longer expressions, 
if care is taken to obtain the trial divisor at each stage of 
the process, by doubling the part of the root already found, 
* and to obtain the complete divisor by annexing the new term 
of the root to the trial divisor. 
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Find the square root of 
1+102? + 252+ + 16 2° — 2425 — 202° —42. 


Arrange the expression in descending powers of z. 
1626 — 2425 + 2524 — 2023 + 1022 —42 +1|428—322+2¢—-1 
16 x6 
828 — 3a2|— 2425 + 2524 
— 2425 + Oat 
828 — 622+ 22/1624 — 2028 + 1022 
1624 — 124% + 422 
823 —622+42—1|— 828+ 622—4¢4+1 
SPR Se (Oa oe Mb ak 


It will be noticed that each successive trial divisor may be obtained. 
by taking the preceding complete divisor with its last term doubled. 


. 


EXERCISE 84. 
Find the square root of: 


1. et— 82° + 182? —82 +1. 

2. 9at*—6a2 +18 a?—4a+4. 

3.. 424 — 12 2*y + 29 xy? — 30 ay® + 25 y*. 
4.1+427+4+1027?4+122°+92%. 

5. 16 — 9624+ 216 x? — 216 2° + 812%. 
6. xt — 222° + 95.2? + 286% + 169. 

7 40%¢—112?+ 25 —122°+ 302. 

8. Dat +49 —122° — 282+ 462% 

9. 49a*+1262° 4 121 —73 27-1982. 
10. 16a* — 30x — 3147+ 242° 4+ 25. 
11. vt — 2az?4+ 3072? —2a'x + at. 


12. 92*—1842+1 + 872? — 542%. 
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230. If an expression contains powers and reciprocals 
of powers of the same letter, the order of arrangement 
in descending powers of the letter is as follows: 


Find the square root of 
gc 4a Aw , 101 60 
pets) DRO Cr ee 


Arrange in descending powers of z. 


4a? _4e , 101_6¢, 90/22 _1,-8¢ 
VON Nhe ss251 oD x? iy es 
4x2 
9c? 


231. An approximate value of an imperfect square can 
be found to any required number of terms as follows: 


Find to three terms the square root of x? + pa. 
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EXERCISE 85. 
Find the square root of : 


1 
ze Bratiet eee: 


7. 162*+38a7y+8e7+$eyr+ey+1. 
Gat  3a% 430% Ta , 49 
4-2 ele 
Be Mak topes Id a, 

a a 


Find to three terms the square root of : 


10. a? +8. 13. '1+a. 16. 4a”?+ 3. 
1 Ne ole coe LTA 14.;1 — 2a, 17. 4—3a. 
12. 1+ 2a. 15. 4a?4+ 26. 18. 4a7—1. 


232. Arithmetical Square Roots. In extracting the square 
root of an arithmetical number, the first step is to arrange 
the figures in groups. 

Since 1 = 12, 100 = 107, 10,000 = 100’, and so on, the 
square root of a number between 1 and 100 lies between 1 
and 10; of a number between 100 and 10,000 lies between 
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10 and 100. In other words, the square root of a number 
expressed by one or two figures is a number of one figure ; 
of a number expressed by three or four figures is a num- 
ber of two figures; and so on. 

If, therefore, an integral square number is divided into 
groups of two figures each, from the right to the left, the 
number of figures in the root will be equal to the number 
of groups of figures. The last group to the left may have 
one figure or two figures. 


Find the square root of 3249. 
82 49 (57 In this case, a in the typical form a?+2ab+b? 


25 represents 5 tens, that is, 50, and b represents 7. The 
107) 7 49 25 subtracted is really 2500, that is, a?, and the com- 
749 plete divisor 2a + bis 2 X 50 +7 = 107. 


233. The same method will apply to numbers of more 
than two groups of figures by considering a in the typical 
form to represent at each step the part of the root already 
found. 

It must be observed that @ represents so many tens with 
respect to the next figure of the root. 


Find the square root of 5,322,249, 


5 82 22 49 (2307 
4 
43) 132 
129 
4607) 3 22 49 
322 49 


234. If the square root of a number has decimal places, 
the number itself will have ¢wice as many. Thus, if 0.21 is 
the square root of some number, this number will be (0.21)? 
= 0.21 X 0.21 = 0.0441; and if 0.111 is the root, the num- 
ber will be (0.111)? = 0.111 x 0.111 = 0.012321. 


~~ 
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Therefore, the number of decimal places in every square 
decimal will be even, and the number of decimal places in 
the root will be Aalf as many as in the given number itself. 

Hence, if a given number contains a decimal, we divide the 
number into groups of two figures each, by beginning at the 
decimal point and marking toward the left for the integral 
number, and toward the right for the decimal. We must 
be careful to have the last group on the right of the deci- 
mal point contain two figures, annexing a cipher when 
necessary. 


Find the square root of 41.2164; of 965.9664. 


41.21 64 (6.42 9 65.96 64 (31.08 
30 won 
124) 521 61) 65 
496 61 
1282) 25 64 6208) 4 96 64 
25 64 4 96 64 


235. If a number contains an odd number of decimal 
places, or if any number gives a remainder when as many 
figures in the root have been obtained as the given number 
has groups, then its exact square root cannot be found. We 
may, however, approximate to its exact root as near as we 
please by annexing ciphers and continuing the operation. 

The square root of a common fraction whose denominator 
is not a perfect square can be found approximately by 
reducing the fraction to a decimal and then extracting the 
root; or by reducing the fraction to an equivalent fraction 
whose denominator is a perfect square, and extracting the 
square root of both terms of the fraction. Thus, 


5. fio ; 
Pee eV LOW LO. = 0.79057. 
or Vv 16 4 
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Find the square root of 3; of 357.357. 


8. (1.732.000 3.57.35 70 (18.903... 
1 i 
27) 200 28) 257 
189 224 
343) 11 00 369) 33 35 
10 29 33 21 
3462) 71 00 37803) 14 7000 
69 24 11 3409 


EXerciseE 86. 


Find the square root of : 


deezou. 6. 150.0625. 11. 640.543025. 
2. 1225. 7. 118.1569. 12. 100.240144, 
8. 12,544. 8. 172.3969. 13. 316.021729. 
4. 253,009. 9. 5200.140544. 14. 454.585041. 
5. 529,984. 10. 1303.282201. 15. 5127.276025. 


Find to four decimal places the square root of : 


£65100. id 9: ODie A BRANOOOTE: & PSG ameeeane: 
17. 8: 20. 0.7. 28. 0.521. 26. 3 29. 8 
18. 5. 21,:'0,9..” 24 G97 oes seems ae 


Cube Roots of Compound Expressions. 


236. Since the cube of a+ is a3 + 3a% + 3a? + 3, 
the cube root of 


@e+3a%+3ae?4+ isatos. 
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It is required to devise a method for extracting the cube 
root, a + b, when a* + 3a) + 3ab? + 0 is given: 


The first term, a, of the root is obviously the cube root of the first 
term, a®, of the given expression. 


a+ 3a2b+3ab?+8lat+b 
38a? as 


+3ab+ 0? 3 a?b + 3 ab? + 68 
3a? + 3.ab+ b? 3.a’b + 3.ab? + 68 


If a’ is subtracted, the remainder is 3 a%b + 3 ab? + b3; therefore, 
the second term, b, of the root is obtained by dividing the first term of 
this remainder by three times the square of a. 

Also, since 3a%b + 3ab? + 68 = (83a?+3ab-+ 6%)b, the complete 
divisor-is obtained by adding 3 ab + 0? to the trial divisor 3 a?. 


Find the cube root of 8 x? + 36 ay + 54 xy? + 27 7’. 


823 + 36 ay + 54 ay? + 2773/20 + 3y 
1222 823 


(62+ 3y)3y= +18ay+9y?| 36 22y + 54 ay? + 27 y? 
12227+18a%y4+9y?| 36 22y + 54 ay? + 2778 


The cube root of the first term is 2x, and 2 is therefore the first 
term of the root. 8%, the cube of 22, is subtracted. 

The second term of the root, 3 y, is obtained by dividing 36 xy by 
3 (2)? = 1242, which corresponds to 3 a? in the typical form, and the | 
divisor is completed by annexing to 12 2? the expression 


{8(24) + 3y}3y = 18ay + 97. 


237. The same method may be applied to longer expres- 
sions by considering a in the typical form 3a*+3ab+ 0? 
to represent at each stage of the process the part of the root 
already found. Thus, if the part of the root already found 
is « + y, then 3 a* of the typical form will be represented 
by 3(a@ + y)*; and if the third term of the root is + z, the 
3ab + 6? will be represented by 3(a + y) 2+ 27. So that 
the complete divisor, 3 a?+ 3ab + 6”, will be represented 
by 3@+y)?+3@+y)e+2. 
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Find the cube root of «®° —3a°+5a2'—3a2—1. 


[e—2— 1 
x§—325+5223—382—1 
3at x6 


(822—2)(—2)=_—- — 828+ = 2?|/— 325+ 528 
8a4—323+ 22/—325 +324— 28 


—3a*+623—382—-1 


3 (a2 — x)2 = 824 — 628 + 322 
(822—3a2—1)(—1)= —3a2+3¢4+1 
324*— 623 +32+1|—32!1+623?—32—1 


The root is placed above the given expression for convenience of 
arrangement on the page. 

The first term of the root, x2, is obtained by taking the cube root 
of the first term of the given expression; and the first trial divisor, 
324, is obtained by taking three times the square of this term. 

The first complete divisor is found by annexing to the trial divisor 
(8«2—«) (—«), which expression corresponds to (8a + 6)6 in the 
typical form. 

The part of the root already found (a) is now represented by 22 — 2x; 
therefore, 3a? is represented by 3(22 — 2)? = 32! —623 + 322, the 
second trial divisor; and (83a + 6)b by (822 — 3a —1) (—1); there- 
fore, in the second complete divisor, 3a? + (83a + b)b is represented by 
B24 — 6c +302) (82 — 38a — 1)(— 1) 98 2 — 6 ree ads 


EXercisE 87. 
Find the cube root of : 
1. @+3a7%e+ 8au?+ 2% 
2. 8+12¢ + 627 + 2% 
3. «2° —3aa>+ 5 a*x® — 3 abe — ab 
4. 1—62+ 212? — 442° 4+ 63 wt — 5445 4+ 27 x 
5. 1—32e2+62?—72°+ 62' —32' + 2°, 
6. e+ 1— 6a —6a° + 1527+ 152*— 202% 
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% 642% — 14425 + 8 — 36241022? —171 2° + 204.2% 
8 27a°— 27a°— 18 at +1708 + 6a?—38a—-1. 

9. 8a°— 3625+ 66 2* — 6323 + 832?—9a2+1. 

10. 27 +1082 + 90x? — 802° — 602+ + 4825 — 82%. 


Sees G0t ON 
TU a, ab + 3 oF 


got: soe ot ee 


SE Ee eer oy 


238. Arithmetical Cube Roots. In extracting the cube root 
of an arithmetical number, the first step is to arrange the 
figures in groups. 

Since 1 = 1°, 1000 = 10%, 1,000,000 = 100%, and so on, it 
follows that the cube root of any number between 1 and 
1000, that is, of any number which has one, two, or three 
figures, is a number of one figure; and that the cube root 
of any number between 1000 and 1,000,000, that is, of any 
number which has four, five, or six figures, is a number of 
two figures; and so on. 

If, therefore, an integral cube number is divided into 
groups of three figures each, from right to left, the number 
of figures in the root will be equal to the number of groups. 
The last group to the left may have one, two, or three 
figures. 


239. If the cube root of a number has decimal places, 
the number itself will have three times as many. Thus, 
if 0.11 is the cube root of a number, the number is 
0.11 x 0.11 x 0.11 = 0.001331. Hence, if a given number 
contains a decimal, we divide the number into groups 
of three figures each, by beginning at the decimal point 
and marking toward the left for the integral number, and 
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toward the right for the decimal. We must be careful to 
have the last group on the right of the decimal point con- 
tain three figures, annexing ciphers when necessary. 


240. Notice that if a denotes the first term, and d the 
second term of the root, the first complete divisor is 


3a°+ 3ab + 6%, 
and the second trial divisor is 3 (a + 6)’, that is, 
30+ 6abd4+ 36%, 
which may be obtained by adding to the preceding complete 
divisor its second term and twice its third term. 
Extract the cube root of 5 to five places of decimals. 


5.000 (1.70997 
1 
3 x 102 = 300 4000 
3(10 x 7) = 210 


72 = _49 
sso} 3913 


259 87 000 000 

3 X 1700? = 8670000 
3(1700 x 9)= 45900 
2 


2= 81 
srisos b 78 443 829 
45981 8 556 1710 


3 X 17092 = 8762048 7 885 8387 
670 33230 


613 34301 


After the first two figures of the root are found, the next trial 
divisor is obtained by bringing down the sum of the 210 and 49 
obtained in completing the preceding divisor ; then adding the three 
numbers connected by the brace, and annexing two ciphers to the result. 

The last two figures of the root are found by division. The rule in 
such cases is that two less than the number of figures already obtained 
may be found by division without error, the divisor being three times 
the square of the part of the root already found. 
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Exercise 88. 


Find the cube root of : 


4913. 3. 1,404,928. 5. 385,828,352. 
42,875. 4, 127,263,527. 6. 1838.265625. 


rw) 


Find to four decimal places the cube root of : 


Ppt. 9. 3.02. 11. 0.05. 13. 2. 15e ae 
8. 10. 10. 2.05. 120.677: 14. 3 


241. Since the fourth power is the square of the square, 
and the sixth power the square of the cube, the fourth root 
is the sguare root of the square root, and the sixth root is 
the cube root of the square root. In like manner, the 
eighth, ninth, twelfth, ----- root may be found. 


EXERCISE 89. 


Find the fourth root of: 


= 


. 8lat*+1082?4+ 54274122 +1. 
16 x* — 82 az? + 24 ax? — 8 aa 4+ at 
14424 248+ 427+102°+ 1623+ 1027+ 192*+ 162°. 


wo oN 


Find the sixth root of: 
14+6d4+4¢+6ad+15d*+ 200+ 15a. 
729 — 1458 @ + 1215 2? — 5402? + 135 2* — 1825 + 6% 
1—18y + 1357? — 540 y® + 1215 y* — 1458 9° + 7297°. 


aka alg 


Find the eighth root of: 
. 1—8y+ 2877 — 56 7° + T0y* — 56y° + 287° — 8y' +y* 


a] 


CHAPTER XVI. 


THEORY OF EXPONENTS. 


242. If n is a positive integer, we have defined a” to 
mean the product obtained by taking a as a factor n times, 
and called a” the nth power of a; we have also defined ~/a 
as a number which taken 7 times as a factor gives the prod- 
uct a, and called ~/a the nth root of a. 


‘243. By this definition of a” the exponent » denotes 
simply repetitions of a as a factor; and such expressions 
$ 


as a°, a—* have no meaning. It is found convenient, how- 
ever, to extend the meaning of a” to include fractional and 
negative values of n. 


244. If we do not define the meaning of a” when 7 is 
fractional or negative, but require that the meaning of a” 
must in all cases be such that the fundamental index law 
shall always hold true, namely, 


a™ xX qr = Garten 


we shall find that this condition alone will be sufficient to 
define the meaning of a” for all cases. 


245. Meaning of a Zero Exponent. By the index law, 
aX a= aot = a, 


Divide by a”, a= =1, 
a” 

Therefore, the zero power of any number is equal to 
unity. 
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246. Meaning of a Fractional Exponent. By the index law, 


a@xa=attaaiza; 
a® x a? x at=qi*t*t— gi=aq; 


@xaxaxa=aitititizgt= a’; 


2 1 tl... ton terms a 
a” X a"... to n factors = a” * = 1" a= Os 
™ m mm .....ton terms mm 
a” Xa" ---. to n factors =a" * EO SS Oe 


provided m and n are positive integers. 
: es A pies IR: 
That is, fe AI EMO = afin 
™m 
at = V/a®; an = 4/a™. 


The meaning, therefore, of a”, where m and n are posi- 
tive integers, is the mth root of the mth power of a. Hence, 


The numerator of a fractional exponent indicates a power 
and the denominator a root. 


247. Meaning of a Negative Exponent. By the index law, 
if n is a positive integer, 


But a= 1, (§ 245) 


That is, a” and a—” are reciprocals of each other (§ 169), 


1 
so that a" = mt and a” = 


i tS 


248. Hence, we can change any factor from the numerator 
of a fraction to the denominator, or from the denominator 
to the numerator, provided we change the sign of its exponent. 


1h2 A be lV aS 
Thus, oe may be written ab’c- 2d- 3, or a-16-2c8as 
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249. We have now assigned definite meanings to frac 
tional exponents and negative exponents, by assuming that 
the index law for multiplication, a” X a” = a™*”, is true for 
all values of the exponents m and n. 

It remains to show that the index laws established for 
division, involution, and evolution apply to fractional and 
negative exponents. 


250. Index Law of Division for all Values of mand n. ‘To. 


divide by a number is to multiply the dividend by the 
reciprocal of the divisor. 
Therefore, for all values of m and n, 


ae 1 

—$ ™ — — m —n 

Sle hae oe (§ 247) 
= been 


251. Index Law of Involution and Evolution for all Values 
of m and n. 


To prove (a™)” =a" for all values of m and n. 

CasE 1. Let m have any value, and let n be a positive 
integer. 

Then, (a™)" = a™ X a™ X a™ we to n factors 


— qmt+ MAM rere to n terms 
= qm, 
Case 2. Let m have any value, and n =. pand qg being 
q 


positive integers. 


Pp 
Then, (a™)¢ = V (a™)? = Vane 
mp 
=i: 
Case 3. Let m have any value, and n = — 1, r being a 


positive integer or a positive fraction. 


<) 
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Then, (a™)-? = ——_ = — =q-™, (§ 247) 


Therefore, (a”)" = a™" for all values of m and n. 


252. To prove (ab)” = ab" for any value of n. 


Case 1. Let n be a positive integer. 
. Then, (ab)"= ab X ab X ab «- to n factors 


=(aXa---- ton factors) (b Xx b ----- ton factors) 
= ab". 


CasE 2. Let n =o p and q being positive integers. 
Then, by Case 1, § 251, since q is a positive integer, the gth 
power of (ab)2 = (aby x (ab)a eee to g factors 
a (abyi*a” .- to q terms 
= (ab)? = a”b?. (By Case 1) 


Also by Case 1, § 251, since q is a positive integer, the gth 
power of 


Sas? 2 > ® 
ath? = (a? X at ---- to g factors) (64 X bt +. to g factors) 
= aPh?. 


Pp 
But the gth power of (ab)? = (ab)? = al. 


ze ae 
That is, [(ab)?]’ = [a%7]’. 
Extracting the gth root of each member, we have 


Z eee 
(ab)? = a%b!. 


Case 3. Letn =—7,r being a positive integer or fraction. 
— 1 1 — q-rh-r 
Then, (ab)-" aaa (aby ae ‘Magee 
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EXAMPLES. 
ib e773 = + eee 
Bi Pay 


2, 16? = (V16) = (+2)'= +8. 


12 


sj 


3. & xa t=ai t= a*®= 


4.¢0¢xdxai=adti-tiq@=1. 


rt 
5. (baa Sagas. 


6. —=a-3-C 9) = g-3t+5 = qq? 


ie Vab- 8e-4q = a'p-1e— Ag}, 


PMN rg a aaa ev aS 


9, (160- melihey SUN ia ig ee ee 
PRS BL “Nba, 4) ana 4 8 

Serna Mee a 

(3ta- 5! gixig—2 3% X/3 


10. Glartyet= 


EXERCISE 90. 
Express with fractional exponents: 
1. Val 3. Val. 5, Va 7. Vat+ Vn + V6. 
oy) a. 4, V8. 6. Vas, 8. Vara’ + ate: 


F 
—_ 
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Express with radical signs: 
9a. 11. ate as, aty Fi. at — att 


io. ch =z. ate® =a. Baty * 16. ab tate, 


Express with positive exponents: 


moe 
a eS) ei 19. ae fy. 21. Aa Pays. 23. 3—7y 6 
18. a *. 20. Any" 22. 3 a-*b?, 
Write without denominators: 
28 — 2, $ 
24. aye a oy SEs eos 

x me - Ome ht 

az Gmivecea GE Ee 
25. x 82-2 Qe ab 20-4 29. a-b-%¢-38 

Find the value of : 

§ 5 = + 
80.no° 36. (— 27). 40. (y45) © X (ge): 
31. 167%. 36. (— a7) x 25% 41. a 80 x atot. 
32. 27%. 37. 813x164. 42. (a 808)? 

San Sy #88 8) 4, 43. (a 46-22, 
3 1 is Piel ae Ae | 
34. 36°. SIP Giese! ae. (2° Yo Ryn, 


If a = 4, b = 2, c=1, find the numerical value of: 


45. ab, 47. a %b%2 49. 3 (ab). 51. (ab*), 
46. ab-= 48a %co°#, 50. 2(ab)*. 52. (abc) *, 
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Multiplication. 
Multiply at + atyt Se y? by at — atyt + y}. 
at + atyt + y3 , 
z taty? + aby? 
— gly? — xhy? — xty? 
+ ryt +aity 
x + xy? +y 


EXERCISE 91. 


Multiply : 
1 at +t by an BF. 3. at — b* by at — oF. 
2. a? +b by at + dF. 4. a +2e by #? — 2a. 


5. a? +aly t+y? bya?*—-aly!+y4 
6, nhs ary? 1s yt by at + yt. 
7 ot + atyt a ye by at — yP. 
8. 145-14 6-2 by 1—b-! + 5-2, 
9. att + 2at— sat by 26°? — 4a-* — 6a #oF, 
Division. 
Divide Vz? + Vx — 12 by Vax — 3. 


i+ at—12|25—3 


ai — 33 joi +4 


+423—12 
+423— 12 
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EXERCISE 92. 


Divide: 

1. a—b by at—Bt. 3. a—b by a*— b+. 

2. atb by at +e. 4. a+b by ab +0%, 

5. a—32°+4+3at—1 by ab 1. ‘on 

6. a tary? +y by a? — aty? + 77. 

7. 2 —4e°+14+60 by a? — 2, 

8. 92-122 2442 ?+4 a" by 38at-2—2 73. 
Gea} Onn Y= 164' 9-9 byl ce 2a y+ 4 yt, 


i ee 8 SG on eae 
10.2 -+-y+2e—-sxy2 by 2 + 7° + 27. 


Square Root. 
Find the square root of 


9a-4*— 18 aby? + 154-*y — 6a-ly? + y%, 


92-4 —18.2—-8y? + 15a-2y —6a-ly? +y2|3a-2—3a-ly +y 
9a—4 
62-2 —32—1y3|—182-%y3 + 1b a—-Yy 
—182—8y3 + 9a-2y 
62-2—62—ly+y| 62-2y—6a—ly? +y? 
62-2y —Ga—-ly? +y? 


EXERCISE 93. 
Find the square root of : 
1. af + 2a% +1. 3. a8 —Aat +4, 
2. dat — 4 atot + a}. 4. 4a-?+ 40-2 +1. 
5. 9a—12a*+10—4a ? + 0-1. 
6. m?+2m—1—2m-1+ m-* 
7. 490! —282+182t— 4a? +1. 


CHAPTER XVII. 
RADICAL EXPRESSIONS. 


253. A radical expression is an expression affected by 
the radical sign; as Va, V9, Vat, Va+ b, W382, 


254. An indicated root that cannot be exactly obtained 
is called a surd. An indicated root that can be exactly 
obtained is said to have the form of a surd. 

The required root shows the order of a surd; and surds 
are named quadratic, cubic, biquadratic, according as the 
second, third, or fourth roots are required. 

The product of a rational factor and a surd factor is 
called a mixed surd; as S/o. bVa. The rational factor 
of a mixed surd is called the coefficient of the surd. 

When there is no rational factor outside of the radical 
sign, that is, when the coefficient is 1, the surd is said to be 
entire; as V2, Va. 


255. A surd is in its simplest form when the expression 
under the radical sign is integral and as small as possible. 

Surds are said to be similar if they have the same surd 
factor when reduced to the simplest form. 


Nore. In operations with surds, arithmetical numbers contained 
in the surds should be expressed in their prime factors. 


Reduction of Radicals. 


256. To reduce a radical is to change its form without 
changing its value. 
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Case 1. 


257. When the radical is a perfect power and has for an 
exponent a factor of the index of the root. 


i. Vai = at =at = Va. 

2. V36 at? = V6 ab)? = (6ab)* = (6 ab)* = Voad. 

3. V25 ab = V6 we? = (5 abet)? = (5 a%bet)* 
= V5 abel. 

We have, therefore, the following rule: 


Dwwide the exponent of the power by the index of the root. 


EXERCISE 94. 


Simplify : 
LT: % Pay 6. v a*h?, 11. 6 25 a? 
eee 64 6? 
2. VI6. 1. Varo i ee 
a 4 162? 
sg v 21: 8. Vatlt. a2, Vz oa 3) 
4. V49. 9. V27 abe. Attn 
13. | a6° 
5. V64. 10. V16 ab. V8 28/8 
CasE 2. 


258. When the radical is the product of two factors, one of 
which is a perfect power of the same degree as the radical. 


Since Va" = Va" x Vb =avb (§ 224), we have 
AP Va% = Va? x Vb = avo; 
2, V108 = V27 x 4 = V27 x VA = 34; 


240 RADICALS. 


3. 4V72 ab = 4-V36 0b? X 26 = 4-V36 a? x V26 
=4x 6abV2b = 24abV2b; 


4, 2V 54a =2V 21 @ X Dab =2V27 a x V2 ab 
=2x 8aV2ab = bav2ab. 
We have, therefore, the following rule: 


Resolve the radical into two factors, one of which is the 
greatest perfect power of the same degree as the radical. 

Remove this factor from under the radical sign, extract 
the required root, and multiply the coefficient of the surd by 
the root obtained. 


EXeErcisE 95. 


Simplify : 
1. V28. 13. 7-144. ab. a] CAPE. 
27 men? 
DEEN eas 14. 8Vm?n. 
3 
3. V72. 15. 3-Vb%a8. 26. \. 
4. 500. 16. 2Valet. ¢ Siva 
’ 7 oy, 2/125 a8 
5. V432. 17. 11-Va2%548, " V216 YF 
6. V192. 18. TV8a%. ie 
ais 28. Mas 
7, V128. 19. 6V 27 mn’. 243 
8 V/ 243. 20. 4V gt 29. oe 
; ‘ty 1296 
9. V176. 21, 1029. 
s ~ae 338 
10. V405. a2. V— 2187, 30. ean. 
ov 


11. 2V112. 23, 1250. 
ra 31, 3%. | 20c8 
12. 3-V864. 24. 4V648. * 2e Nous 
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CaseE 3. 


259. When the radical expression is a fraction, the denomi- 
nator of which is not a perfect power of the same degree as the 
radical. 


a A te 10 _ —_= 
: Vie=1 Vi0x a 110. 
7 eae aes 1 
2. es SS — = 
12~ = ico NGS Get 
[5 EE Sees AE Affe gone 1 
ia ro 27x 8 27x 8 


al 3 3 
EO 60 = 3 vV60. 


E 


We have, therefore, the following rule: 


Multiply both terms of the fraction by a number that 
will make the denominator a perfect power of the same 
degree as the radical ; and then proceed as in Case 2. 


EXERCISE 96. 


Simplify : 
1. 2VE 4. TV¥. 7. V8 10. 2VE 
2. avVz 5. Vag. 8. V8 11, 8V a 
S.tVE 6. 3V 2, 9. W PAs: 12, 2V3, 

13, «2% 15. «/2% 17. 5 a 
b bh bd? 

reve has 1 \ Ta “2 a%b? 
a® 125 3x? yz 
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Case 4. 
260. To reduce a mixed surd to an entire surd. 
Since aVb = Va" x Vb = Varb, we have 
1. 8V5 = V3? x56 = V9x5=V45; 
2, abVbo = Vat) x be = Vall x bo = Vata; 
3. 2aVay = Va) X ay = V8a* x ay = VBa'y; 
4, 3yVxi = VBy) x @ = V1 yx’, 
We have, therefore, the following rule: 


Raise the coefficient to a power of the same degree as the 
radical, multiply this power by the given surd factor, and 
indicate the required root of the product. 


EXERCISE 97, 


Express as an entire surd: 
1. 5V5. eee Maa wee 2%. 13. $Va. 
2 8Vik? 6-82) 1b. = oN 1k ae 
3. 3-V3. 7, 2V2.° 11, —mVi0. 15, 8-Vint 
4. 2V4. 8. 2V4. 12. —2Vz. 16. —4V mi. 
CasE 5. 
261. To reduce radicals to a common index. 


8 
Reduce V2 and V3 to a common index. 
V2 = 2h = ot = Vo8 = VB, 
V3 = 3t = 38 = V32= Vo, 


We have, therefore, the following rule: 
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Write the radicals with fractional exponents, and change 
these fractional exponents to equivalent exponents having the 
least common denominator. Raise each radical to the power 
denoted by the numerator, and indicate the root denoted by 
the common denominator. 


EXERCISE 98. 


Reduce to surds of the same order: 


1. V3 and Vb. y i V2, V3, and V5. 

2. V14 and V6. 8. Va, Vo, and Ve. 

3. V2 and V4. 9. Vai, Ve, and V 23. 

4. Va and Ve 10. Vay, eae, and V2z2. 
5. Vb and V7. 11. Va2—y and Va +y. 
6. 2, oF and 2%, 12. Va+o and Va — b. 


Nore. Surds of different orders may be reduced to surds of the 
same order and then compared in respect to magnitude. 


Arrange in order of magnitude: 


13, V15 and V6. 15. V80, V9, and V8. 
14. V4 and V3. 16. V3, V5, and V7. 


Addition and Subtraction of Radicals. 


262. In the addition of surds, each surd must be reduced 
to its simplest form; and, if the resulting surds are similar, 


Find the algebraic sum of the coefficients, and to this sum 
annex the common surd factor. 
, If the resulting surds are not similar, 

Connect them with their proper signs. 


244 RADICALS. 


. Simplify V27 + V48 + V147. 


V27 = (82 x 8) = 38 x 83 = 8 V3; 

V48 = (24 x 3)t = 22 x 88 = 4 x 84 = 43; 
V147 = (72 x 8) =7 x 84 =7V3. 

V27 + V48 + V147 = (8 + 4+ 7) V3 = 14V3. 


a 


2. Simplify 2-V320 — 3-V40. 
2320 = 228 x 5s =2 x 22 x 5 =8Vb; 
3V40 = 3(28 x 5) =3 x2 x 54 =6V5. 
2320 — 3-40 = (8 — 6) V5 =2-V5. 


Simplify 2V§ — 3-V3 + Vi. 


2V§ = 2Vi5 =2V15 x l= ¢vl5; 
3V3 =8V18 =8V15 x 4 = 3VI15; 


4x 15 
Vip [B= ox he 
 2VE—38V84+-VA = (GF —3 + A) VIB =i VIB. 


4, 
ow 
si 
x 


EXERCISE 99. 
Simplify : 
1. 4V11+8V11 — 5-Vi11. 
2. 2V3 —5V3 +93. 


5V4+2V32—V108. 7. V27+ -V48+4+ V7. 
3V2 + 4V2 — V64. 8. 4V147 + 3-V75 + -V192. 
£VB 4+ 24V54+4-V40. 9. Vat4vVatgvo. 
3-V3 —5V48 + V243. 10. Vai +4Vai—3V27 a2 


cot hea) Eo 


a 
12. 
13. 
14. 
15. 
16. 
Lie 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


32. 
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Vai + bVa — 3Va. 

V25b + 2V9b —3-V40. 

2V175 — 3-V63 + 5-V28. 

V2 +3-V32 + 4-V128 — 6V18. 

V75 + V48 — V147 + V300. 

20-V245 — V5 + -V125 — 24-V180. 
2V20 + 4-V12 — 2V27 + 5-45 — 9-12. 
7V25 +4V45 — V9 — 2-V80 + -V20 — 4V64. 
Vo4 + Vi — V250 — 3-3. 

2V5 + V60— V15 + V3 + Vy. 

V27 o§ — V8 8 + V125 0. 

Vab — VO + 326. 

Vatx + Vitex — V4070%x. 

Vi aye + Vez + Valz. * 

Verb —aV4e + bVar. 

V8i a —Vi6a + V256 a8. 

V27 mi — V125 m + V216 m. 

V8 a — V50 a? — 3V18 a. 

6 aV63 ab? — 3-V112 ab? + 2 ab-V343 ab. 
3-V125 min? + nV 20m? — V500 min’. 
V32 a4b® + 6V726 + 3-V128 a0. 
2~/a% — 3.a2V64b + 5 aVa% + 2021250. 
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Multiplication of Radicals. 
263. Since Va x Vb = V ab, we have 


1. 3V8 x 5V2=3xX5x V8 x V2=15-V16 = 60; 
2. 3V2 x 4V3 = 3 V2! x 4-V39 = 12-V72. 


We have, therefore, the following rule: 


Express the radicals with a common index. Find the 
product of the coefficients for the required coefficient, and the 
product of the surd factors for the required surd factor. 

Reduce the result to its simplest form. 


Exercise 100. 
Find the product of: 


1. V3xV27. 1. VAX V8. 13. Vb4 x V9. 


2, VBxV20. 8 V27x V9. 14. 2V8x V2. 
3. V2xV18. 9. V2x-vVi2. 15. V8xV—4. 


4. V3xV9. 10. V8xV6. 16. WI x V—49. 
5. V2xV32. 11. V3xVI8. 17. V81xV—45. 
6. V27x V3. 12. V6x V8. 18. gV18 x 3V3. 
19. (V18 + 2V72 — 3-V8) x V2. 
20. (V32 — 4864 + 3-V4) x V2. 
21. (4-V27 — 3-V2187 + 4-V432) x V3. 
22. VBx V4. 25. VBx -V72. a8. VBI x V3. 
23. V16 x V250. 26. Vex Vy. 29. VEX V3. 
24, V64x VI6. 27. Vax V3. 30. VEX V5. 
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264. Compound radicals are multiplied as follows: 
Multiply 2V3 + 3Vz by 3V3—4~-Vz. 


2V34+38Vz 
8V3 —4Vz 


18+ 9V3a 
—8V32—122 


18+ V38e—122 


Exercise 101. 


Multiply : 


4° 


2. 


3. 


ae 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16, 


\/5+ V4 by \/5—V4. 4. 84+3-V2 by 2— V2. 
\/9 — Vii by 1/9 + Vi7. 5. 5 +2-V3 by 3 —5V3. 
3+2VB by 2—V5. - 6: 3— V6 by 6=8-V6. 
2V6 —3V5 by V3 + 2V2. 

1—V3 by V2+V5 0 

V9 —2V4 by 4V3 + V2. 

2V30 —3V5+5V3 by V8+V3— V5. 

3V5 —2V3+4V7 by 3V7 —4V5 — 53. 

4V8 +4V12 —4-V32 by 8V32 —4V50 — 2V2. 
V6 —V3+~V16 by V36+ V9 — V4. 

2V%E —8VE4+3-V3 by 3-V3 — -V12 — V6. 

2V§ —4V3—TVE by 83V8 — 5-V30 — 2V38. 
2V12 + 3V3 + 6V¥4 by 2V12 4+ 38-V3 + 6 V4. 
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Division of Radicals. 


ee 


265. Since —— =—— = Vb, we have 
Va Va ; 
4V8 
rh =2V4=4; 
2v2 
2 3 
i 48 _4ve _4AVB XS _ o75 


2V2 9/22 2/28 


We have, therefore, the following rule: 


Express the radicals with a common index. Find the 
quotient of the coefficients for the required coefficient, and the 
quotient of the surd factors for the required surd factor. 

Reduce the result to its simplest form. 


EXeErcisE 102. 
Divide: 

1. V243 by V3. 4. V4 by V3. 7. VES by V35. 
2. V81 by V3. 5. V5 by V3. 8. V32 by a A 
3. V3.0" by Vas. 6. Vy by V3.9. V2 by Vii: 

10. 3V6+45-V2 by 3-V3. 

11. 42-V5 — 30V3 by 2-V15. 

12. 84-V15 + 168-V6 by 3-V21. 

13. 30-V4—36-V10 + 30-V90 by 3-V20. 

14. 50-V18 + 18-V20 — 48-V5 by 2-V30. 
15. Vb4 by V36. 17. V12 by V6. 19. V3 by V38. 
16. V49 by V7. 18. Vi, by V6}. 20. V2a by Vat 

21. V0.064 by V10. 22. Va — y? by x 1 oye 
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266. The quotient of one surd divided by another may 
be found by rationalizing the divisor; that is, by multiply- 
ing the dividend and divisor by a factor that will free the 
divisor from surds. This method is of great utility when 
we wish to find the approximate numerical value of the 
quotient of two simple surds, and is the method required 
when the divisor is a compound surd. 


1. Divide 3-V8 by V6. 


8V8_6V2_6V2xvV6_ 6V12 
Be Vie 6x36 8 88. 


2. Divide 3V5 — 4-V2 by 2V5 4+ 3v2. 
Multiply the dividend and the divisor by 2V5— 3v2, 


(3V5 — 4V2) (2V5 —8V2) _ 54 —17V10 
(2V5 + 8V2) (2V5—3v2) 20-18 


— nw aR 
= aoe =27—3/V10. Hence, 


267. When the divisor is a binomial containing surds of the 
second order only, 

Multiply the dividend and the divisor by the divisor, with 
the sign between the terms changed. 


Exercise 103. 


Divide: 
1. Va+ Vo by Vab. 1. 34+5V7 by 3— BV7. 
2. V125 by 5V65. 8. 21V3 by 4V3 — 8v2. 
3. 3 by 114+ 3-V7. 9. T5V14 by 8V2 + 2V7. 
4. 8V2—1by3V24+1. 10. V5—-V3 by V5 + V3. 
5. 17 by 3V7 4+ 2V3. 11. V8 + V7 by V7 — V2. 
6. 1 by V2 + V3. 12. 7 —3V10 by 5+ 4V5. 
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Given V2=1.41421, V3=1.73205, V5 = 2.23607; 
find to four places of decimals the value of : 


13. 


14, 


15. 


10 t as | . T—SV5 
ae Lo 19) 22. ——————" 
V2 500 3V2 5+4V5 
di alee ear ada cel Sn aarp a, 

V3 - W248 V125 V5=2 

RU ra 1 Te IE toed 
V5 2v3 4V5 3V24+1 


Involution and Evolution of Radicals. 


268. Any power or root of a radical is easily found by 
using fractional exponents. 


ie 


Find the square of 2Va. 
(2Va)? = 2 a8)? = 2248 = 408 = 4V08, 
Find the cube of 2-Va. 
(2Va)? = (2 a3)® = 28 a3 = 8a? = 8 ava. 
Find the square root of 4 a Vai, 
(42 V.a8b8)} = (4 va¥o?)d = 43 chain? = 43 rigid? = 2 Vaibiz?, 
Find the cube root of 42 Va%d'. 
(40-Vai08)§ = (4 caldd)} = 43 ctadot = 48 clade? = Vi6 aiden? 


Exercise 104. 


Perform the operations indicated : 
4 TT 
1. (Vin). 3. (Vat), BV Veen 
3 
2. (Vin')’. 4a. (Vy), 6. VVa—b®. 
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— 7 
7. (V2 a%b)*. 10. V Vai. 13. VV@Ga—2*%. 
4 3 
8. (Ve— ye). 11. VV729. 14. V Va2a%. 
3 7 
9. (Vz)* 12. V-V125. 15. V128-V2434". 


Properties of Quadratic Surds. 


269. A quadratic surd is the indicated root of an imperfect 
square, as V2. 


270. TuErorEM 1. The product or quotient of two dis- 
similar quadratic surds will be a quadratic surd. 


Thus, Vab x Vabe = abVe; 
Vabe + Vab = Ve. 
Two dissimilar quadratic surds cannot have all the fac- 
tors under the radical sign alike. Hence, their product or 


quotient will contain the first power only of at least one 
factor, and will therefore be a surd. 


271. TuHrorem 2. The sum or difference of two dis- 
similar quadratic surds cannot be a rational number, nor 
can the sum or difference be expressed as a single surd. 

For, if Va + Vb could equal a rational number c, we 
should have, by squaring, 

at2Vab+b =e? ' 
that is, + 2Vab=c?—a—b. 

Now, as the right side of this equation is rational, the 
left side would be rational; but, by § 270, Vad cannot be 
rational. Therefore, Va + Vo cannot be rational. 

In like manner it may be shown that Va + Vb cannot 
be expressed as a single surd V C. 
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272. Turorem 3. A quadratic surd cannot equal the 
sum of a rational number and a surd. 
For, if Va could equal e+ Vb, we should have, by 
squaring, 
a=c+2cvo+b, 


and, by transposing, 
2cVb =a—b—-—e. 
That is, a surd equal to a rational number, which is 
impossible. 


273. Turorrem 4. Jf a+ Vb=a2+ Vy, then a will 
equal x, and b will equal y. 

For, by transposing, Vi Vy =a—a; and if db were 
not equal to y, the difference of two unequal surds would 
be rational, which by § 271 is impossible. 


b= y, and a= 2. . 
In like manner, if a — Vb =a2— Vy, a will equal 2, 
. and 6 will equal y. 
274. Turorem 5. Jf Vat Vb = Va+ Vy, then 
eRe es 
Square both sides of the given equation, 


at+vVob=a+2Vayt+y. 


Therefore, by § 273, a=az“ty, (1) 
and Vb = 2V xy. (2) 


Subtract (2) from (1), P 
a—Vb=2— 2Vay “= Ye 


Extract the square root of both sides, 


Va—vVb = Va —Vy. 
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275. To Extract the Square Root of a Binomial Surd. 


1. Extract the square root of 7 + 4-V3. - 


Let Va+Vy=V7+4V3. (1) 
Then, by § 274, Ve —Vy =V7—4V3. (2) 
Multiply (1) by (2), x—y=v49 — 48. 

ie 


Square (1), then § 278, ety=7. 
+ & = 4; andy=83, 
o Ve+ Vy = V44v3. 
wo VT 44V3 = 24 V3. 


A root may be found by inspection, when the given expression can 
be written in the form a + 2V4, by finding two numbers that have 
their sum equal to a and their product equal to b. 


2. Find by inspection the square root of 75 — 12-V21. 


It is necessary that the coefficient of the surd be 2; therefore, 
75 — 12V21 must be put in the form 75 — 2V6? X 21; 


that is, ae SS 
Two numbers whose sum is 75 and product 756 are 63 and 12. 
Then, 75 —2V756 = 63 —2V63 X 12 + 12 
= (V63 — V12)2. 
That is, V63 — V12 = the square root of 75 —12V21; 
or 3V7 —2V3 = the square root of 75 — 12-V21. 


3. Extract the square root of 11 + 6 V2. 
11 + 6V2 = 11 + 2Vvi18. 
Two numbers whose sum is 11 and product 18 are 9 and 2, 


Then, 11+2V18=9+2V9x2+2 
= (V9 + V2)2. 
That is, V9 + V2 = the square root of 11+ 6V2; 
or 3+-V2 =the square root of 11 + 6V2. 
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Exercise 105, 


Find the square root of : 


Read 


Bo ae 


11 + V72. 
GEMS: 
18 + 8V5. 
8 +2V15. 
LAN 14 eee 


file 


16 + 5V7. 
75 + 12V21. 
19 + 8-V3. 
8-V6 + 20. 


oF = 16/3. 


51 + 36V2. 


13. 
14. 
15. 
16. 
17. 
US: 


94 + 42-V5. 
11 — 2-30. 
AT — 4V33. 
29 + 6V22. 
83 + 12-V35. 
55 — 12-V21. 


Equations Containing Radicals. 


276. An equation containing a single radical may be 
solved by arranging the terms so as to have the radical 
alone on one side, and then raising both sides to a power 
corresponding to the order of the radical. 


Solve Vz?—9+2a=49. 


Transpose 2, 
Square, 


Vz2—9=9—z. 
x2?—9=81 —18e% + 23%. 
182% = 90. 
7. @ = 5. 


277. If two radicals are involved, two steps may be 


necessary. 


Solve Vaz + 15+ Va = 15. 


et1b6+2V22+ 152+ 2 = 225. 
2Vx2 + 152 = 210 —2z. 


Square, 
Transpose, 
Divide by 2, 
Square, 


w+ 15% = 105 — a. 


x? + 15% = 11025 — 210” + 2%. 


225% = 110285. 


© = 49. 
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Exercise 106. 


Solve: 

1. 2Vz +5 = V28. 8. V8a+7=3. 

2. 3V42—8=Vi32—3. 9. 14+-V4e—40=10. 
8. Ve+9=5Vze—3. 10. Vi0y—4=Viy+il. 
4, 4=2Vz—3. 11. 2Va — 2 = V32 (a — 28. 
6. 5—V38y=4. 12, Vif +2=3+ Vz. 

6. 7+ 2V3a=5. 13, V32+2=16—Vsz. 
1. Vle-3=—3. 14. V2 — Vx —5= V5. 
15. Vx+20—V2—1—3=0. 

16. Vz-+15—7=7 — Va — 13. 

17. 2 =7 — V2? —7. 
18. V2—T=Vxet+1—-2. 
19. ee PA Se 
20. 5 2=NG-2\o-% 22. @- Hah 


23. a+ Va+Va— Va = Vz. 
24. Vax —-1=4+4+4Vax — 4. 
25. 3Va —3Va= Va —Vat2Va. 


5 
‘ Dé — Pp en) 
26. V9+2ae—V2a Seo 


CHAPTER XVIU. 
IMAGINARY EXPRESSIONS. 


278. An imaginary expression is any expression which 
involves the indicated even root of a negative number. 

It will be shown hereafter that any indicated even root 
of a negative number may be made to assume a form which 
involves only an indicated square root of a negative num- 
ber. In considering imaginary expressions we accordingly 
need consider only expressions which involve the indicated 
square roots of negative numbers. 

Imaginary expressions are also called imaginary numbers 
and complex numbers. In distinction from imaginary num- 
bers all other numbers are called real numbers. 


279. Imaginary Square Roots. Ifa and & are both posi- 
tive, we have 


Vab = Va x Vo. 

If one of the two numbers a and 6 is positive and the 
other negative, it is assumed that the law still holds true; 
we have, accordingly : 

V—4=V4(—1) = V4 x V-1=2Vv-1; 
V5 = V5 (—-1) =V5 x V—1=5'v-1; 
Vaa =a = vase ee 
and so on. 
It appears, then, that every imaginary square root can 


be made to assume the form aV —1, where a is a real 
number. 
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280. The symbol V— 1 is called the imaginary unit, and 
may be defined as an expression the square of which is — 1. 
Hence, V—1x V—1=(V—-1)?= als 
V—ax V—b=Vax V—-1x Vi x V—-1 
= Va x Vb x (V1)? 
= Vab x (—1) 
See OF 


281. It will be useful to form the successive powers of 
the imaginary unit. 


(vV—1)? . a BD Rent: tee 
(V—1)§=(V—D? V-1 = (— 1) V-1=— V-1; 
yyy ly ee = celal, 
(V—1)§=(V—-1 V-1 = (4: 2) V—-1=4+ V-1; 
and soon. If, therefore, 7 is zero or a positive integer, 

C0 eT; 

(V— 1)? = ae 

(v= 8 = = eds 

(V—1it4= 41. 


282. Every imaginary expression may be made to assume 
the form a + bV—1, where a and é are real numbers, and 
may be integers, fractions, or surds. 

If 6 = 0, the expression consists of only the real part a, 
and is therefore real. 

If a =0, the expression consists of only the imaginary 


part bV— 1, and is called a pure imaginary. 


‘ 
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283. The forma + 4-V— 1 is the typical form of imaginary 
expressions. 

Reduce to the typical form 6 + V—§. 

This may be written 6 +78 x V1, or 64-2V23 xV=1; 
here a= 6, and d= 2/2, 


284. Two expressions of the form a+ W100" 4, 
are called conjugate imaginaries. 

To find the sum and product of two conjugate imagi- 
naries : 


at+bév—-1 
a—bvVvV—-1 


The sum is 2a 


a+b wv-1 
a—b V—-1 


a*+abV—1 
—abVvV—1+4+86? 
The product is a a7 


From the above it appears that the swm and product of 
two conjugate imaginaries are both real. 


285. THrorEM 1. An imaginary expression cannot be 
equal to a real number. 


For, if possible, let 


a+boV—1=e. 
Transpose a, bV-1=c—a. 
Square, — 0? = (e—a)?. 


Since 4? and (ce — a)? are both positive, we have a nega- 
tive number equal to a positive number, which is impossible. 
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286. Turorem 2. If two imaginary expressions are 
equal, the real parts are equal and the imaginary parts are 


equal, 
For, let at+bV—1=c+dv-1. 
Then, (b —d)V—1=c—a; 
Square, — (6 — d)*=(¢ — a)’, 


which is impossible unless 6 = d and a =c. 


287. THEroreM 3. [fx and y are real anda«+yV—1=0, 


thenx=0 and y=0. 


For, U Nad 
Square, = = 7 
Transpose — y?, xia? == 0; 


which is true only when x = 0 and y= 0. 


Operations with Imaginaries. 
1. Add 5+ 7V—1 and 8 — 9V—1. 
The sum is 56+8+7V—1—9v—1, 
or 12 — 1. 
2. Multiply 3+ 2V—1by 5—4v—1. 
(8 +2V—1) (6—4V—1) 
=15—-12V—1+10V—1-—8(—-1) 
=23'— 2 Vv — 1. 
3. Divide 14 + 5V—1 by 2—3vV—1. 
14 6V— 1 (4 OV — 1) 2 + 3V 1) 
2—3Vv—1 (2—3V—1)(2+8V—1) 
alate D2 Vem 
~ 4—(—9) 
_ 1384+ 52V—1 
a 13 
=v — 1. 
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Exercise 107. 


Reduce to the form )V—1: 


Bo Oe ee ee 
| 
BH 
. a : 
Sahih a aS 


25. 
26. 
47, 
28. 
29. 
30. 
31. 
32. 
Multiply : 


9. V— 625. 17. V—2%, 
10. V— 36. 16a =. 
11; V— 4. 19. V— a4b—4. 
12, V—729. 20. V—9at. 


13, V—289. 21. V-@a—3y)% 


14. V—1024. 22. V=@—2y)*. 
15. V2’. 23. V— (a? + y?). 
16> Vv =2% 240 Vf — ¥*). 


V— 25 + V— 49 — V—121. 
V— 644+ V—1 — -V—36. 
Vat + V— 408+ V—16 a4. 
V— a+ V— 81 a? — V— at. 
a—bV-1+at+bv-1. 
2+38V—1—24+3V-1. 
aé+bV—-1 eS ave 
38aV—1—(2a—0)V-1. 


33. V—3 by V—5. 36. V—a? by V—a. 


—V—5 by V—5 


87... V— a by V— 2 


35. V—16 by V—9. 38. V—8 by V—16. 
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39.-V— 25 by V— 64. 41. 3V—8 by 2V—2. 
40, V—(a+b) by V—(a—D). 42. —5V—2 by 2V—5. 
43, V—-2+V—3 by V—4—V—5. 


1+V—3 1—V-3 
Rela kee 


45. aV—a+bV—6 by aV—a—bvV—2b. 
46, 2V—243V—3 by 3V—4—2V—5. 
47. V3 +2V—8 by V8 —2V-—3. 

48. m—3V—5b by n+4V—c. 


Perform the divisions indicated: 


a x af 
49. . 5D. . A aaa 
’ e/a V—2 38-—-VvV—2 
Fig aa Repeat 62. DEED 
— Bb? — x? 1—v-1 
Cc V— x? ataVv—1 
Th Seca BT. . Uy NE a 
V—4 —V—2 a—«2wVv—1 
pita Nema peed ai vb +V—6. 
Tax) —B1. NES 0 ay ad 
a7 J — 1028 Dp eet =| 
be pe 59. ————— 66. ——— 
V—b V—5a 24—3bV/—1 
= ee = EY ee 
ee EE slg IY ig Sr 
No 2Va 4a—4bV—-1 


CHAPTER XIX. 
QUADRATIC EQUATIONS. 


288. We have already considered equations of the first 
degree in one or more unknowns. We pass now to the 
treatment of equations containing one or more unknowns 
to a degree not exceeding the second. An equation which 
contains the square of the unknown, but no higher power, 
is called a quadratic equation. 


289. A quadratic equation which involves but one un- 
known number can contain only : 


1. Terms involving the square of the unknown number. 

2. Terms involving the first power of the unknown 
number. 

3. Terms which do not involve the unknown number. 

Collecting similar terms, every quadratic equation can be 
made to assume the form 

ax? + ba+c=0, 

where a, 6, and ¢ are known numbers, and 2 the unknown 
number. 

If a, 6, ¢ are numbers expressed by figures, the equation 


is a numerical quadratic. If a, b, c are numbers represented 
wholly or in part by letters, the equation is a literal quadratic. 


In the equation ax? + ba +e =0, a, b, and ¢ are called 
the coefficients of the equation. The third term c is called 
the constant term. 
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290. If the first power of x is wanting, the equation is a 
pure quadratic; in this case 6 = 0. 

If the first power of x is present, the equation is an 
affected or complete quadratic, 


Pure Quadratic Equations. 


1. Solve the equation 5a? — 48 = 24%, 


Collect the terms, 3x? = 48. 
Divide by 3, a2= 16. 
Extract the square root, z=+4. 


It will be observed that there are éwo roots, and that these are 
numerically equal, but of opposite signs. There can be only two 
roots, since any number has only two square roots. 

It may seem as though we ought to write the sign + before the 
as wellas before the 4. If we do this, we have +2 =+4, —x = —4, 
+e=—4,-—2=+4+4. 

From the first and second equations, x =4; from the third and 
fourth, « = — 4; these values of x are both given by the equation 
xz=—+4. Hence it is unnecessary to write the -£ sign on both sides of 
the reduced equation. 


2. Solve the equation 32?—15=0. 


Transpose, 322 = 165. 
Divide by 3, a2 = 5. 
Extract the square root, a=+v5. 


The roots cannot be found exactly, since the square root of 5 can- 
not be found exactly ; it can, however, be determined approximately 
to any required degree of accuracy ; for example, the roots lie between 
2.23606 and 2.23607 ; and between — 2.23606 and — 2.23607. 


8. Solve the equation 327+15= 0. 


Transpose, 8a2 = — 15. 
Divide by 3, x= — 5. 
Extract the square root, Lime — 6, 
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There is no square root of a negative number, since the square of 
any number, positive or negative, is necessarily positive. 

The square root of — 5 differs from the square root of + 5 in that 
the latter can be found as accurately as we please, while the former 
cannot be found at all. 


291. A root that can be found exactly is called an exact 
or rational root. Such roots are either whole numbers or 
fractions. . 

A root that is indicated but can be found only approxi- 
mately is called a surd. Such roots involve the roots of 
imperfect powers. 

Rational and surd roots are together called real roots. 

A root that is indicated but cannot be found, either 
exactly or approximately, is called an imaginary root. Such 
roots involve the even roots of negative numbers. 


EXERCISE 108. 


Solve: 
1. 3a?—2=27+ 6. 8—2? a? +5 
a et 
2. 5a7+10=627+4+1. 
2_ 50 = 447+ 25. 2 7 — o? 
3. Tx? — 50 =4a7?+ 25 ie 52243 Ii oa 
1 11 8 4 
4. 6¢7—-=477+—: 
6 9 3 Lhe be 
2 11. CTE hee 
5 x = 10. 4a 62 SS 
5 3 4 
Eco: ae 1g ED] SAD ae ets 
6 To Tt 32 52 15 
allot’ VO ig ie | Ee ara eet Ae 
Caray wes leey er oe gle ais 
Ll as 2 ~ loa 
4 2x2—4 A 14 15 “ f ea 


ia 
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15. 327+112=1024+8+2?+2. 

16. (@+ 4) (@+5)=8(e@+1)@4+2)—-4 

17. 3(@— 2) (@+3)=(@4+1) (@+2)+27+5. 

18. (22+1) 62—2)+(1—2) (8+ 42) =327— 165. 
w?+9 227—5 327+ 10 


So i Cie a es 
8a7—5 Q2a?+4 2?-—3 
Oe ay ee ag a aa 
SH 100° + T 12a? 4 hn Ba 9 
. 18 1ia2?= 8° 9 
ax—-1 ae+i1 5 a, «a 9at—2? 
oc ae deo He Pia ax 
23. ax? +b=c. Lee ea Os 
ee ri a ee 2 
24. aw? +b=b2?+ a. 5 ‘ 
Pp ea hihi easly alg 


25. 2?+26a+e=—b(2x4 +1). MeN 
29 2§(@+a) (e@+6)+@—a) («@—dj=a?+4h% 
30. 2{@—a)(@+b)+(@+a) (@ —b)} =9a?+2ab+0%. 


Affected Quadratic Equations. 


292. Since (2 + b)? =a? + 2bx + 6%, it is evident that 
the expression x? + 26a lacks only the third term, 6, of 
being a perfect square. 

This third term is the square of half the coefficient of 2. 

Every affected quadratic may be made to assume the 
form x? + 2ba =c, by dividing the equation through by the 
coefficient of x”. 
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293. To solve such an equation: 


The first step is to add to both members the square of 
half the coefficient of x. This is called completing the square. 

The second step is to extract the square root of each mem- 
ber of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 


1. Solve the equation x? —8 a = 20. 
Complete the square, x2? —8z + 16 =36. 


Extract the square root, e—-4=+6. 
Reduce, z=4+6=10, 
or x2=4—-6=-—2., 


The roots are 10 and — 2. 


Verify by putting these numbers for x in the given equation, 


xz = 10, z= —2, 
102 — 8 (10) = 20, (— 2)2 — 8 (— 2) = 20, 
100 — 80 = 20. 4+16=20. 


2. Solve the equation tte pets Be 


—1° «+9 
Free from fractions, (« + 1) (@@ + 9) = (« —1) (4a — 8). 
Simplify, —32°-+1i2=—6. 
Divide by — 3, v2 —lig = 2, 
Half the coefficient of x is of — 4,2 = — 17, and the square of — 47 
is 282. Add the square of — 47 to both sides, and we have 
ye 17\2 289 _ 361 
2— ———= piel = = 
aie +(q) 36-86 
17 19 
Extract. the root, . Ee re 
Transpose — 42, c= Lu = = 
1 
=6 — 
«= 6, or—3 


UNF 


19. 


20. 


QUADRATIC EQUATIONS. 267 
EXeERcIsE 109. 
Solve: 
1. + Ze = 8 7. 22? + 07 = 15. 
2. 2 — ba = T. 8. 527+ 3a = 2. 
3S 2? Ae =12. 9. x*?+2a = 40. 
4. 2? pada 5. 10. $07—4a = 4, 
5. 2?#+52=14. 12. 627+ 7 = 1. 
6. 2? — 32 = 28. 12.) 02 a 2. 
13. 1227 —11z +2=0. 
14. 1527—22%—1=0. 
48 C+VET) _ GAO GW) 23 
1, C292 _@+NO-D_, 
3a2+5 2a@—5 _o A Gite de WA me 
a+4 a—2 a—1 22 rs) 
eae ieee a ee 
eee a eee yeas ia 
x Gate a he, ati ,#+2_ 13 
et 1 2 2 6 inte Zo. ped G 
§27—4ae=—1 26. Tx?—8ae=—-1. 


21. 


268 QUADRATIC EQUATIONS. 


294. If the coefficient of x? is 4, 9, 16, or any other 
perfect square, we may complete the square by adding to 
each side the square of the quotient obtained from dividing 
the second term by twice the square root of the first term. 


Solve 4a? — 23a = — 30. 
The square root of 4a? is 2x”, and 23a divided by twice 22 is = 


Add the square of = to both sides. 


23\2 529 49 
ves Be = Se ag en 
Then, 4a ae +({ 1g ~ 9 = 45 
Extract the root, tee ge 
4 4 
2347 _ 30 16 
Transpose, 20 = aS = or re 
*. @= 32, or 2. 


If the coefficient of x? is not a perfect square, we may 
multiply the equation by a number that will make the 
coefficient of «? a perfect square. 


Solve —382?+ 52 =— 2. 


Since the even root of a negative number is impossible, it is neces- 
sary to change the sign of each term. The resulting equation is 


$a2—5a= 2. 
Multiply by 3, 9a27— 15a =—6. 
Complete the square, 9a22?—15a+ 2 os mn 
5 if 
Extract the square root, 8e— 5 =+ S 
Reduce, 8c= Et. 


32% = 6, or — 1, 


1 
“% = > — 
@=2,0r—35 
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EXERCISE 110. 
Solve: 
1, 327-22 =8. 
Se aah a 14. 3224-==95 
2. 52*— 6a = 27. 
a = oe a 
3. 2a? +3a=5. eae gape Ne 
a ee a? 
4. we Ra i 16. F— ZH 2(e—2) 
Boa sw Go 6: 
2 x? 
6. 52?— Ta = 24. ate earn ee 
32 1 
2 = pence Choe a 
7 $827°-+32 —26. 18. A 22 16 
8 T2?+52=1050. 
x + x 19. att gan te 
9. 627 +52=14. 
9 ings 
10. Ta? -—2a=8. CUS iO = 
11. 8a2+72=651. Billet pal 
Ae eee 5 SA (3) 
12. 727 — ape 1S: r Qe Biel 
13. 112?—102= 24. “ES: aes 
23. («© + 2) (2a +1) +(e —1) (8x4 2) = 57. 
24. 3a(2%+5) —(«@+3) Ba—1)=1. 
oe Cot Der) ,20eF% <5, 
26. 2 (5x? — 8a —6)—4(2?—3)=22+1. 
2 5 ) 33 2 
alg ari qilearnee Rf x—-1 «-—-2 «x-4 
5 5 Bre &: le Sa Poa ese 
Cae ES ee ee a ee 1 eo oe 2 
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Another Method of Completing the Square. 


295. If a complete quadratic is multiplied by four times 
the coefficient of x?, fractions will be avoided. 


Solve 32? — 5a = 2. 


Multiply by 12, 36 2? — 60a = 24, 
Complete the square, 36 x2 — 60a + 25 = 49. 
Extract the square root, 62—b6=47. 
Reduce, C—O aan. 


6z = 12, or —2. 
*.@ = 2,0r— 2 


The number added to complete the square by this last method is 
the square of the coefficient of « in the original equation 32% — 5” = 2, 


296. If the coefficient of a is an even number, we may 
multiply by the coefficient of x*, and add to each member 
the square of half the coefficient of x in the given equation. 


Solve 322+ 4a = 20. 


Multiply by the coefficient of «? and add to each side the square of 
half the coefficient of x, 


9e2+( )+4=64. 


Extract the square root, 382+2=+8. 

Reduce, 3%2=—2+8. 
32% =6, or — 10. 
“.%=2, or — 3h, 


Nore. If a trinomial is a perfect square, its root is found by taking 
the square root of the first and third terms and connecting these roots 
by the sign of the middle term. It is not necessary, therefore, in com- 
pleting the square, to write the middle term, but its place may be 
indicated by a parenthesis, as in this example. 


Verify by putting the values of « in the given equation. 
3 (2)? + 4 (2) = 20. 3 (— 34)? + 4 (— 34) = 20. 
12+ 8 = 20. 334 — 13 = 20. 


Solve 
Zan xti 2xe-1 
ap ae me 
Past fin reared EG 
se le % Sock Sins} ele 
ee ee Dye A) 
32 4 1S, 2 3 2 
fies 6. S. ax ee eee 
: 32 be. 327 a 23 ’ 
“8@41) 8 2-1 4@—1 
a 9(7 — 
“ 11 SE ene 4x) _4 
1—2z 1—2¢2 
Sli eh ae gs ew 
a Boe 06 Fe) 
26+1 82-2 
oye ae aa Ba 
ene eat ee Teen oT = 82, 
1 3@2—-1) 2@+) 4-3e 
22—1 3 x —2 
12. 3 5 ox pat ate he 
Zao eee re 1 
LAD part) = ha eee le 
Pt ae eet 80 1 
it baa te 0-2 
. 
“f, Qn+1, 4e4+1 £46 +1, 
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EXERCISE 111. 


ee Sta 49 =a" 
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Solution by Resolving into Factors. 


297. A quadratic which has been reduced to its simplest 
form, and has all its terms written on one side, may often 
have that side resolved by inspection into factors, and the 
roots found by putting each factor equal to zero. 


1. Solve a2? +72 —60=0. 


Since x2 + 7x2 — 60 = (x + 12) (x — 5), (§ 130) 
the equation x? -+- 7x —60=0 
may be written ( + 12) (@@ — 5) =0. 
If either of the factors z + 12 or x — 5 is 0, the product of the two 
factors is 0, and the equation is satisfied. 
Hence, x+12=0, or 7—5=0. 
© =—12,0r 2=5. 


2. Solve a? — 2? —62=0. 


The equation ve—2—62=0 
may be written x(x? — a — 6) = 0, 
or x(% — 8) («@ + 2) =0, (§ 180) 
and is satisfied if 2=0, 3, or — 2. 


Hence, the equation has three roots, 0, 3, — 2. 


3. Solve «2 — 2a?—11¢2+12=0. 


By the Factor Theorem (§ 135), we find that 1 put in place of z 
satisfies the equation, and is therefore a root of the equation. 


Divide by « — 1, and resolve the quotient into its factors. 
We have (@ —1) @ —4) (@ +38) =0. 


Hence, the roots of the equation are 1, 4, — 3. 
4, Solve 27+ 3a2—10=0. 
9 
If we add ry the square of half the coefficient of x, to the first two 


terms, we have a perfect trinomial square. Add and subtract °, 


; 
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9..9 
a@+3e+7—7—10=0, 


A 3\?2 
that is, («+5) SS 
We now have the difference of two squares, and the factors are 
tual ve oy oes 
(2+5+5) (ato 5). (§ 126) 
that is, i+ 5) — 2)= 
-. & = — 5, or 2. 


5. Solve 3a? -—2a2—-2=0. 


2 2 
ivi 2@—i,—4— 
Divide by 3, —st—s 0. 
Add and subtract the ae of se oe pra of z, 


that is, 17 pee 
3 9 
7 =4/) Zh 
The square root of 9~ No Xx7= rade 
Hence, C3494) gree 
i 41 
Therefore, a=} = evs, or = s+ gyi 


6. Solve 2? —x2+1=0. 
pe ys | 
Og ew an 


In order to make this the difference of two squares, write it 


(1-4 


The square root of — 4 Bf xis xX(— 8)=3 
1 
Hence, (e-3+3V—5 3) ( ~1_ly=8) =o. 


1 1 4 
Therefore, iy : — =V—8, or ; Ay ate 
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Exercise 112. 


Resolve into factors, and find the values of a: 


1. 2?—5xe+4=0. 5. 2 +2?7—62=0 
26x! Ke peo 2 arene 
3. 22° —2—3 = 0. 7. O+8=0,. 
4. 102? +a2—3=0. 8. «*—16'= 0. 


9. (« — 1) @— 3)'@’ $5246) = 
10. (2a —1) @ — 2) (8a? —5a —2)=0. 
1. @+2—2) Ga Poa 5)— ©. 
12. ah a 4 oe, 
13. 32° + 2a? — (82+ 2)= 0, 
14. a? 27 <= 13 (a — Sen, 
15. 2 +84+3(@?—4)=0. 17. 2a°—2a*— @*—1)=0. 
16. x(a? —-1)—6(@ —1)=0. 18. 2 —3e2—2=0, 
19. 227+ 23° (Ge Oa 6) Se, 
298. Any quadratic trinomial of the form aa?+ ba +c can 


be resolved into two factors by writing it as the difference 
of two squares. Thus, 


8e°+72—6=3 (9 +42 —2) 
=3[(@+%)?—122 
=3@+E+W@+E—W 
=3(@+38)(@—2) 
= (x + 3) (3a —2). 
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Exercise 118. 


Resolve into factors : 


1. 822?— 2624 21. 5. 5a?—152+11. 
2. 627—a2—T. 6. 3a7+ 5a — 2. 
3. 22°+724+ 6. 7. 3223—a2—1. 
4. 527+ 262+ 24. 8. x —38a—5. 


Literal Equations. 


1. Solve the equation adx — acu? = bex — bd. 


Transpose ber and change the signs, 

acaz? + bex — adx = bd. 
Express the left member in two terms, 

acx? + (bc — ad) x = bd. 
Multiply by 4 times the coefficient of ee, 

4 arc2a? + 4 ac (be — ad) x = 4 abcd. 
Complete the square, 
4 arctx? + ( ) + (bc — ad)? = bc? + 2 abcd + atd?. 

Extract the root, 2acx + (bc — ad) = + (be + ad). 


Reduce, 2 acw = — (be — ad) + (be + ad) 
=2 ad, or — 2.bc. 
d db 
“= 0r—-- 
c a 
2. Solve the equation px? — px + ga? + qa = fy. 
BG 
2 — _ =o 
Ee Ronee) 4 


4(p + q)?a? — 4 (p? — q?)a = 4g. 
4(p + qyre—( )\a (py = p+ 2 pg + 
2(p + 9)%—(p—q) = +(p +9). 
2(p+g)x=(p—g)+(p+Q). 


Nore. The left-hand member of the equation when simplified 
must be expressed in two terms, simple or compound, one term con- 
taining x? and the other term containing «. 
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16. 


Bie 


18. 


19. 


20. 


21. 


Oat 2 a ee 
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Exercise 114. 


Solve: 
v’+2ax=3a7. 
—4Aaxr = 12a. 
n* + 8 bx = 9 67. 
x? + 3 be = 106% 
a? + 5ax=14a% 
oa + Ace = 4e. 
Sax —227=2a* 


62?—ax—a?=0. 


15. 3 


2e7-a+a=2a. 


6 ab 
b—a 


xta 


bua 
=" mare 


2 2 
xv*+ax+a e 


10. 


2a*x?+axr—1=0. 
12 b’x? — 5ba = 38. 

26 
ee 
adele 


=1la(@ — 3a). 


Js ele 


a? — a? 


22. 


26. 


27. 


atb+ea 


= an. 
; 


x* + (a —b)x = ab. 
2at+a 
2a—2 
2x2—3a 
a+t4da 
a+26 
3b—2 
a—b+zea 


a—2e 
a+2a 
3a+2a 
io ee 
at+d 
a+2a 
até 
+ 


ne 
cae 


a 
‘ 


9 


tees teal 


a = 2. 


- 


até 
1 1 eal 
ato+a a ear 


» 9e°—38(@+ 2b6)e2+2ab=0. 
- Zat)e+3a%e+a—a’=0. 
». de) — 20+ a+ — 0. 


31. (@ + d)?2? — (a? — Bb) x = ab. 


. @+d)27—(2a+d)x+a=0, 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


47. 
48. 
49. 
50. 


51. 


52. 


53. 


54, 


55. 


56. 
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1 AL 1 1 

Saas 
he Gid CL ea goo 

a—-x atx a?—2z? 


ax* + 2 ab (a? + 5?) ies 
a? +? me 
(Qe)? _ 


NUL Tig 4 


(@=1)**+28a-1a_, 


4a—1 
a b: sZe : 
x—-a x—b x—c 
aes Be 
cx = ax? + ba ey 


40. 
x 


SOE ae 
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x+3 


os 2—3 


—3 oe ea 


8 2 
(Re, "Ft 
aie Tete ae 
nn 


~ (a2 —b) (bx = a) ='63. 


az+b ma+tn 


“beta natm 


m m 
mtx 


= Cc 


Mm — x 


(a? = b?) (a? + 1) a: 


a? + b? 


x2? —Amnx iy ped, 


8a?—12ab 902-40? (2a+3b)(@—3b)_ 


§ (a? + a? + ab) = 34 (20a+ 4d). 

x? — 2m2z=(n—p+m)(n—p—m). 

a —(m+nye=k(ptgtmt+n)(pt+ga—m—n). 
mnz? — (m + n) (mn + 1)x + (m+n)? =0. 


a? LAME ct 
38m—2a 4a—-6m 2 
a+b 25 ab 
Gas me 5( b) + Bit 
2b—-x2—2a 4b—Ta wx—4a 
ba ax—bxe ab—b? 
a—2b-—a2 5b6—-2 pte 19,0 2 
e— 40? ax + 2 bx 2 bx — ax j 
Lid I SC BDO It A 26 
5ba—3b—«2 w+ 26 
x+36 36 a+3b 


0. 
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Solution by a Formula. 


299. Every affected quadratic can be reduced to the form 
an? + ba +e = 0. 
Solve ax + bx +ce=0. 


Transpose c, ax? + be = —c: 
| ) Multiply the equation by 4a and add the square of }, 
‘i 4a%e2+% ) +b? = b? —4ac. 


) Extract the root, 2ax+b=+Vb?—4ac. 
hag —biveP—4ac 
i | ys ——, & = SS 
* > 2a 
By this formula, the values of x in an equation of the 


form az”? + bx + ¢ = 0 may be written at once. 


Solve 3¢?— §2+2=0. 
Here a= By, 5 = 5, c= 2. 
Putting these values for the letters in the above formula, we have 


pO V2B— M8 —V95— 24 
x 6 6 


EXERcISsE 115. 


Solve by the above formula: 


1) 2434 3@/= 14. 7. 5a°—Ta=—2. 
2. "82% — Ba = 12, 8. 427— 9a = 28. 

3, 2 = fae = 18: 9) ba" + Ta Ie: 

4, 5a*—a@ = 42. <0. Met 9e=— > 
5. 62°7—Tx=10. ll. 723+ 5a = 388. 

6. 3$27—11le = — 6. 12. bat— Ta = 6. 
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Equations Involving Two or More Radicals. 


300. Solve Vz +4+V2e+6=Via+14. 
Square, 7 +4+2V(e+4)(27+6)+227+6=72+ 14. 


Simplify, V(@% + 4) (2% + 6) =224+2. 
Square, '-(@ + 4) (22% + 6) = (2a + 2)2, 
Solve, x = 5, or — 2. 


Of these two values, only 5 will satisfy the original equation. 
Squaring both members of the original equation is equivalent to 


transposing V7ax + 14 to the left member, and then multiplying by 
the rationalizing factor Ve + 4+ V2~%+6+V72+14, so that 


(V2 +44+V2¢4+6—Vic +14)(V2+44+V20+6+V724+14)=0, 


and this reduces to V (a + 4)(2% + 6) —(22 + 2) =0. 


Transposing-and squaring again is equivalent to multiplying by ~ 
(Ve +4—V204+64+Viaet 14)(Ve +4—V20+6— Vict 14). 


Reducing, tot —10i—' 0; 


y 


Therefore, the equation 2? — 32 — 10 = 0 is really obtained from 


(Ve+4 + V2e46 — Via +14) 
x (Ve F4 + V2a46 + Vie +14) 
x (Ve +4 — V204+6 — Via +14) 
x(Va +4 —V2e4+64+ Vic t+ 14) =0. 


This last equation is satisfied by any value that will satisfy any one 
of the four factors of its left member. The first factor is satisfied by 
5, and the last factor by — 2, while no values can be found to satisfy 
the second or third factor. 

As 6 is the only value of x that will satisfy the original equation, 
all other values must be rejected. 


280 
Solve: 
if 
2 
oo 


16. 


is 
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Exercise 116. 
a 
Von +40 — 2Va FT =e. 
Va+a+Va—a2=Vo. 
30+Vic—@_, 


Ba—V4a—a ; 


Va —3—Va —14=V4a@ — 155. 
VN 2 +4 —Va =Va + 3. 


BVe—4 18+3Ve_, 
24+Va 40+V2 ; 


V14e+9+2Ve2+14+vV32e24+1=0. 
V5a2+1—2—Vx+1=0. 

Vz —24+V2+3—V4e4+1=0. 
Vi —a2+vV324+10+Ve+3=0. : 


» bVe8® +17 +-V2'+14+2V52'+41=0 
. 2ea—-V2e—-1l=24+2. 
. Vat2—Vae—-2—-—V22=0. 


a 


ft ae 

atVa®—1 2«—Vva?—1 ; 

Via+V30 +13 = >. 
V3a2+13 

a= Ve = bee 

3a —V22—8 


OF a ag =a+vz2?— 8, 
x—Va?— 


QUADRATIC EQUATIONS. 281 


Equations in the Quadratic Form. 


301. An equation is in the quadratic form if it contains 
but two powers of the unknown number, and the exponent 
of one power is exactly twice that of the other power. 


302. Equations in the quadratic form may be solved by 
the methods for solving quadratics. 


1. Solve 82° + 63 23 = 8. 


Multiply by 32 and complete the square, 
25628 + ( ) + 632 = 4225. 
Extract the square root, 1623 + 63 = + 65. 


Hence, = * or — 8. 


Extracting the cube root, two values of x aret}and —2. There 
are four other values of « which may be found by § 297. 


2. Solve Vz? — 3-Vx? = 40. 


Using fractional exponents we have, 


x? — 3a? = 40. 
Complete the square, 42?—122?+9= 169. 
Extract the root, 2c -3=+13. 
Transpose — 3, 22% = 16, or — 10. 
Divide by 2, zi = 8, or — 5. 
Extract the cube root, at = 2, or — 53, 
Raise to the fourth power, x = 16, or 5 Vb. 


3. Solve (2a — 3)?— (2a — 3)=6. 
Put y for 2x — 3, and therefore y? for (2% — 3). 


We have yr—y=6. 
Solving, y = 3, or — 2. 
Put 22 — 3 for y, 

22—3=3, 22—3=—2, 


Ghee x=}. 
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4. Solve 727— 52 +872! 6241 =— 8. 


By adding 1 to both sides, we have 
(l= 5 Pe OY ia) ie as 
Put y for V7 22 — 52+ 1, and hence 7? for 722 —52+4+ 1. 


» Then, ay — ds 
Solving, f — Ae OU — 
Therefore, y? = 1, or 49. 


We now have 722— 54+1=1, or 77?—52+1=49. 
Solving these equations, we find for the values of z, 


16 
0,25 or iam 


These values all satisfy the given equation when we take the nega- 
tive value of the square root of the expression 722 —5x2+1; they 
are in fact the four roots of the biquadratic obtained by clearing the 
given equation of radicals. 


5. Solve xt — 102° + 352?— 502+ 24=0. 
Take the square root of the left side. 
xt — 10 0 4-352" — 00 & - 24)a? = Gat 6 
hie 
2x? — 5a|— 1022+ 352? 
— 102° + 25 x? 
2a7—10a” + 5/102? — 502 4 24 
2 — 50a + 25 
— 1 
It is now seen that if 1 is added, the square will be complete and 


the equation will be 


a2*— 100° + 35a?— 50a24+ 25=1. 


Extract the square root, and the result is 


ei— 52 + b= + 


Solving, x = 4, 1, 3, or 2. 


r 


Solve: 
ai—52?+4=0. 6. 102”*— 21 = x 


at —1322+36=0. 7. Veit 3Va = 13. 
at — 2127 = 100. a PE ee 


ae 


12. 


13. 
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EXERCISE 117. 


42° — 32° = 27. 9. 5a + 3a" = 6F. 


Qat+5a%= 218. 10. (8a+38)?+(8a+3)=30. 


a ba IE 


2 (27-2 +1)—V2? -—2 +1=1. 


a — Jaki 8:= 0. 14, @@ +1)+vet+1=6. 


13° 


width lar 15. z*—132?= — 36. 


16. 
Ite 
18. 
19. 
20. 
21. 
22. 
23. 
24, 
25. 
26. 
27. 


28. 


2Qe°+4en4+943V2e7+4e4+9=40. 
2a? + 8a —5V2e°+324+9=—3. 
3a%+15a4 —2Va?+5e+1=2. 
a? —3a+3V22°—32+2=T. 
2a? —Va? —2a—3=424+9. 

3a? —42+vV32?—42 —6=18. 
302 —7+3V32"— 162 + 21 = 162. 
at —2a% —13 47 +142+4 24=0. 

at — 42% — 1007+ 282 —15=0. 
4oa* — 2028+ 2327+52—6=0. 
4a*—122' + 52?+62—15=0. 

4 ot —120°+172?—12%—12=0. 
6a?+ 6a +Va(e +1) =T. 
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Character of the Roots. 


The two roots of az? + dx +c=0 are 


b b? — 4ac b Vb? —4ae 
Tage deen hig ee ee 


303. The character of the two roots depends wholly upon 
6? — 4ac, the expression under the radical sign. 


1. If b?— 4 ac is positive and not zero, the roots are real 
and unequal. 

The roots are real, since the square root of the positive 
number, b* —4 ac, can be found exactly or approximately. 

The roots are unequal, since Vb? — 4ac is not zero. 

If 6? — 4ac is a perfect square, the roots are rational; if 
6? — 4ac is not a perfect square, the roots are surds. 


2. If b?— 4 ac is zero, the two roots are real and equal, 


since they both become — a Hence, 


The roots of ax? + ba + ¢= 0 are real, if 6? = or > 4 ac. 


3. If b?—4ac is negative, the roots are imaginary, since 
they involve the square root of a negative number. Hence, 


The roots of ax? + bx + c¢=0 are imaginary, if b?< 4 ac. 


The two imaginary roots of a quadratic cannot be equal, 
since 6? — 4aec is not zero. They have, however, the same 
real parts, and the same imaginary parts with opposite signs, 
and are, therefore, conjugate imaginaries, § 284. 

The expression 6? — 4 ae is called the discriminant of the 
expression ax? + bx + ¢. 
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304. The above cases may be summarized as follows: 


CasE 1. If t? —4ac> 0, the roots are real and unequal. 
Casr 2. If 6? —4ac = 0, the roots are real and equal. 
Case 3. If 6?—4ac< 0, the roots are imaginary. 


305. By finding the value of 6? — 4 ac we can determine 
at once the character of the roots of a given equation. 


1. 2?-—52+6=0. 
Here a=1,b=—5,c=6. 
b? — 4ac = 25 —24=1. 
The roots are real and unequal, and rational. 
2. 327+7x2—1=0. 
Here —— 3, Oi Oi, 
b?—4ac = 49+ 12 = 61. 
The roots are real and unequal, and are both surds. 
3. 4a0?—122+9=0. 
Here a=4,b=—12,c=9. 
b? —4ac = 144 —144=0. 
The roots are real and equal. 
4. 22?—32+4=0. 
Here a=2,b=—3,¢=4. 
b? —4ac=9 — 32 = — 28. 
The roots are both imaginary. 
5. Find the values of m for which 
2ma?+ (5m+ 2)a+ (4m+1) =0 
has its two roots equal . 
Here a=2m,b=5m+2,c=4m+1. 
If the roots are to be equal, we must have 


b2 —4ac = 0, or (6m + 2)? —8m(4m+1) =9. 


2 
Solving, m = 2, or — 7" 
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For these values of m the equation becomes 
42+ 12%+9=0, and 4a2—42+1=0, 
each of which has its roots equal. 


Exercise 118. 


Determine without solving the character of the roots of 
each of the following equations : 


il, 
2. 
3. 


4, 


is 


e+5ba2+6=0. 6. 
w+ 2e—-15=0. re 
v+2e2+3=0. 8. 
See a +2 = 0. 3. 
927+62+1=0. 10. 


627 —72—3=0. 
5a*—5a—3= 0. 
227°—a2 +5 = 0, 

627 +2 — TF =0. 


bat +8a+5>=0. 


Determine the values of m for which the two roots of 
each of the following equations are equal : 


(i -Pal) 2? -F (m= Dy ech n-F L —.0. 
(2m — 3)27+ mz +m—1=0. 


1k 
12. 
13. 
14, 


15. 


2me?+a?+4a4+2ma~+2m—4=0. 


2mx? + 3ma—6=32—2m— 2% 


mz2+9a—10=38ma— 22?+ 2m. 


Relations of Roots and Coefficients. 


306. If we divide the general equation ax? + ba +¢=0 


by a, we have the equation x? + Le + a2 0; this may be 
a a 


written x? + px +g =0, where p = “, g=-" 
a 


c 
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307. By solving x?.+ pax + g = 0, and denoting the first 
value of x by r;, and the second value by 72, we have 


Se CN reat § 
2 2 
ie Nie eg 
3 2 2 
Add, ry ~ rT, = mY 


Multiply, 11%, = q- 

It appears, then, that if any quadratic equation is made 
to assume the form x? + pa + ¢ = 0, the following relations 
hold between the coefficients and roots of the equation : 

1. The sum of the two roots is equal to the coefficient 
of x with its sign changed. 

2. The product of the two roots is equal to the constant 
term. 


308. If r, and r, are the roots of the equation «? + px 
+ q = 0, the equation may be written 


(x — 7) (@ — rz) = 0. 


309. Form the equation of which the roots are 3 and — 2. 


The equation is (x — 3) (@ + 2) =0, 
or x—27—6=0. 
; —\- ws 'L Exercise 119. 
ie a4 . 
/ Form the equation of which the roots are: 
1.9, 6. 5. 14, — 1}. 9 342,38 = ve: 
2. 5, — 3. 6. —13,—1%. 10. 1+V—1,1-v-1. 
3. 14,-—2. 7. 13, — 44. 11. a,a—b. 
3 2 
4. 4, 24. 8. Tl 12. a+6,a—08. 
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Problems Involving Quadratics. 


310. Problems that involve quadratic equations appar- 
ently have two solutions, since a quadratic equation has 
two roots. If both roots of the quadratic equation are 
positive integers, they will, generally, both be admissible 
solutions. 

Fractional and negative roots will in some problems give 
admissible solutions; in other problems they will not. 

No difficulty will be found in selecting the result which 
belongs to the particular problem we are solving. Some- 
times, by a change in the statement of the problem, we may 
form a new problem which corresponds to the result that 
was inapplicable to the original problem. 

Imaginary roots indicate that the problem is impossible. 

Here, as in simple equations, x stands for an unknown 
number. 


1. The sum of the squares of two consecutive numbers 
is 481. Find the numbers. 


Let x = one number, 
and x + 1 =the other. 
Then, 22 + (w + 1)? = 481, 
or 202 +2e-+-1= 481. 


The solution of which gives x = 15, or — 16. 

The positive root 15 gives for the numbers, 15 and 16. 

The negative root — 16 is inapplicable to the problem, as consecu- 
tive numbers are understood to be integers which follow one another 
jn the common scale, 1, 2, 3, 4 -*** 


2. A pedler bought a number of knives for $2.40. Had 
he bought 4 more for the same money, he would have paid 
3 cents less for each. How many knives did he buy, and 
what did he pay for each? 


Let x = number of knives he bought. 


Then, zn = number of cents he paid for each. 


\ 
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But if x + 4 = number of knives he bought, 
240 F 
Ciara number of cents he paid for each, 
240 240 _ ; ; : 
Tue acid the difference in price. 
But 3 = the difference in price. 
240 _ 240 _ 
‘fc Le es 
Solving, x = 16, or — 20. 


He bought 16 knives, therefore, and paid 24°, or 15 
cents for each. 
If the problem is changed so as to read: A pedler bought 
a number of knives for $2.40; if he had bought 4 less 
for the same money, he would have paid 3 cents more for 
each, the equation will be 
240 _ 240 
oa. x 
Solving, %=20, or — 16. 
This second problem is therefore the one which the nega- 
tive answer of the first problem suggests. 


3. What is the price of eggs per dozen when 2 more in 
a shilling’s worth lowers the price 1 penny per dozen ? 


Let x = number of eggs for a shilling. 
Then, - = cost of 1 egg in shillings, 
and “ = cost of 1 dozen in shillings. 
But if az + 2 = number of eggs for a shilling, 
1 = 4 Antes 
peng tex cost of 1 dozen in shillings. 
12 ieee al at ae aie 
a sae 1 (1 penny being +}, of a shilling). 


The solution of which gives z = 16, or — 18. 
And, if 16 eggs cost a shilling, 1 dozen will cost 9 pence. 


Therefore, the price of the eggs is 9 pence per dozen. 
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If the problem is changed so as to read: What is the 
price of eggs per dozen when two /ess in a shilling’s worth 
raises the price 1 penny per dozen? the equation will be 

1 ee 
ee 

The solution of which gives c = 18, or — 16. 


Hence, the number 18, which had a, negative sign and was inappli- 
cable in the original problem, is here the true result, 


Exercise 120. 


1. The sum of two squares of two consecutive integers is 
761. Find the numbers. 


2. The sum of the squares of two consecutive numbers ex- 


ceeds the product of the numbers by 13. Find the numbers., 


3. The square of the sum of two consecutive even num- 
bers exceeds the sum of their squares by 336. Find the 
numbers. 


4. Twice the product of two consecutive numbers ex- 
ceeds the sum of the numbers by 49. Find the numbers. 


i 


5. The sum of the squares of three consecutive numbers 
is 110. Find the numbers. 


6. The difference of the cubes of two consecutive odd 
numbers is 602. Find the numbers. 


7. The length of a rectangular field exceeds its breadth 
by 2 rods. If the length and breadth of the field were 
each increased by 4 rods, the area would be 80 square rods. 
Find the dimensions of the field. 


8. The area of a square may be doubled by increasing 
its length by 10 feet and its breadth by 3 feet. Find the 
length of its side, 


Oe 
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9. A rectangular grass plot 12 yards long and 9 yards 
wide has a path around it. The area of the path is 2 of 


the area of the plot. Find the width of the path. 


10. ‘The perimeter of a rectangular field is 60 rods. Its 
area is 200 square rods. Find its dimensions. 


11. The length of a rectangular plot is 10 rods more 
than twice its width, and the length of a diagonal of the 
plot is 25 rods. What are the dimensions of the plot? 


a2. The denominator of a certain fraction exceeds the 
numerator by 3. If both numerator and denominator are 
increased by 4, the fraction will be increased by }. Find 
the fraction. 

13. The numerator of a fraction exceeds twice the de- 
nominator by 1. If the numerator is decreased by 3, and 
the denominator increased by 3, the resulting fraction will 
be the reciprocal of the given fraction. Find the fraction. 


14. A farmer sold a number of sheep for $120. If he 


“had sold 5 less for the same money, he would have received 


$2 more a sheep. How much did he receive a sheep ? 
State the problem to which the negative solution applies. 


*15. A merchant sold a certain number of yards of silk 
for $40.50. If he had sold 9 yards more for the same 
money, he would have received 75 cents less per yard. 
How many yards did he sell? 


1s. A man bought a number of geese for $27. He sold 
all but two for $25, thus gaining 25 cents on each goose 


- sold. How many geese did he buy ? 


A man agrees to do a piece of work for $48. It 
takes him 4 days longer than he expected, and he finds 
that he has earned $1 less per day than he expected. In 
how many days did he expect to do the work ? 


| 
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18. Find the price of eggs per dozen when 10 more in 
one dollar’s worth lowers the price 4 cents a dozen. 


19. A man sold a horse for $171, and gained as many 
per cent on the sale as the horse cost dollars. How much 
did the horse cost ? 


“20. A drover bought a certain number of sheep for $160. 
He kept four, and sold the remainder for $10.60 per head, 
and made on his investment 3 as many per cent as he paid 
dollars for each sheep bought. How many sheep did he buy? 


2. Two pipes running together can fill a cistern in 58 
hours. The larger pipe will fill the cistern in 4 hours less 
time than the smaller. How long will it take each pipe 
running alone to fill the cistern ? 


22. A and B can do a piece of work together in 18 days, 
and it takes B 15 days longer to do it alone than it does A. 
In how many days can each do it alone ? 


23. A boat’s crew row 4 miles down a river and back 
again in 1 hour and 30 minutes. Their rate in still water 
is 2 miles an hour faster than twice the rate of the current. 
Find the rate of the crew and the rate of the current. 


\.24. A number is formed by two digits. The units’ digit 
is 2 more than the square of half the tens’ digit, and if 18 
is added to the number, the order of the digits will be 
reversed. Find the number. 


»25. A circular grass plot is surrounded by a path of a 
uniform width of 3 feet. The area of the path is % the area 
of the plot. Find the radius of the plot. 


6. If a carriage wheel 11 feet round took } of a second 
less to revolve, the rate of the carriage would be five miles 
more per hour. At what rate is the carriage traveling? 


.f 


CHAPTER XX. 
SIMULTANEOUS QUADRATICS. 


311. Quadratic equations involving two unknown num- 
bers require different methods for their solution, according 
to the form of the equations. 


Case 1. ~ 


312. When one of the equations is a simple equation. 


Solve 3.02342 ay =5 (1) 
t—y=2 | (2) 
Transpose & in (2), Y= x 2s ; 


In (1) put z — 2 for y, 
3a? — 22 (% —2)= 5. 


The solution of which gives e=1,ortz=—5. 
if x= 1, 
y—1— 2-1; 


and if %=—65, 
y=—5—-2=—-7%. 
We have, therefore, the pairs of values, 


x£=1 iz 
> 


Ee 
or ° 


ta 1 Ya 
The original equations are both satisfied by either pair of values. 
But the values z = 1, y = — 7, will not satisfy the equations; nor will 
the valuesx2 = —5,y=—1. 


The student must be careful to join to each value of x 
the corresponding value of y. 
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Case 2. 


313. When the left side of each of the two equations is homo- 
geneous and of the second degree. 


Solve 2y—Aary+32?= see (1) 
y? — a? = 16 (2) 
Let y = ve and substitute vz for y in both equations. 
From (1), 2 va? — 4002 + 327 = 17. 
RS ee es 
er Eee Ot 
From (2), vg? — x? = 16. 
16 
. 2 = ——_———-+ 
a aetcog 
17 16 


Equate th if a 
quate o'valnts of 5,0. 4G ae 


32 v? — 640 + 48 = 17 v2? — 17, 
15 v? — 64 = — 65, 
225 v2 — 960 v = — 975, 
225 v2 — ( ) + 322 = 49, 


169— 32 = +7. 
a one: 
7a 5 
If eso If ro 
3 5 
a _ 5a. wee Sloe 
Ma Salar Me aaa 
Substitute in (2), Substitute in (2), 

2 cA LOO ails, 

—— — 77— 16, 95 ee 
x2=9, eee) 
v= 3, mle 
rs 

y= = 45. =+-, 
3 
TSicaeeyeels 


, 
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Case 3. 


314. When the two equations are symmetrical with respect 
to xand y; that is, when xand y are similarly involved. 
Thus, the expressions 


22° + 32°y? + 2y', 2ay—3x—3y+1, wt— 32% — 32ry?+4+ y' 


are symmetrical expressions. In this case the general rule 
is to combine the equations in such a manner as to remove 
the highest powers of # and y. 


Solve x* + y* = 337 } (1) 
a ee). (2) 


To remove z‘ and 7, raise (2) to the fourth power, 


vt+4a%y + 6022+ 4ay2 +. yt= 2401 

Add (1), xt + y= 337 
—— — _—savmn 
Qat+4a3y + 6242 + 4ay3 + 2 yt = 2738 


Divide by 2, z#+2e%y+32%?+2ay3+ yt = 1869. 
Extract the square root, x + ey + 2? = + 37. (3) 


Subtract (8) from (2)?, xy = 12 or 86. 


We now have to solve the two pairs of equations, 


aty= as Lry= . 


zy = 12 xy = 86 
From the first, wed |. or & _ 
y=33 y=4 
7+V— 295 
From the second, co a en 
_ T= V—296 [- 


2 
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315. The preceding cases are general methods for the 
solution of equations that belong to the kinds referred to; 
often, however, in the solution of these and other kinds of 
simultaneous equations involving quadratics, a little inge- 
nuity will suggest some step by which the roots may be 
found more easily than by the general method. 


1. Solve x+y= 40 (1) 
ay = 300 (2) 
Square (1), a? + 2ay + y? = 1600. (8) 
Multiply (2) by 4, 4zy = 1200. (4) 
Subtract (4) from (3), 
. x? — 2ay + y? = 400. (5) 
Extract the square root, 2—y— = 20. (6) 
From (1) and (6), x=30). %=10), 
y= 10 7 OF y = 30 
1. ere 
2. eel ape, BS 
Solve ee 7 20 (1) 
LAL 41 
zt PF 400 @) 
1 2 2 eh. 
Square (1), 22 xy a5 y? ae 400 (8) 
2 40 
Subtract (2) from (3), oa = 500° (4) 


Subtract (4) from (2), 


eed. 1 
Extract the square root, al 7 Se ae (5) 
From (1) and (5), Ce ae 
» Or . 
y=65 =4 


6 3. Solve 


e—-y= 4 
a?-+ y7= 40 
Square (1), —2ey+y2 = 16 


Subtract (2) from (3 
Subtract (4) from 
x 


_ Extract the root, ety= +8. 
From (1) and (5), z= } Ft . 
y=2)’ ~~ y=-6 
ae * 
—— 
4. Solve wa 91 
e+y= 7 
Divide (1) by (2), 22— zy + y? = 18. 
Square (2), 2+ 2ey + y? = 49. 
Subtract (3) from (4), say = 36. 
Divide by — 3, — ry = — 12. 
Add (5) and (3), 22—2ay+y? =1 
Extract the root, fey) foi si de 
From (2) and (6), c=4). r=3), 
y= 3 as y= 4 rf 
5. Solve a+ y® = 18 xy 
x«+y =12 
os 3 xy 
Divide (1) by (2), 22—ay+y? = rahe 
Square (2), w+ Qary + y? = 144. 
3 
Subtract (4) from (3), —3ay = =y — 14, 
which gives sy = 32. 
We now have, eae 
ry = 32 
Solving, we find, SG eee 
’ y = 8 


(6) 


(1) 
(2) 


(3) 
(4) 
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EXeERcIsE 121. 


Solve: 
1 e«t+y=7 re Se Pee (8. x+ty=12 
xy =10 xy=-—8 z* + 77 = 80 
2 ex-fy=12 p4 «—y=10 6 xty=3 
xy = 27 ey =11 — g+y= 29 
72 =—y=9 17. 2 P= g 
-~ w2+y?=45 C= y= 1 
S$. rt2y = 7 18. 2?+3y+17=0 
"+ y=10 3a—y=3 
8. 32°—y =12 19. nap 
‘ x? — y?=16 Ser eet 
tee: | 
>10. y=3a41 al poet 
x* + xy = 33 
BE 
xl. bz nee Ce. eh 
es age 5 1 aps ee 
at yi 36] 
12, e+ Ty= 23 Y 
cy =6 21. 8a+2y=22y 
xy =6 
18. 24 —38y =2 
area TY 92) Bet ais 
e Y 
14, dN = = Dieta 
307 — 4ay = 32 ra 
15. a? — ay + = 21 23. 82+6y=4ay 
xe+ty=9 xy = 16 


16. 2— 3aey+2y7=0 2h. 2° + 4° = 35 
2a+3y=T ety= 6 


a 
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. 2&—y= 61 37. a? + ay + y? = 39 

Bs fed 207 + 3ay + y? = 63 
= ae Po" = 65 38. 27 + 3y? = 52 
zty= 5]° xy + 2y?= 40 

. vty + ay? = 120 39. Le 
z«t+ty=8 ay +y=14; 

— ar 40. w+ ay+2y?= 44 
2—y = 4 227 — 3ay+2y?=16 


. a* + y* = 126 } 41. x?+ 3y? = 31 
a? — gy 4- y* = 21 Any +y? = 33 


. &—y? = 56 } 42. 32°+ Tay = 82 } 
28 


a + ay + Y= a? + Bay +9? = 279 
yaa ey eas 43. at +y*=97 
th be eg ae 

2° y. 12 44, Est soa 
at yf 19 x+ty= 3 
it caer 45. x*+7*= 881 
i a eS a—-y= 1 
y « 18 

46. 2 +7° = 211 

x? + xy = 24 ea gee vl 
ay + y?=40 

os ae a ata 28} 
ay pep nee 


. a+ 2ay = 24 48. ae 
ee ee a+ty =ay—1 


, 42 + 5ay=14 49. ae Cee 
Tay t+9y? =50 xe—y=2 
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50. a + y® = 36 xy 61. Oe Aa 
ety =24 x —y =a 
51. 2° + 3a2y? = 62 ny 
Baty + = 63 ck cr as 
ao 
52. 2+ay+y= 61 5 oe 
xt + wy? + y* = 1281 


2 
53. a— ay +y@= 3) % ad 
at + ay? + yt = 21 


a ae eee LO 


54. gay ee 3 


| 64. se aaa 


ay = a* — }? 


a? + y? = 20 
‘ 65. Pn An 

55. TOY _2ty _ 24 a 
“ety wy 6b ay =1 

3x2+4y = 36 

* tae 66. Pee ye ad. 
56. 2P+ytaety = 32 a+b 

zy +16=0 } eos ab 

' oie 4a) 


57. x—y—3=0 


2 (a? — y*) = 3 ay 67. ike ee oy ee 


eS aes sy— y=2ab—- 23? 
58. pagans wd 
1 1 31 | oo pea 
a+ity+i 20] wy = 5) 


59. at + yt = 272 69. 2?—y? = 8ab 
e+y=3ay—4 xy = a*— 4)? 


60. 2+y?=a7y?+1 70. e& +7? =a? +3 
ety =2ay—1 x«+y=a-+d 
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EXeERcIsE 122. 


1. The area of a rectangle is 60 square feet, and its 
perimeter is 34 feet. Find the length and breadth of the 
rectangle. 


2. The area of a rectangle is 108 square feet. If the 
length and breadth of a rectangle are each increased by 
3 feet, the area will be 180 square feet. Find the length 
and breadth of the rectangle. 


3. If the length and breadth of a rectangular plot are 
each increased by 10 feet, the area will be increased by 400 
square feet. But if the length and breadth are each dimin- 
ished by 5 feet, the area will be 75 square feet. Find the 
length and breadth of the plot. 


4. The area of a rectangle is 168 square feet, and the 
length of its diagonal is 25 feet. Find the length and 
breadth of the rectangle. 


5. The diagonal of a rectangle is 25 inches. If the 
rectangle were 4 inches shorter and 8 inches wider, the 
diagonal would still be 25 inches. Find the area of 
the rectangle. 


6. A rectangular field, containing 180 square rods, is 
surrounded by a road 1 rod wide. The area of the road is 
58 square rods. Find the dimensions of the field. 


7. Two square gardens have a total surface of 2137 
square yards. A rectangular piece of land whose dimen- 
sions are respectively equal to the sides of the two squares 
will have 1093 square yards less than the two gardens 
united. What are the sides of the two squares? 


8. The sum of two numbers is 22, and the difference of 
their squares is 44. Find the numbers. 
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9. The difference of two numbers is 6, and their product 
exceeds their sum by 39. Find the numbers. 


10. The sum of two numbers is: equal to the difference 
of their squares, and the product of the numbers exceeds 
twice their sum by 2. Find the numbers. 


11. The sum of two numbers is 20, and the sum of their 
cubes is 2060. Find the numbers. 


12. The difference of two numbers is 5, and the differ- 
ence of their cubes exceeds the difference of their squares 
by 1290. Find the numbers. 


13. A number is formed of two digits. The sum of the 
squares of the digits is 58. If twelve times the units’ 
digit is subtracted from the number, the order of the digits 
will be reversed. Find the number. 


14. A number is formed of three digits, the third digit 
being twice the sum of the other two. The first digit plus 
the product of the other two digits is 25. If 180 is added 
to the number, the order of the first and second digits will 
be reversed. Find the number. 


15. There are two numbers formed of the same two 
digits in reverse order. The sum of the numbers is 33 
times the difference of the two digits, and the difference of 
the squares of the numbers is 4752. Find the numbers. 


16. The sum of the numerator and denominator of a cer- 
tain fraction is 5; and if the numerator and denominator 
are each increased by 3, the value of the fraction will be 


increased by 3}. Find the fraction. 


17. The fore wheel of a carriage turns in a mile 132 
times more than the hind wheel; but if the circumferences 
were each increased by 2 feet, it would turn only 88 times 
more, Jind the circumference of each. 


CHAPTER XXI. 
RATIO, PROPORTION, AND VARIATION. 


316. The relative magnitude of two numbers is called 
their ratio, when expressed by the fraction which the first 
is of the second. 


Thus, the ratio of 6 to 3 is indicated by the fraction §, which is 
sometimes written 6:3. 


317. The first term of a ratio is called the antecedent, 
and the second term the consequent. When the antecedent 
is egual to the consequent, the ratio is called a ratio of 
equality ; when the antecedent is greater than the conse- 
quent, the ratio is called a ratio of greater inequality ; when 
less, a ratio of less inequality. 


318. When the antecedent and consequent are inter- 
changed, the resulting ratio is called the inverse of the 
given ratio. 


Thus, the ratio 3:6 is the inverse of the ratio 6: 3. 


319. The ratio of two quantities that can be expressed 
in integers in terms of a common unit is equal to the ratio 
of the two numbers by which they are expressed. 

Thus, the ratio of $9 to $11 is equal to the ratio of 9:11; and the 
ratio of a line 22 inches long to a line 33 inches long, when both are 
expressed in terms of a unit +4, of an inch long, is equal to the ratio 
of 382 : 45. 


320. Two quantities different in kind can have no ratio, 
for then one cannot be a fraction of the other. 
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$21. Two quantities that can be expressed in integers 
in terms of a common unit are said to be commensurable. 
The common unit is called a common measure, and each 
quantity is called a multiple of this common measure. 

Thus, a common measure of 24 feet and 32 feet is 1 of a foot, which 
is contained 15 times in 24 feet, and 22 times in 32 feet. Hence, 24 


feet and 32 feet are multiples of } of a foot, 24 feet being obtained by 
taking } of a foot 15 times, and 32 feet by taking } of a foot 22 times. 


322. When two quantities are incommensurable, that is, 
have no common unit in terms of which doth quantities 
can be expressed in integers, it is impossible to find a frac- 
tion that will indicate the exact value of the ratio of the 
given quantities. It is possible, however, by taking the 
unit sufficiently small, to find a fraction that shall differ 
from the true value of the ratio by as little as we please. 

Thus, if a and 6 denote the diagonal and side of a square, 


Now V2 = 1.41421356-""- , a value greater than 1.414213, but less 
than 1.414214. 
If, then, a millionth part of b is taken as the unit, the value of the 


ratio ; lies between 1414213 and 1414214, and therefore differs from 


either of these fractions by less than zyph 9 9- 

By carrying the decimal further, a fraction may be found that will 
differ from the true value of the ratio by less than a billionth, tril- 
lionth, or any other assigned value whatever. 


323. Expressed generally, when @ and 6 are incommen- 
surable, and } is divided into any integral number (mn) of 
equal parts, if one of these parts is contained in @ more 
than m times, but less than m + 1 times, then 
m + * 


>? but <——— 


m+i1 


. 


that is, the value of : lies between m and 
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The error, therefore, in taking either of these values for 
m+1 


is less than the difference between = and ; that is, 


1 : : ; 
less than = But by increasing n indefinitely, can be 


made to decrease indefinitely, and to become less than any 
assigned value, however small, though it cannot be made 
absolutely equal to zero. 


324. The ratio between two incommensurable quantities 
is called an incommensurable ratio. 


325. THEoREM. Two incommensurable ratios are equal 
af, when the unit of measure is indefinitely diminished, their 
approximate values constantly remain equal. 


Let a:5 and a':6' be two incommensurable ratios whose 
true values lie between the approximate values ms and 


cae x when the unit of measure is indefinitely dimin- 


ished. Then they cannot differ by so much as . 


Now the difference (if any) between the fixed values a:b 
and a':b' is a fixed value. Let d denote this fixed value. 


1 
Then, UE Se 


But if d has any value, however small, *, which by 


hypothesis can be made less than any value, however small, 
can be made less than d. 


Therefore, d cannot have any value; that is, d = 0, and 
there is no difference between the ratios a@:6 and a!:0'; 
therefore, a:6 =a':b'. 
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326. A ratio will not be altered if both its terms are 
multiplied by the same positive number. 


For the ratio a:b is represented by ~ the ratio ma: mb is repre- 


ma ea, ea hes ee ee 
sented by ah and since he therefore, ma: mb= a:b. 


327. A ratio will be altered if its terms are multiplied 
by different positive numbers; and will be increased or 
diminished according as the multiplier of the antecedent is 
greater than or less than that of the consequent. 


For ma:nb>or<a:b 
: ma a/_ na 
according as a > Or << b (= re 
according as ma > or < na, 
according as Nt: OL <a i. 


328. A ratio of greater inequality will be diminished, 
and a ratio of less inequality increased, by adding the same 
positive number to both its terms. 


For a a0-t ge ON <a: Oy 
: are a 
according as ors SOF <4 ru 
according as ab + bx > or << ab+ az, 
according as baie Or —<1as, 
according as OSSOr <a. 


329. A ratio of greater inequality will be increased, and 
a ratio of less inequality diminished, by subtracting the same 
positive number from both its terms. 


For C00 — ON a Ue 
according as ae > One ey 
id b— a b 
according as ab — bx > or < ab— aa, 
according as ax > or < ba, 


according as CSOT a0) 
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330. Ratios are compounded by taking the product of the 
fractions that represent them. 

Thus, the ratio compounded of a:b and c: d is found by taking the 

= ae Sos 

product of b and “a 

The ratio compounded of a:b and a:b is the duplicate ratio a? : b?, 
and the ratio compounded of a:b, a:b, and a: is the triplicate ratio 
a8 ; 8, 


331. Ratios are compared by comparing the fractions that 
represent them. 


Thus, a:b>o0r<c:d 
according as ; or 
: ad be 

according as bd SS Or ba’ 
according as ad > or < be. 


EXERCISE 123. 

1. Write the ratio compounded of 3:5 and 8:7. Which 
of these ratios is increased, and which is diminished by the 
composition ? 

2. Compound the duplicate ratio of 4: 15 with the tripli- 
cate of 5: 2. 

3. Show that a duplicate ratio is greater or less than its 
simple ratio according as it is a ratio of greater or less 
inequality. ° 

4, Arrange in order of magnitude the ratios 3:4; 23:25; 
10s 11 5 ands Lb 1.6: 

5. Arrange in order of magnitude 

a+b:a—06 and a+ 0?:a?— 6%, if a>. 
Find the ratio compounded of : 
See ci ente LO wT 7 95022105 15: 27. 
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a +ant+ x? 


a? — ax + a? 
8. ——_—__———. and ———"——_- 


a — ae + ax? — x3 at+@a 
x? —9a + 20 gq 7a l8e t+ 42. 
us x? — 62 oe: a?*— 5a 


10. a+b:a—5; a? +67: (a+5)?; (a? — 6%)?: at — 0. 


11. Two numbers are in the ratio 2: 3, and if 9 is added 
to each, they are in the ratio 3:4. Find the numbers. 


Let 2z and 3x represent the numbers. 


12. Show that the ratio a: 6 is the duplicate of the ratio 
atc:b+6 if ?e@=ab. 


13. Two numbers are in the ratio 3:4. Their sum is to 
the sum of their squares as 7:50. Find the numbers. 


14. If five gold and four silver coins are worth as much 
as three gold and twelve silver coins, find the ratio of the 
value of a gold coin to that of a silver coin. 


15. If eight gold and nine silver coins are worth as much 
as six gold and nineteen silver coins, find the ratio of the 
value of a silver coin to that of a gold coin. 


16. There are two roads from A to B, one of them 14 
miles longer than the other; and two roads from B to C, 
one of them 8 miles longer than the other. The distance 
from A to B is to the distance from B to C, by the shorter 
roads, as 1 to 2; by the longer roads, as 2 to 3. Find the 
distances. 


17. What must be added to each of the terms of the ratio 
m:n, that it may become equal to the ratio p: gq? 


18. A rectangular field contains 5270 acres, and its length 
is to its breadth in the ratio of 31:17. Find its dimensions. 


- PROPORTION. ; 309 


Proportion. 


332. An equation consisting of two equal ratios is called 
@ proportion; and the terms of the ratios are called propor- 
tionals. 


333. The algebraic test of a proportion is that the two 
fractions which represent the ratios of the quantities com- 
pared shall be equal. 


Thus, the ratio a:b is equal to the ratio c:d if the fraction that 
represents the ratio a:b is equal to the fraction that represents the 
ratio c:d. Then the four quantities, a, 6, c, d, are called proportionals, 
or are said to be in proportion. 


334. If the ratios a:b and ¢:d form a proportion, the 
proportion is written 
a:b=e:d 
(read the ratio of a to is equal to the ratio of ¢ to d), 
or OO C AO 
(read a is to d in the same ratio as ¢ is to d). 
The first and last terms, a and d, are called the extremes. 
The two middle terms, } and ¢, are called the means. 


335. In the proportion a:b =¢:d; dis called a fourth 
proportional to a, b, and e. 

In the proportion 4:6 =6:c; ¢ is called a third propor- 
tional to a and b. 

In the proportion a:b =6:¢; 6 is called a mean propor- 
tional between a and ec. 


336. A continued proportion is a series of equal ratios in 
which each consequent is the same as the next antecedent. 


Thus, a:b =b:c=c:d=d:e =e:f is a continued proportion. 
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337. When four quantities are in proportion, the product 
of the extremes is equal to the product of the means. 


For, if a:b=c:d, 
then, ; = : 
Multiply by 6d, ad = be. 


The equation ad = bc gives a= “, b= 74 so that an 


extreme may be found by dividing the product of the means 
by the other extreme; and a mean may be found by divid- 
ing the product of the extremes by the other mean. 


Note. By the product of two quantities we mean the product 
of the two numbers that represent them when the quantities are 
expressed in a common unit. 


338. If the product of two quantities is equal to the prod- 
uct of two others, either two may be made the extremes of 
a proportion and the other two the means. 


For, if ad = be, 

Be i ad be 
then, divide by éd, oe par ek 
or Ores 

b d 
Rie, VOM Ores 


339. Transformations of a Proportion. Jf four quantities, 
a, b, ¢, d, are in proportion, they will be in proportion by : 

I. Inversion; that is, 6 will be to a as d is toe. 

For, if a:b=o:d, 


then, : = . ’ 


and the reciprocals of these fractions are equal ; 


that is, 


For, if 
then, 


and 


or 
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bod 
a Ne 
ONG 10. 6 
b 
PLESSIS OL 
a '¢ 
baci ds 
a Cc 
Be eg 
Gs b e+ d 
bees OP a 


~a@+6:b6=ct+d:d. 
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III. Division; that is, a — 6 will betob asc —d istod. 


For, if 
‘then, 


and 


or 


OOO, 
CNC 
Be a 

a c 

Famer? 

Ce Na en 
be cat 


IV. Composition and Division; that is, a +6 will be to 
a—basc+distoce—d. 


For, from II, 


and from III, 


Divide, 


‘“,atb:a-b=ct+d:c—d. 


a 0 Od 
Te ed ee 
Ci Or as 
b a 
i em a 
a—b c—d 
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V. Alternation; that is, a will be to c as 6 is to d. 


For, if a:6=¢:d, 
Gave 
then, ed 
: 6b ab be 
Multiply by Fi Faia 
pe a 
ea: 
-a:¢=6:d. 


Norte. In order for four quantities, a, b, c, d, to be in proportion, 
a and b must be of the same kind and c and d of the same kind; but 
c and d need not necessarily be of the same kind as a and b. In 
applying alternation, however, all four quantities must be of the same 
kind. 


340. Ina Series of Equal Ratios, the swum of the antecedents 
as to the sum of the consequents as any antecedent is to its 
consequent. 


For, if 
r may be put for each of these ratios. 


Then, Gan gan gan gar 
‘*.a=br, c=dr, e= fr, g=hr. 
Satetetg=(b+dtfth)r 
sae OT CN 


‘b+ad+f+h — b 
~a@tetetgibt+d+ftrh=a:d. 


In like manner it may be shown that 


ma+ne+ pe+aqg:mb+nd+pft+qh=a:b. 
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341. A mean proportional between two quantities is equal 
to the square root of their product. 


For, if a= 050, 
280 
then, 3 = z, 
Clear of fractions, b* = ac. 


Extract the square root, b=~Vae. 


342. The products of the corresponding terms of two or 
more proportions are in proportion. 


For, if a:6=— Crd, 
e:f=g:h, 
k:l=m:n, 

ie ORES ts es 
Bee bed feed on 


Take the product of the left members, and also of the 
right members of these equations, 
aek _ egm, 


ofl dhn 
. aek: bfl =cgm: dhn. 


343. Like powers, or like roots, of the terms of a propor 
tion are in proportion. 


For, if a:b=c:d, 
a c 
then, 2 a 
Raise both sides to the nth power, 
Oa 
ond” 


-. a 26% = c®: d® 
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Le a 
ee 
Extract the nth root, = ==" 
lie ape 
Lsae EP Gh wall! 
HAS Li at ES Ca fc 


344. The laws that have been established for ratios 
should be remembered when ratios are expressed in frac- 
tional form. 


ge -pae L  aar ee 


DORON Gg a esiieed eegey 


By composition and division, 


te 2a : 
2(¢+1) —2@—2) 
This equation is satisfied when «= 0. For any other value of z, 
we may divide by z?. 
1 1 
We then have oT sae 
and therefore, z= 


ew) 


2. Ifa:6=e¢;¢, show that 
@7+ab:b?—ab=c+ cd: d? — cd. 


ac 
f oe as | 
7 oy Td 
see d 
then, ora ttt, (§ 339, IV) 
and ——— 
a et OG Coin f 
‘bh ae a ees es) 
2 2 
that is, a+ab_ce+cd 


ee —ab @—cd 
or a? + ab: b? — ab= c2? + cd: d? — cd. 
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EXxercisEe 124, 


. Find a third proportional to 21 and 28. 


ai 
2. Find a mean proportional between 6 and 24. 
3. Find a fourth proportional to 3, 5, and 42. 

4. Find « if5+a:11—2=3:5. 

If a:6 =e: d, show that: 

5. ac:bd =c?: d2. 7 f—O8:F-—P=a': ec. 
6.) @n- cd = a" 3c. 8. 2a+b:2¢c+d=d:d. 
9. 5a—6:5¢—d= are. 

10. a—36:4+3b=c—38d:¢+8d. 

11. a? +ab+0?:0?—ab+0?=c+cd+d?:c?—cd+a’ 
Find «x in the proportion : 

13.545 > 68 ='90'? a: 14. 2:14 = 18:14. 

13. 6:3—2:7: 15. 3:%=T7:42. 


16. Find two numbers in the ratio 2: 3, the sum of whose 
squares is 3265. 


17. Find two numbers in the ratio 5:3, the difference 
of whose squares is 400. 


18. Find three numbers which are to each other as 
2:3:5, such that half the sum of the greatest and least 
exceeds the other by 25. 


19. A and B trade with different sums. A gains $200 
and B loses $50 and now A’s stock: B’s:: 2:43. But, if A 
had gained $100 and B lost $85, their stocks would have 
been as 15:31. Find the original stock of each. 
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20. Finda if6x—a:42—b=324+b):224+a. 

21. Find w and y from the proportions 
erysuty:42; c:y=ux—y:6. 

22. Find x and y from the proportions 
2e+y:y=H=sy:2y—z; 
2a+1:24+6=y:y4t+2. 


atb+etd a—b-e—ad 


a aaa PRE a ET TEI) 


ae 
» show that $ay 


Variation. 


345. One quantity is said to vary as another, when the 
two quantities are so related that the ratio of any two values 
of the one is equal to the ratio of the corresponding values 
of the other. 

Thus, if it is said that the weight of water varies as its volume, the 


meaning is, that one gallon of water is to any number of gallons as the 
weight of one gallon is to the weight of the given number of gallons. 


346. Two quantities may be so related that when a value 
of one is given, the corresponding value of the other can be 
found. In this case one quantity is said to be a function 
of the other; that is, one quantity depends upon the other 
for its value. Thus, if the rate at which a man walks is 
known, the distance he walks can be found when the time 
is given; the distance is in this case a function of the time. 


347. There is an unlimited number of ways in which 
two quantities may be related. We shall consider in this 
chapter only a few of these ways. 


348. When « and y are so related that their ratio is 
constant, y is said to vary as x; this is abbreviated thus: 
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yor. The sign oc, called the sign of variation, is read 
varies as. 
Thus, the area of a triangle with a given base varies as its altitude ; 


for, if the altitude is changed in any ratio, the area will be changed in 
the same ratio. 


In this case, if we represent the constant ratio by m, 
y:x=mM, or 2 = m3 “Y= Me. 


Again, if y', z' and y", x" are two sets of corresponding 
values of y and a, 


then, gy': 
or ae 


al, (§ 339, V) 


349. When x and yare so related that the ratio of y to 
is constant, y is said to vary inversely as x; this is written 


a= 
Y x 

Thus, the time required to do a certain amount of work varies 
inversely as the number of workmen employed ; for, if the number of 
workmen is doubled, halved, or changed in any other ratio, the time 
required will be halved, doubled, or changed in the inverse ratio. 


2 1 } * 
In this case, Die = and zy=m; that is, 
the product xy is constant. 
! 1 " 
As before, Ye yay 
aly! = ally" 
or y! : ue — gl! : gl. (§ 338) 


350. If the ratio of y:az is constant, then y is said to 
vary jointly as « and z. 

In this case, y = mae, 
and yl sy" = ae! : ele! 
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351. If the ratio y s is constant, then y varies directly 


as x and inversely as 2. 


. MX 
In this case, psa: 
t " ! " 
MxL ML Yee 0 
and Pf ee ee ge 
y y zg! gl 2! git 


352. TurorEM 1. Ifyou, andxnz, theny nz. 


For y= me and & = nz. 
“Y=mMnz; 


since mn is constant, y varies as 2. 


353. TurorEM 2. Ifyou, and zx, then (y +2) ox. 
For y = mex and 2 = nx. 
ytes (min)a; 


since m + 7 is constant, y + 2 varies as @. 


354. Turorem 3. If yox when zis constant, and y © 2 
when x is constant, then your when x and z are both 
variable. 


Leto’, y', 25 and 27.9", 


variables. 
Let « change from a' to x", z remaining constant, and let 
the corresponding value of y be Y. 


z" be corresponding values of the 


Then, eee Gn ua oak (1) 
Now let z change from 2! to 2", # remaining constant. 
Then, Vig" sa sall (2) 
Multiply (1) and (2), 
oy Vig" Y= a's": ole", (§ 342) 
or y' . yl" = az! : alg", 
or of svi gy ba telt ($339, V) 


.. the ratio y: xz is constant, and y varies as xz. 
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In like manner it may be shown that if y varies as each 
of any number of quantities x, z, u, etc., when the rest are 
unchanged, then when they all change, y « azw, etc. 

Thus, the volume of a rectangular solid varies as the length when 
the width and thickness remain constant; as the width when the 
length and thickness remain constant; as the thickness when the 
length and width remain constant; but as the product of length, 
breadth, and thickness when all three vary. 


1. If y varies inversely as x, and when y = 2 the cor- 
responding value of x is 36, find the corresponding value 
of x when y= 9. , 


Here y= ms or m = xy. 
. m= 2X 36 = 72. 


If 9 and 72 are substituted for y and m, respectively, 


the result is 9= ce or, 9ai— 72: 
AS into). 


2. The weight of a sphere of given material varies as 
its volume, and its volume varies as the cube of its diam- 
eter. Ifa sphere 4 inches in diameter weighs 20 pounds, 
find the weight of a sphere 5 inches in diameter. 


Let W represent the weight, 
V represent the volume, 
and D represent the diameter. 
Then, WaV and Vo DP. 
-. Wo D8, (§ 352) 
Put W=mbD'; 
then, since 20 and 4 are corresponding values of W and D, 
20 = m X 64. 
de ee SOE 
‘ 64 16 
“ W = 3, D’. 


. when D=5, W = 3; of 125 = 397;. 
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Exercise 125. 
1. Ifwoy,andif y = 3 whenz = 5, find x when y is 5. 


2. If W varies inversely as P, and W is 4 when P is 
15, find W when P is 12. 


3. If xoy and y 2, show that xz 0 y?. 
1 iL 
4. eed ig show that x « 2. 


5. If « varies inversely as y?— 1, and is equal to 24 
when y = 10, find x when y = 5. 


6. If x varies as ; + *, and is equal to 3 when y=1 


and z = 2, show that xyz = 2(y + 2). 
7. If «— y varies inversely as 2 + = and x + y varies 


; 1 ; 
inversely as 2 — 3 find the relation between x and ¢ if 


Sl 


x=1, y=3, when z= 


8. The area of a circle varies as the square of its radius, 
and the area of a circle whose radius is 1 foot is 3.1416 
square feet. Find the area of a circle whose radius is 20 
feet. 


9. The volume of a sphere varies as the cube of its 
radius, and the volume of a sphere whose radius is 1 foot is 
4.1888 cubic feet. Find the volume of a sphere whose radius 
is 2 feet. 


10. If a sphere of given material 3 inches in diameter 
weighs 24 pounds, how much will a sphere of the same 
material weigh if its diameter is 5 inches ? 
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11. The velocity of a falling body varies as the time 
during which it has fallen from rest. If the velocity of a 
falling body at the end of 2 seconds is 64 feet, what is its 
velocity at the end of 8 seconds ? 


12. The distance a body falls from rest varies as the 
square of the time it is falling. If a body falls through 
144 feet in 3 seconds, how far will it fall in 5 seconds ? 


The volume of a right circular cone varies jointly as its 
height and the square of the radius of its base. 

13. Compare the volume of two cones, one of which’is 
twice as high as the other, but with one half its diameter. 

If the volume of a cone 7 feet high with a base whose 
radius is 3 feet is 66 cubic feet: 


14. Find the volume of a cone 9 feet high with a base 
whose radius is 3 feet. 


15. Find the volume of a cone 7 feet high with a base 
whose radius is 4 feet. 


16. Find the volume of a cone 9 feet high with a base 
whose radius is 4 feet. 


17. The volume of a sphere varies as the cube of its 
radius. If the volume is 1792 cubic feet when the radius 
is 3} feet, find the volume when the radius is 1 foot 6 
inches. 


18. Find the radius of a sphere whose volume is the sum 
of the volumes of two spheres with radii 3} feet and 6 feet, 
respectively. 


19. The distance of the offing at sea varies as the square 
root of the height of the eye above the sea level, and the 
distance is 3 miles when the height is 6 feet. Find the 
distance when the height is 24 feet. 


CHAPTER XXII. 
PROGRESSIONS. 


355. A succession of numbers that proceed according to 
some fixed law is called a series; the successive numbers are 
called the terms of the series. 

A series that ends at some particular term is a finite series ; 
a series that continues without end is an infinite series. 


Arithmetical Progression. 


356. <A series is called an arithmetical series or an arith- 
metical progression when each term after the first is obtained 
by adding to the preceding term a constant difference. 

The general representative of such a series is 


Ist 2d 3d 4th 
a, a+d, a+2d, aAt38dun, 


in which a is the first term and d the common difference ; 
the series is increasing or decreasing according as d is 
positive or negative. 


357. The nth Term. Since each succeeding term of the 


series is obtained by adding d to the preceding term, the 
coefficient of d is always one less than the number of 
the term, so that the mth term is a+ (n—1)d. 

If the nth term is represented by 7, we have 


l=a+(n—1)d. 


' 
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358. Sum of the Series. If / denotes the nth term, a the 
first term, x the number of terms, d the common difference, 
and s the sum of n terms, it is evident that 


s= a +(atd)t(at2dtur+(—d+ 4 or 


=n(atl). 
oe s=5 (atl). 


359. From the equations 

L 1=a+(n—1)d, 
n 

a Be s => 3 (a a 1), 


any two of the five numbers a, d, /, n, s may be found when 
the other three are given. 


1. Find the thirteenth term of an arithmetical progres- 
sion, if the first term is 3 and the common difference 5. 


Here a=3, d= 5, n —13. 
From I, 1=3-+ (13 —1)5 = 68. 


2. Find the arithmetical series, if the tenth term is 31 
and the twentieth term 61. 


From I, a+19¢d=61 
and a+ 9d=31 
Subtract 10d = 30 
Whence d=8. 
Therefore, a=4, 


Therefore, the series is 4, 7, 10... 
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8. Find the sum of ten terms of the series 2, 5, 8, 11 + 


Here a=2,d=3,n=10. 
From I, (=2 + 27 = 29. 
Substitute in I, s= M (2 + 29) = 155. 


The sum of ten terms is 155. 


4. The first term of an arithmetical series is 3, the last: 
term 31, and the sum of the series 136. Find the series. 


From I, 31=3+(n—1)d. (1) 
From I, 136 = 58 + 31). (2) 
From (2), n= 8. 
Substitute in (1), d= 4. 


The series is 3, 7, 11, 15, 19, 23, 27, 31. 


5. How many terms of the series 5, 9,13 -... must be 
taken in order that their sum may be 275 ? 


From I, 1=5+(n—1)4. 
Be aie Yes aul be (1) 
From I, 275 = "(5 +1). (2) 


Substitute in (2) the value of J found in (1), 
n 
275 = 5 (4n+6), 
or 2n? + 3n = 275. 


Complete the square, 


1612 + ( )) = 9 = 2209, 
Extract the root, 4a 8 Ea 
Therefore, n = 11, or — 123, 
We use only the positive result. 
Therefore, 11 terms must be taken. 


ARITHMETICAL PROGRESSION. 325 


6. Find n when d, J, s are given. 


From I, a=l—(n—1)d. 
From II, qn. 
n 
23—mn 
Therefore, t— (n —1)d = ———- 
n 


in— dn? + dn =2s—In. 
dn? — (21+ d)n=—2s, 
Complete the square, 
4dr? —()+ (214+ d)2?= (21+ d)?—8ds, 
Extract the root, 


2dn—(21+d)=+V(21+ d)?— 8ds. 
nee td VOL +d) — 8s, 
< 2d 


360. The arithmetical mean between two numbers is the 
number which stands between them, and makes with them 
an arithmetical series. 

If a and é represent two numbers, and A their arithmet- 
ical mean, then a, A, 0 are in arithmetical progression. 

os A et = and 6—A=d. 
*A—a=b—-A. 


361. Sometimes it is required to insert several arithmet- 
ical means between two numbers. 


Insert six arithmetical means between 3 and 17. 
Here the whole number of terms is eight; therefore, by I, 
17=3-+7d. 
“d= 2, 
The series is 3, [5, 7, 9, 11,13, 15,] 17, the terms in 
brackets being the means required. 


Nore. The student should work out all the problems on the follow- 
ing page, using the formulas I and II. 
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No. Given. | Requirep. ForMULAS. 
1 adn lt=a+t (n—1) d. 
2 ads 1=—4d+ V2ds+ (a— 4d)? 
: 1=28_g 
3 ans a é 
_ 8, (n—1)d 
4 dns . UE rs 5) 


5 adn s=tn[2a+(n—1)d]. 
es ae a 


6 adl hee 2 2d 
= n 
if anl s=(i+a) 5° 
8 dnl s=43n[2l— (n—1)d]. 
9 dnl a=l—(n—1)d. 
10 ee Pet real ewes h. 
n 2 
a 
11 dls a= td+V(l+4d)?—2ds, 
28 
12 nls a=——l. 
n 
13 antl Fwd t 
(Oba 
14 ans Pes iere 2), 
n(n — 1) 
d 2 2 
15 als = abso 
23 =) =e 
2 (In — 8) 
16 l = 
ve : n(n—1) 
17 adl n=! 41, 
18 pean na CAG EV (2Qa—d)? + 8ds | 
7 2d 
19 als nactin 
l+a 


V@l+ainsds 
20 | dls peg ase pit an Sas, 
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Exercise 126. 


Find the tenth term of 9, 13, 17 «.... 

Find the thirteenth term of — 8, —1,+1 .... 
Find the ninth term of — 5, — 8, — 11+... 

4, Find the eighth term of a,a+36,a+6) +... 

5. Find the fifteenth term of 1, $, $ -.... 

6. Find the fourteenth term of — 44, — 40, — 36 ..... 


7. The first term of an arithmetical series is 3, the thir- 
teenth term is 55. Find the common difference. 


iad dae 


8. Find the arithmetical mean between — 5 and 17; 
between a?+ ab + 6? and a? — ab + 0% 

9. Insert three arithmetical means between 1 and 19; 
and four between — 4 and 17. 


10. The first term of a series is 2, and the common differ- 
ence 3. What term will be 12? 


11. The seventh term of a series, whose common difference 
is 3,is 11. Find the first term. 

Find the sum of : 

12. 5+8+11-+--- to ten terms. 

Boe Pe to seven terms. 

14. a+4a+7a+-- to m terms. 

16. 24+ 45+ 44° to twenty-one terms. 

16. 1+22+444+ +. to twenty terms. 

17. The sum of six terms of an arithmetical series is 27, 
and the first term is 1. Find the series. 

18. How many terms of the series — 5, —2, +1. 
must be taken that their sum may be 63 ? 

19. The first term of an arithmetical series is 12, and the 
sum of ten terms is 10. Find the tenth term. 
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20. When a train arrives at the top of a long slope, the 
last car is detached and begins to descend, passing over 3 
feet in the first second, three times 3 feet in the second 
second, five times 3 feet in the third second, ete. At the 
end of 30 seconds it reaches the bottom of the slope. Find 
its velocity the last second. 


21. Insert eleven arithmetical means between 1 and 12. 


22. The first term of an arithmetical series is 3, and the 
sum of six terms is 28. What term will be 9? 


23. The arithmetical mean between two numbers is 10, 
and the mean between the double of the first and the 
triple of the second is 27. Find the numbers. 


24. The first term of an arithmetical progression is 3, 
and the third term is 11. Find the sum of seven terms. 


25. A common clock strikes the hours from 1 to 12. 
How many times does it strike every 24 hours ? 


26. The Greenwich clock strikes the hours from 1 to 24. 
How many times does it strike in 24 hours ? 


27. Find three numbers in arithmetical progression of 
which the sum is 21, and the sum of the first and second 
3 of the sum of the second and third. 


Let zs — y, x, and x + y stand for the numbers. 
28. The sum of three numbers in arithmetical progres- 


sion is 33, and the sum of their squares is 461. Find the 
numbers. 


29. The sum of four numbers in arithmetical progres- 
sion is 12, and the sum of their squares is 116. What are 
the numbers ? 


Letz—3y,2%—y,¢+y, and «+3y stand for the numbers. 
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Geometrical Progression. 


362. <A series is called a geometrical series or a geometrical 
progression when each succeeding term is obtained by mul- 
tiplying the preceding term by a constant multiplier. 

The general representative of such a series is 


a, ar, ar*, ar*, art ....., 
in which a is the first term and 7 the constant multiplier, or 
Tatio. 
The terms increase or decrease in numerical magnitude 
according as 7 is numerically greater than or numerically 
less than unity. 


363. The nth Term. Since the exponent of 7 increases 
by one for each succeeding term after the first, the exponent 
is always one less than the number of the term, so that 
the nth term is ar™—}, 

If the nth term is represented by 7, we have 


ie diate 


364. Sum of the Series. If/ represents the nth term, a the 
first term, 7 the number of terms, 7 the common ratio, and 
s the sum of m terms, then, 


= OS Oa OIG a rat are", (1) 
Multiply by 7, 
rs = ar + ar® + ar’ 4- aren + ar, (2) 
Subtract (1) from (2), 
Ts —s=ar"— a, 
Or (Cab) aaa 1). 


patie 1). 
ea 


its Soest 
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365. When r <1, formula II may be more conveniently 
written 


es ha le 
ca, wlan 
366. b= ar, (§ 363) 
Multiply by 7, rl = ar". 
By putting r/ for ar” in formula II, we have 
rhe 
até ep 
When 7 <1, formula III is more conveniently written 
perl 
Se ese 


367. From the two formulas I and II, or the two for- 
mulas I and III, any two of the five numbers a, 7, J, n, s 
may be found when the other three are given. 


1. Find the tenth term of a geometrical series if the 
first term is 3 and the ratio 2. 

Here a= 

From I, f= 

2. Find the geometrical series if the third term is 20 and 
the sixth term 160. 


Let a = the first term, and r = the ratio. 
Then, ar? = the third term, and ar> = the sixth term. 
ar’ _ 160 
Therefore, me kee 
rs = 8, 
“r= 2. 
Since ar2 = 20, a= 20 +4=5. 


The series is 5, 10, 20, 40 -.--- 


3. Find the sum of six terms of the series 3, 6, 12 «+ 
Here a=3, r=2, n=6. 


= Ura) 3A) 3 x 63 = 199 


From II, 8 Sit i 
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4. The first term of a geometrical series is 3, the last 
term 192, and the sum of the series 381. Find the number 
of terms and the ratio. 


From I, 192 = 38rr-1, (1) 
192r—3 
From ITI, 381 = rae is (2) 
From (2), r=2. 
Substitute in (1), 2r—1= 64, 
“n=. 


The series is 3, 6, 12, 24, 48, 96, 192. 


368. The geometrical mean between two numbers is the 
number which stands between them, and makes with them 
a geometrical series. 

If a and 6 denote two numbers, and G their geometrical 
mean, then a, G, b are in geometrical progression, and by 
the definition of a geometrical series (§ 362), 


—=7, and =r 
eens 
a e.G 
G=Vab. 


369. Sometimes it is required to insert several geomet- 
rical means between two numbers. 
Insert three geometrical means between 3 and 48. 


Here the whole number of terms is five; 3 is the first term and 48 
the fifth. 


By I, 48 = 3rt. 
vt = 16. 
BO Hes yp 
The series is 3, [ 6, 12, +24], 48; 
or D5 pO nel a 244 845, 


The terms in brackets are the means required. 
In working out the following results, the student should make use 
of formulas I, I, and III. 
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REQUIRED. ForMULAS. 


L= ar*—l, 
a OS Sy 

r 
i(s—0*-1—a(s— a)2—-1 = 0. 
States 

1 


l 


nd aaa 3 


yn — yr—l 


l 
= 


yr—1 


Ge lyst 


a= 
ieee | 


a=ri—(r—I)s. 


(Sa) —t (s— oat ps 


’ 
, 
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Exercise 127. 


. Find the seventh term of 2, 6, 18 «++ 

Find the sixth term of 3, 6, 12 --.. 

Find the ninth term of 6, 3, 1} «++ 

Find the eighth term of 1, — 2, 4 «.... 

Find the fifth term of 4a, — 6 ma’, 9 m?a8..... 

Find the geometrical mean between 18 zy and 30 aye. 


Find the ratio when the first and third terms are 5 
and 80, respectively. 


TD 7 FP wo NM 


8. Insert two geometrical means between 8 and 125; 
and three between 14 and 224. 


9. If a= 2andr = 3, which term will be equal to 162 ? 
10. The fifth term of a geometrical series is 48, and the 
ratio 2. Find the first and seventh terms. 
Find the sum of : 
11. 3+6+124..... to eight terms. 
12. 1—3+4+9-—-.-.. to seven terms. 
13. 8+4+2+ .---. to ten terms. 
14. 0.1 2th 0.5 5s 2.5 overs to seven terms. 


15. ai a —.--. to five terms. 


16. The population of a city increased in four years from 
10,000 to 14,641. What was the annual rate of increase ? 


17. The sum of four numbers in geometrical progression 
is 200, and the first term is 5. Find the ratio. 


18. Find the sum of eight terms of a geometrical series 
whose last term is 1, and fifth term } 
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19. In an odd number of terms, show that the product of 
the first and last is equal to the square of the middle term. 


20. The product of four terms of a geometrical series is 
4, and the fourth term is 4. Find the series. 


21. If from a line one third is cut off, then one third of 
the remainder, and so on, what fraction of the whole will 
remain when this has been done five times ? 


22. Of three numbers in geometrical progression, the 
sum of the first and second exceeds the third by 3, and the 
sum of the first and third exceeds the second by 21. What 
are the numbers ? 


23. Find two numbers whose sum is 3} and geometrical 
mean 1}. 


24. The sum of the squares of two numbers exceeds twice 
their product by 576; the arithmetical mean of the two 
numbers exceeds the geometrical mean by 6. Find the 
numbers. 


25. There are four numbers such that the sum of the 
first and the last is 11, and the sum of the other two is 10. 
The first three of these four numbers are in arithmetical 
progression, and the last three are in geometrical progres- 
sion. Find the numbers. 


26. Find three numbers in geometrical progression such 
that their sum is 13 and the sum of their squares 91. 


27. The difference between two numbers is 48, and the 
arithmetical mean exceeds the geometrical mean by 18. 
Find the numbers. 


28. There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24, and the 
sum of the extremes is to the sum of the means as 7 to 3. 
Find the numbers. 
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Infinite Geometrical Series. 


370. When , is less than 1, the successive terms of a 
geometrical series become numerically smaller; by taking n 
large enough we can make the nth term, ar”—1, as small as 
we please, although we cannot make it absolutely zero. 


The sum of m terms, — (§ 366), may be written 
a rl : ; a rl 
je gee est this sum differs from Pete are 


by taking enough terms we can make /, and consequently 


i = » as small as we please. Hence, tear may be con- 
sidered the swm of an infinite number of terms of the series. 


Here a=TI, and r=—4. 
il 


2. Find the value of 0.2363636.:--- 


The terms after the first form a decreasing geometrical series in 
which a = 0.036, and r = 0.01. 
a 0.036.__.0:086' 36 2 
a ~ 0.99 990 55 
2 22+4 13) 
55 6110s 


ae eZ 
Therefore, the required value is To ae 


EXERCISE 128. 


Find the sum of the following infinite series : 


1,44+24+1+4- 5. 2-14 8 — ee 

2 2+itetoure 6. 0.1 + 0.01 + 0.001 + «re 
8 4-7,+e%-°"" 7. 0.868686.:-: 
4,.1-2+%--" 8. 0.54444.+ 
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*Harmonical Progression. 


371. A series is called a harmonical series or a harmonical 
progression when the reciprocals of its terms form an arith- 
metical series. 

Hence, the general representative of such a series is 


tS Ce eee 
a a+d a+2d °° at(~—ijd 


372. Questions relating to harmonical series should be 
solved by writing the reciprocals of its terms so as to form 
an arithmetical series. 


373. If a and 6 denote two numbers, and #H their har- 
monical mean, then, by the definition of a harmonical series, 


be Dee 
Jake bie dn, vat ih 
pa IRS Bs SS opt 
2 ae en ab 
2ab 
el once 


374. Sometimes it is required to insert several harmon- 
ical means between two numbers. 


Let it be required to insert three harmonical means be- . 


tween 3 and 18. 


Find the three arithmetical means between + and +1. 


These are found to be +$, 44, ,°,; therefore, the harmonical means 
y 2 2. a 8 . 5 
are £3, t}, 3 or 844, 54, 8. 


* A harmonical series is so called because musical strings of uniform 
thickness and tension produce harmony when their lengths are repre- 
sented by the reciprocals of the natural series of numbers; that is, by 
the harmonical series 1, 4, 4, 4, 4, etc. 


, 
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EXeERrcisE 129. 
1. Insert four harmonical means between 2 and 12. 


2. Find two numbers whose difference is 8 and har- 
monical mean 1¢. 


3. Find the seventh term of the harmonical series 3, 
33, 4 ---- 


4. Continue to two terms each way the harmonical 
series two consecutive terms of which are 15, 16. 


5. The first two terms of a harmonical series are 5 and 
6. Which term will equal 30? 


6. The fifth and ninth terms of a harmonical series are 
8 and 12. Find the first four terms. 


7. The difference between the arithmetical and har- 
monical means between two numbers is 14, and one of the 
numbers is four times the other. Find the numbers. 


8. Find the arithmetical, geometrical, and harmonical 
means between two numbers, a and 6; and show that the 
geometrical mean is a mean proportional between the 
arithmetical and harmonical means. Also, arrange these 
means in order of magnitude. 


9. The arithmetical mean between two numbers exceeds 
the geometrical by 13, and the geometrical exceeds the 
harmonical by 12. What are the numbers ? 


10. The sum of three terms of a harmonical series is 11, 
and the sum of their squares is 49. Find the numbers. 


11. When a, 6, ¢ are in harmonical progression, show 
that a@:¢::4¢@—6:5—ce. 


CHAPTER XXIII. 
VARIABLES AND LIMITS. 


375. Constants and Variables. A number that, under the 
conditions of the problem into which it enters, may be 
made to assume any one of an unlimited number of values 
is called a variable. 

A number that, under the conditions of the problem into 
which it enters, has a fixed value is called a constant. 

Variables are represented by x, y, 2; constants by a, 8, ¢, 
and by the Arabic numerals. 


376. Limits. When the value of a variable, measured at 
a series of definite intervals, can by continuing the series 
be made to differ from a given constant by less than any 
assigned quantity, however small, but cannot be made abso- 
lutely equal to the constant, the constant is called the limit 
of the variable, and the variable is said to approach indefi- 
nitely to its limit. 

Consider the repetend 0.333....., which may be written 
ro Teo deol eo 

The value of each fraction after the first is one tenth of 
the preceding fraction, and by continuing the series we 
shall reach a fraction less than any assigned value, how- 
ever small ; that is, the values of the successive fractions 
approach 0 as a limit. 

The swm of these fractions will always be less than 1; 
but the more terms we take, the nearer does the sum 
approach 4 as a limit. 
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Suppose a point to move from 4 toward B, under the con- 
ditions that the first , Pe 
second it shall move aan gS Sree eae 
one half the distance from A to B, that is, to WZ; the next 
second, one half the remaining distance, that is, to M'; the 
next second, one half the remaining distance, that is, to M"; 
and so on indefinitely. 

Then it is evident that the moving point may approach 
as near to B as we please, but will never arrive at B. For, 
however near it may be to B at any instant, the next second it 
will pass over one half the interval still remaining; it must, 
therefore, approach nearer to B, since half the interval 
still remaining is some distance, but will not reach B since 
half the interval still remaining is not the whole distance. 

Hence, the distance from A to the moving point is an 
increasing variable, which indefinitely approaches the con- 
stant AB as its limit; and the distance from the moving 
point to B is a decreasing variable, which indefinitely 
approaches the constant zero as its limit. 

If the length of AB is two inches, and the variable is 
denoted by «x, and the difference between the variable and 
its limit by y: 


after one second, eres) yes 1; 
after two seconds, x=1+4}, y=; 
after three seconds, x =1+4-+1, eee Se 
after four seconds, «=1+34+14+}, y=}; 


and so on indefinitely. 


Now the sum of the series 1 +4+4 + }, etc.,is less than 
2; but by taking a great number of terms, the sum can be 
made to differ from 2 by as little as we please. Hence, 2 is 
the limit of the sum of the series, when the number of the 
terms is increased indefinitely; and 0 is the limit of the 
difference between this variable sum and 2. 
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877. Test fora Limit. In order to prove that a variable 
approaches a constant as a limit, it is necessary and suffi- 
cient to prove that the difference between the variable and 
the constant can be made as near to 0 as we please, but 
cannot be made absolutely equal to 0. 

A variable may approach a constant without approaching it as a 
limit. Thus, in the last example x approaches 3, but not as a limit; 


for 3—« cannot be made as near to 0 as we please, since it cannot 
be made less than 1. 


378. Infinites. As a variable changes its value, it may 
constantly increase in numerical value; if the variable can 
become numerically greater than any assigned value, How- 
ever great this assigned value may be, the variable is said 
to increase without limit, or to increase indefinitely. 

When a variable is conceived to have a value greater 
than any assigned value, however great, the variable is said 
to become infinite; such a variable is called an infinite 
number, or simply an infinite, and is denoted by oo. 


879. Infinitesimals. As a variable changes its value, it 
may constantly decrease in numerical value; if the vari- 
able can become numerically less than any assigned value, 
however small this assigned value may be, the variable is 
said to decrease without limit, or to decrease indefinitely. 

In this case the variable approaches 0 as a limit. 

When a variable which approaches 0 as a limit is con- 
ceived to have a value less than any assigned value, how- 
ever small this assigned value may be, the variable is said 
to become infinitesimal ; such a variable is called an injini- 
tesimal number, or simply an infinitesimal. 


380. Infinites and infinitesimals are variables, not con- 
stants. There is no idea of fixed value implied in either 
an infinite or an infinitesimal. 


U7 
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381. An infinitesimal zs not 0. An infinitesimal is a 
variable arising from the division of a quantity into a con- 
stantly increasing number of parts ; 0 is a constant arising 
from taking the difference of two equal quantities. 


382. Finite Numbers. A number which cannot become 
infinite is said to be finite. 


Theorems of Infinites and Infinitesimals. 


383. TurorEm 1. Jf x is infinitesimal, and a is Jinite 
and not 0, then ax is infinitesimal. 

For ax can be made as small as we please since x can be 
made as small as we please. 


384. THrorEeM 2. Jf X is pelts, and a is finite and 
not 0, then aX is infinite. 

For aX can be made as large as we please since Y can be 
made as large as we please. 


385. THrorEM3. If x is infinitesimal, and ais finite and 
not O, then 2 is infinite, 

For = can be made as large as we please since x can be 
made as small as we please. 

°886. Turorem 4. Jf X is infinite, and a is finite and 


Go. HP de 
not 0, then — is infinitesimal. 


Xx 


a : 
For can be made as small as we please since XY can be 


made as large as we please. 

In the above theorems a may be a constant or a variable; 
the only restriction on the value of a is that it shall not 
become either infinite or 0. 
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387. Abbreviated Notation. The expression cannot be 


interpreted literally, since we cannot divide by 0; neither 
can — = 0 be interpreted literally, since we can find no 
ioe) 


number such that the quotient obtained by dividing a by 
that number is 0. 


The expression " = o is simply an abbreviated way of writing: 


If t_ x , and x approaches 0 as a limit, X increases without limit. 
x 


The expression < = 0 is simply an abbreviated way of writing : 


If = = 2, and X increases without limit, x approaches 0 as a limit. 


388. Approach toa Limit. A variable may approach its 
limit in one of three ways: 

1. The variable may be always less than its limit. 

2. The variable may be always greater than its limit. 


3. The variable may be sometimes less and sometimes 
greater than its limit. 


If x represent the sum of n terms of the series] +4 +4+1i ++, 
x is always less than its limit 2. 
If x represent the sum of n terms of the series 3 — }—4—1— 


x is always greater than its limit 2. 
If x represent the sum of n terms of the series 3 — 8 + $— 3+ «. 
we have (§ 364) 
_38—8(—2)"_ z : 
a ET ENE Y= 2—2(—4)". 
As n is indefinitely increased, x evidently approaches 2 as a limit. 
If n is even, & is less than 2; if n is odd, @ is greater than 2. 
Hence, if n is increased by taking each time one more term, z will 
be alternately less than and greater than 2. If, for example, 


jing,” Cape icg ge gs Meee 
=14, 24, 1f, 275, 19), 262. 
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Indeterminate Forms.— Vanishing Fractions. 


389. When one or more variables are involved in both 
numerator and denominator of a fraction, it may happen that 
for certain values of the variables both numerator and denom- 
inator of the fraction vanish. The fraction then assumes 
the indeterminate form > If there is but one variable 
involved, we may obtain a definite value as follows: 


Let x be the variable, and a the value of x for which the 
: 0 : 
fraction assumes. the form 0° Give to x a value a little 


greater than a, as a +h; the fraction will now have a defi- 
nite value. The limit of this last value, as / is indefinitely ’ 
decreased, is called the limiting value of the fraction. 

The fundamental indeterminate form is a and all other 
indeterminate forms may be reduced to this. 


Pa OE 0: 
bree oe 0.05 
Pile pe eee S. 
sae Ve Orne "0 2D we) 
ees OSR02 F 0 6 
2 


1. Find the limiting value of as x approaches a. 


a?—a 
x—a 


0 
When « has the value a, the fraction assumes the form Me 


Putz=a+h; the fraction becomes 
(a+hj?—a?_2ahth?, 
(a+h)—a h 
Since h is not 0, we can divide by h and obtain 2a +h. 
As h is indefinitely decreased, this approaches 2 a as a limit. 
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2e—4a+5 


Seo aie 


2. Find the limiting value of 


becomes infinite. 


Divide each term of the numerator and denominator by z*. Then, 


4,5 
Opt ig Ee ee 
2 73 eee ta eae 
Oe tee g42_1 
be ace a 


As « increases indefinitely, each term that contains x of the last 
fraction approaches 0 as a limit (Theorem 4), and the fraction ap- 


2 ones 
proaches 3 a8 a limit. 


Exercise 130. 
Find the limiting value of: 


(4a?— 3)(1 — 22) 


1. TPE Cutt when x becomes infinitesimal. 

O reais 5 2 
Bi, wae ee when x becomes infinite. 

BD 8 

3. ate when x becomes infinitesimal. 

2_ 8 1 
4. nan when x approaches 3. 

xv? —9 

5. PIM Ref when x approaches aa 3. 


F x (ae? + 4a +3) I : me 1 
; 43a tba pg When # approaches — a 


oe? + o? — 2 


if ee 2 git See sat when x approaches ik 
4e+Va—-1 
8. Se eee when x approaches 1. 


22—Vx2+1 


CHAPTER XXIV. 
PROPERTIES OF SERIES. 


Convergent and Divergent Series. 
390. By performing the indicated division, we obtain 
the infinite series 1+a+a?+ 23+... This 


Fk 
1-2 
series, however, is not equal to the fraction for all values of x. 


from 


391. If xis numerically less than 1, the series is equal to 
the fraction. In this case we can obtain an approximate 
value for the sum of the series by taking the sum of a 
number of terms; the greater the number of terms taken, 
the nearer will this approximate sum approach the value of 
the fraction. The approximate sum will never be exactly 
equal to the fraction, however great the number of terms 
taken; but by taking enough terms it can be made to differ 
from the fraction by as little as we please. 


Thus, if 2 = > the value of the fraction is 2, and the 


series is gee a wg i ES 


The sum of four terms of this series is 1%; the sum of 
five terms, 14%; the sum of six terms, 13}; and so on. 
The successive approximate sums approach, but never 
reach, the finite value 2. 


392. An infinite series is said to be convergent when the 
sum of the terms, as the number of terms is indefinitely 
increased, approaches some fixed finite value; this finite 
value is called the sum of the series. 
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$98. In the series 1 +2 +2?-+ a? + -= suppose x 
numerically greater than 1. In this case the greater the 
number of terms taken, the greater will their sum be; by 
taking enough terms we can make their sum as large as 
we please. The fraction, on the other hand, has a definite 
value. Hence, when x is numerically greater than 1, the 
series is not equal to the fraction. 

Thus, if « = 2, the value of the fraction is — 1, and the 
series 1S 


1+24+4484-- 


The greater the number of terms taken, the larger the sum. 
Evidently, the fraction and the series are not equal. 


394. In the same series suppose x= 1. In this case the 
=P and the series 1+1+1+1+4+-:: 
The more terms we take, the greater will the sum of the 
series be, and the sum of the series does not approach a 
fixed finite value. 

If x, however, is not exactly 1, but is a little less than 1, 


fraction is 


the value of the fraction will be very great, and the 


1 
l= 2 
fraction will be equal to the series. 


Suppose x = —1. In this case the fraction is i + i= - 


and the series 1—1+1—1+- If we take an even 
number of terms, their sum is 0; if an odd number, their 
sum is 1. Hence, the fraction is not equal to the series. 


395. <A series is said to be divergent when the sum of the 
terms, as the number of terms is indefinitely increased, 
either increases without end, or oscillates in value without 
approaching any fixed finite value. 
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No reasoning can be based on a divergent series; hence, 
in using an infinite series it is necessary to make. such 
restrictions as will cause the series to be convergent. Thus, 
we can use the infinite series 1+a+2?+23+.+ when, 
and only when, x les between + 1 and — 1. 


396. THErorEM. Jf two series, arranged by powers of x, 
are equal for all values of x that make both series con- 
vergent, the corresponding coefficients are equal each to each. 


For, if d+ Ba+ C2?+....- = Al + Bla + CG? + even, 
by transposition, 
AA) = (B'— Bat (C1 =.C) a? + ++ 
Now, by taking 2 sufficiently small, the right side of this 
equation can be made /ess than any assigned value what- 


ever, and therefore less than A— A’, if A —A' has any 
value whatever. Hence, 4 — A’ cannot have any value. 


Therefore, A— A'=0, or A= A’. 
Hence, Bx + Cz? + Da? + +--+ = Bla + Cx? + Dix? + eey 
or C= Dye =(O 0) 8 DS Dy et 
Divide by 2, 
B— B= (C— C)a+ (DD =D) a2 + + 
By the same proof as for 4 — J’, 
B— B'=0; or B= SB". 
In like manner, 
C= C.D = D;-and ‘s0 on. 


Hence, the equation 


if true for all finite values of x, is an identical equation; 
that is, the coefficients of like powers of x are equal. 
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Indeterminate Coefficients. 


2+38a . : 
397. Expand -—_———, in ascendin wers of x. 
pan T+a+e oe 
Oe te S age 2 pe 
Assume Thee re + Dz8 + 5 
then, by clearing of fractions, 
2+38¢2=A+ Bat Ca? + Dad + 
+ Ag + Bur + Cad + + 


+ Ag? + Bad +... 
.24+38c=A+(B+A)2t+(C+Bt+A)a2+(D+ C+ B)28+-- 
By §396, A=2,B+A=3,C+B+A=0,D+C+B=0; 


whence, B= tC =— 3) — 2. and soon. 
2+ 3% = pe De Serer 
a Roe ae oe Oe ae ot 


The series is of course equal to the fraction for only such values of 
x as make the series convergent. 


Nore. In employing the method of Indeterminate Coefficients, 
the form of the given expression must determine what powers of the 
variable 2 must be assumed. It is necessary and sufficient that the 
assumed equation, when simplified, shall have in the right member 
all the powers of x that are found in the left member. 

If any powers of x occur in the right member that are not in the 
left member, the coefficients of these powers in the right member will 
vanish, so that in this case the method still applies; but if any powers 
of x occur in the left member that are not in the right member, then 
the coefficients of these powers of # must be put equal to 0 in equating 
the coefficients of like powers of x; and this leads to absurd results. 
Thus, if it were assumed that 


2+ 30 
1+%+2? 


there would be in the simplified equation no term on the right cor- 
responding to 2 on the left; so that, in equating the coefficients of 
like powers of @, 2, which is 2@°, would have to be put equal to 02°; 
that is, 2 = 0, an absurdity, 


= Ax + Bat + Cx8 + wy 


- 


PROPERTIES OF SERIES. 349 


EXERCISE 131. 
Expand to four terms: 
ap 1—2 38+a 


- ties is T+a+a2 it Paes % 
“ us - % = are 2S ste Sh Se 
2-32 1+a—2? l+aet+2? 
- 1+a_ 4 2—332 iGire 1—82 : 
'2+32 "1-—22+382? “1—a-—62? 
Expand to five terms: 
4 5—2a 38a —2 
Orage esa eG Poa yh, 
2—2 a—atil x?—ae+1 
: : 13. —————_:: ._o=cSATt 
‘* 38+2 x (xc — 2) 2 (x —1)(@*+1) 


Partial Fractions. 


398. Toresolve a fraction into partial fractions is to 
express it as the sum of a number of fractions of which 
the respective denominators are the factors of the denom- 
inator of the given fraction. This is the reverse of the proc- 
ess of adding fractions that have different denominators. 

Resolution into partial fractions may be easily accom- 
plished by the use of indeterminate coefficients and the 
theorem of § 396. 

In decomposing a given fraction into its simplest partial 
fractions, it is important to determine what form the assumed 
fractions must have. Since the given fraction is the swm of 
the required partial fractions, each assumed denominator 
must be a factor of the given denominator; moreover, all 
the factors of the given denominator must be taken as 
denominators of the assumed fractions. 
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Since the required partial fractions are to be in their 
simplest form, incapable of further decomposition, the nu- 
merator of each required fraction must be assumed with 
reference to this condition. Thus, if the denominator is 
x” or («© +a)", the assumed fraction must be of the form 
4 or @so* ae for, if it had the form ate 2 or et 
it could be decomposed into two fractions, and the partial 
fractions would not be in the simplest form possible. 

When all the monomial factors, and all the binomial 
factors, of the form «+a, have been removed from the 
denominator of the given expression, there may remain 
quadratic factors that cannot be further resolved; and 
the numerators corresponding to these quadratic factors 
may each contain the first power of x, so that the assumed 
Ag -- B 


< ee eS or the 


fractions must have either the form 


Ar+B 
form —————- 
xv?+b 
1. Resolve e int tial fracti 
: ead o partial fractions. 


Since 28 + 1 = (x + 1) (uv? — a + 1), the denominators will bez + 1 
ET oX0 Wer ote a al 


Assume IS as 
CPi Lee eee 
then, 3 = A(x? —2 +1) + (Be + C)(x +1) 
= (A +B) a? + (Br C34) 2 -- (APG): 
whence, 8=A+C0,B+C—A=0,A+B=0, 
and A=, B= —1, C= 2) 
Therefore, pie. Se Abagpe eh Sie 


w+1 oa2+1 2—ae+1 
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foro 
al Fie a 


The denominators may be z, 2, « + 1, (x + 1)2. 


4 : 
2. Resolve — into partial fractions. 


4e8—a2—3¢—-2_ A,B, C D 


ee a x2 (e+ 1)? GA ae 624 Gi 


408 — 22 —82—2=Aax(x+1)2+B(et1)2 + C22 (a + 1)+-Da? 
=(A+C)8+2A+B+C+D)x2+(At+2B)c+B; 


whence, A+C=4, 
2A +B C+ D=—ti, 
A+2B=-—8, 
B=-—2; 
and - B=—2, A=1, C=3, D=—4 
Zhe SO Se 3 4 
Therefore, Taeiebiy? Dae ais el) 


EXERCISE 132. 


Resolve into partial fractions : 


= Tatil ; “ OF elie am 

" (@ +4) @— 5) eat (ier D) 

; Ta—1 : 5 Ta—a - 

' G—22) i — 32) ' @—1@t+2) 

5a—1 : 5 7A ler Ag al 

' @z2—1)@—6) : ee —1 

4, ———————_—__—_’ OO ———————————— 
(@ —5)(@+2) (62+1)(@—1) 

3 “e xv? — 8 , 
sf a? —1 6(a2 +1) (eZ) 
re x—a—38 ag lot da wail 


CHAPTER XXV. 
BINOMIAL THEOREM. 


399. Binomial Theorem, Positive Integral Exponent. By suc- 
cessive multiplication we obtain the following identities : 


(a + 6)? =a? + 2ab + 0°; 

(a + 6)? = a + 80% +3 ab? + 0°; 

(a + b)* = a4 + 40% + 6 075? + 4ab* + Dt 

The expressions on the right may be written in a form 
better adapted to show the law of their formation : 


(a + 6)? =a?+ 2ab +250; 
O28 SS Rey 


(a +b)? = a? + 38.0% + 7s ab Toca 5. 3 Oi 
4-3 4-3-2 4-3-2-1 
} . } 8 | 27,2 | 8 4 4 
ae Nat ae 12° se 1: gage 234° 


Norr. The dot between the Arabic figures means the same as the 
sign X. 


400. Let ” represent the exponent of (a + 6) in any one 
of these identities ; then, in the expressions on the right, 
we observe that the following laws hold true: 

1. The number of terms is » + 1. 

2. The first term is a”, and the exponent of @ is one less 
in each succeeding term. 

3. The first power of 4 occurs in the second term, the 
second power in the third term, and the exponent of 0 is 
one greater in each succeeding term. 

4, The sum of the exponents of @ and 0 in any term isn. 
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5. The coefficients of the terms taken in order are 1; n; 


mG), wi sd Sa and so on. 


1-2-3 : 


401. Consider the coefficient of any term; the number 
of factors in the numerator is the same as the number of 
factors in the denominator, and the number of factors in 
each is the same as the exponent of 6 in that term; this 
exponent is one less than the number of the term. 


402. Proof of the Theorem. That the laws of § 400 hold 
true when the exponent is any positive integer is shown 
as follows: 

We know that the laws hold for the fourth power; 
suppose, for the moment, that they hold for the Ath power. 

We shall then have 
(a + b)* — a® + ka*®—16b + ae ak—2h2 


k(k-1)(k=2) po, 
$ OT at 808 $s (A) 
Multiply both members of (1) by a +6; the result is 
(a + 6)F+1 = aFt1 + (k+1) a + BAO hy 
b+DEE—V) pa 
ee 


In (1) put k +1 for £; this gives 
¢ —1 
(a + b)E+1 = ak+14 (+1) ako + Ae ) k-152 


i k+1)(k+1-—1) bt —2) p-sys40 i... 


3 
= akt1 4 (kb +1) ako + GDF gigs 


Wt) eae as g 3 


Equation (3) is seen to be the same as equation (2). 
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Hence, (1) holds when we put & +1 for 4; that is, if the 
laws of § 400 hold for the kth power, they must hold for 
the (& + 1)th power. 

But the laws hold for the fourth power ; therefore, they 
must hold for the fifth power. 

Holding for the fifth power, they must hold for the sixth 
power; and so on for any positive integral power. 

Therefore, they must hold for the zth power, if n is a 
positive integer; and we have 


(a + 6)” = a® + na*—"b + OD any 
420 — CTS) a 363 + 5 oes (A) / 


Nore. The above proof is an example of a proof by mathematical 
induction. See § 134. 


403. This formula is known as the binomial theorem. 

The expression on the right is known as the expansion of 
(a +6)"; this expansion is a finite series when n is a positive 
integer. That the series is finite may be seen as follows: 

In writing out the successive coefficients we shall finally 
arrive at a coefficient that contains the factor » — »; and, 
therefore, this term will vanish. The coefficients of all the 
succeeding terms likewise contain the factor » — m, and, 
therefore, all these terms will vanish. 


404. If a and @ are interchanged, the identity (A) may 
be written 


RVD) 
Le 


” (90 = L(G 2) a ae, 
oi ioe aid as 


(a + 6)" = (6+ a)"= 0" + nb"“I1a + 


b2—2q2 


aeeee 
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This last expansion is the expansion of (A) written in 
reverse order. Comparing the two expansions, we see 
that the coefficient of the last term is the same as the 
coefficient of the first term; the coefficient of the last term 
but one is the same as the coefficient of the first term but 
one; and so on. 

In general, the coefficient of the 7th term from the end 
is the same as the coefficient of the 7th term from the 
beginning. In writing an expansion by the binomial 
theorem, after arriving at the middle term,»we can shorten 
the work by observing that the remaining coefficients are 
those already found, taken in reverse order. 


405. If d is negative, the terms that involve even powers 
of } will be positive, and the terms that involve odd powers 
of 6 will be negative. Hence, 


n(n —1) 


ar—2h? 
ie 2 


(a — 6)" =a" — nar + 


_ n(n —1)(n— 2) a oes 
at eolaa i (B) 
Also, putting 1 for a and « for d in (A) and (B). 


Opies ee yp mea 


1-2 
—1)(n—2 
+ 2 DO a8 + oe (C) 


(1—2)*=1—na + “GD 


_ n(n —1)(n—2) 


St () 
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1. Expand (1 + 22)°. 


. 


In (C) put 24 fora and 5 for n. The result is 


wy EE ee ak en 
(L+22)§=1+5(22) +540 + 5-380 
5:4: §-4°3°2°1 
4 5 
SES 162* + 3-4 Bee 


3° 2 
“3:4 
=1+102+ 4022 + 8023 + 8024 + 322 


2\6 
2. Expand to three terms (2 — =) 


1 202 
Put a for z and b for ==; then, by (B), 


(@— 0) 6 =a CPOE Ls G40 — = 


Replace a and b by their values, 


Corgi Pale kGry re se be: 


406. Any Required Term. From (A) it is evident (§ 400) 
that the (r + 1)th term in the expansion of (@ + 6)” is 


Nore. In finding the coefficient of the (r + 1)th term, write the 
series of factors 1 X 2 X 8... for the denominator of the coefficient, 
then write over this series the factors n(n — 1) (n — 2), etc., writing 
just as many factors in the numerator as there are in the denominator. 


The (r + 1)th term in the expansion of (a — 0)" is the 
same as the above if 7 is even, and the negative of the 
above if 7 is odd. 
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Find the eighth term of (4 = a 
w2 
Here a=4,b= 5) n=10, r=7. 


The term required is MOS 8 Sip ane ( 2)" 


ese ROBES (ars 
1:2°3:°4:5:6°-7 (4) 2 9 
which reduces to — 6024, 


407. A trinomial may be expanded by the binomial 
theorem as follows: 
Expand (1 + 2a — x*)*. 
; Put 22 — 22 =z. 
Then, (1-+-2)§=1-+32-- 322--i28, 
Replace z by 2” — x2. 
(2 +2¢—27)—1+3@2—22) -3(2¢—22)2 4- (27 —22)8 
=1+ 62+ 922—423—9a*+ 625 — 28. 


EXERcISsE 133. 


Expand: 
Asia)", 6.. (a+b)! 11. (m3 +n7)*. 
x 2. (@ — 2)°. 7 (mi? + n*)®, 120 (or + ate, 
Bio 2 2Y)~ 
C2 4 8. (a— 0%)", 13. (2a? + y*)*. 
Lae 
a ( a “) j 9 (at + oYs, 14. Ga _ chy, 
5. (44+3y)4 10. (a-!+6-%)%, 15. (2a?—}4-Va)s 
a vo\' ava. we" 
16. ha —e oe : 19. ea +— ]: 
2a x/55 a 
Dares , ( Nel v2) 
ae ee 20: —=1/-)- 


18. (20%y-—yVy)'. 21. (2ab-* — bal), 


358 BINOMIAL THEOREM. 


SAD SEN. PE NEE 
aN BaN Ged oa ee. 


24. Find the fourth term of (2x2 — 3y)’. 


2 


[] 


25. Find the ninety-seventh term of (2a — b)™. 


Norr. As the expansion has 101 terms, the ninety-seventh term 
from the beginning is the fifth term from the end. 


26. Find the eighth term of (8a — y)”™. 

27. Find the tenth term of (2 a? — 4a)™. 

28. Find the fifth term of (a — 2-Vb)*. 

29. Find the eleventh term of (2 — a)**. 

30. Find the fifteenth term of (x + y)™. 

31. Find the fourth term of (3 — 2 *)*. 

32. Find the twelfth term of (a? — ava)", 
33. Find the seventh term of (y? — 1)*. 

34. Find the fifth term of (4a — 0-Vb)". 

35. Find the fourth term of (Va me 62), 
36. Find the third term of (Va — V/— by". 
37. Find the sixth term of (Ve _ V1)? 
38. Find the eighth term of (Vea = V2 2), 
39. Find the ninth term of (aV—1 + yV—1)*. 


3b-? 81 
Vat 
41. Find the seventh term of (@ + 21)", 


40. Find the fifth term of (a 
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408. Binomial Theorem, Any Exponent. We have seen 
($402) that when x is a positive integer we have the 
identity 


(L+a)"=1+ne ee at" aay CD a8 a 


We proceed to the case of fractional and negative expo- 
nents. 


I. Suppose » is a positive fraction, x in which p and 


g are positive integers. We may assume that 
(A +2)? =(A+ Bat Cx? + Dai + -----)4, (1) 
provided x is so taken that the series 
A+ Ba + Cx? + Dat + o-- 
is convergent, § 392. 
That this assumption is allowable may be seen as follows: 
Expand both members of (1). We obtain 


Pee | —1 —2 
1+ pe + LPR 24 BP Da) ee 


> 
and A?+ qA’—! Ba + [ 20 et Bg ae c| Fae ee 


In the first & coefficients of the second series there enter 
only the first % of the coefficients A, B, C, D, -- Tf, then, 
we equate the coefficients of corresponding terms in the 
two series (§ 396) as far as the kth term, we shall have just 
k equations to find k unknown numbers A, B, C, D, + 
Hence, the assumption made in (1) is allowable. 

Equating the two first terms and the two second terms, 
we obtain 

At = 1, eA == 1; 


gA’ 1 B=p, or gB=p, De iio 
| 
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Extracting the gth root of both members of (1), we have 
A+aje=1+Fa + Cat+ De? + sees ; (2) 


where x is to be so taken that the series on the right is 
convergent. 


II. Suppose 2 is a negative number, integral or frac- 
tional. Let » = — m, so that m is positive; then, 


ul 


Ee SE aie eae 


From (2), whether m is integral or fractional, we may 
assume 
1 ‘1 


+a)" 1+ ma + cx? + da + -- , 


By actual division this gives an equation in the form 
(+ a)-™=1 — ma + Ca? + Da? + --- (3) 


409. It appears from (2) and (3) (§ 408) that whether » is 
integral or fractional, positive or negative, we may assume 
(1 + x)" =1 + nav + Cu? + Dx? +o, 
provided the series on the right is convergent. 
Square both members, 


(+20 + 27)" =1+2ne + 2 Cx + 2 Dx? ++ 
+ n?x? +2 70x? 4 oe (1) 
Also, since 
A+ y)*=1 + ny + Cy? + Dy® +, 
we have, putting 2x” + 2? for y, 
A+2e+a%"=1+n(2e + 0% + C (Qa + «22 
+ D (2 @ + x8 wo 
=142na+ na? +4Ceo + 
+ 4Cx? + 8 Dx? +o (2) 
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Equate corresponding coefficients in (1) and (2), 
n+4C0=2C+n'3, 
40+ 8D=2D+2n0€. 


-20=n'—n, and c= 2G), 


=@—2)6,and p="G-BO— 4), 
and so on. 


Hence, whether » is integral or fractional, positive or 
negative, we have 


(1-+2)*=1+ na +2 GD, 24 2G DCW), 8 


provided, always, x is so taken that the series on the a 
is convergent. 

The series obtained will be an infinite series unless n is a 
positive integer, § 403. 


seeee 


410. If z is negative, 


z n(n—1 n(n —1(n—2) 
Cop ae ahs 


Also, if 2 < @, 
£ n 
(a+2)"=a +2) 
ae 2 
=a] 4 $02 EOD fon] 


eee 7 
=qrt nate + mie =e 290? AE ovens 


iL eso, 
(a + x)" = (eta =a"(1 +) 


zeit ie 
=o[1+n24+2G 02+ donde ] 


pth 
a= oo" + nan”) + pcos 8 =F osees 
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1. Expand (1+ 2)*. 
(ita) =1+42+ te $ EERE) 5 $s 


“5 
a 2 — weve 
i -  — poets coe 


The above equation is true only for those values of z that make 
the series convergent. 


2. ea 
Va 
1 
i (1—a)-? 
i eas eat fetes Ti} 9 
Sse eae a eae er bee 
125 ke 


if x is so taken that the series is convergent. 
A root may often be extracted by means of an expansion. 
3. Extract the cube root of 344 to six decimal places. 


344 = va ne 
o. V344 =7 i(1+s5 : 
=7[1+5 ap) t28 (+ — | 


= 7 (1 + 0.000971817 — 0.000000944 +.) 
= 7.006796, 


: oN 
4, Find the eighth term of ( # ————) . 
( wh) 


Here 


The term is : J 
ihe 2: 3°4°5:°6°7 4at 


1°8:5°7-9-11°13-3" 


or ee a LS 
2°4°6°8:10°12-14-47- gu 


~ 


_ 


‘ 
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EXERCISE 134. 


Expand to four terms: 


15. 


16. 


A Gre 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(i—2)t 9. (L+52)- ; 
(’—ay* 10. 1+52)5, V(a — x 


(1 +2). 6. (+a). 11. (22+3y)* 
(1 + 2)-2 7 (lta) 4% 12. @e4+3y) 4. 
(l+2)—%, Se apy ees 


Find the fourth term of (« = mek 


Find the fifth term of ———————: 
Va — 22) 


Find the third term of (4 —7 a)’, 
Find the sixth term of (a? — 2 aa)’, 
Find the fifth term of (1 — 22)~4. 
Find the fifth term of (1 — x)—*. 
Find the seventh term of (1 — a)? 
Find the third term of (1 + z)r in, 
Find the fourth term of (1 + 2)~*. 
Find the sixth term of (2 me oe 
Find the fifth term of (22 —3y) *. 


Find the fourth term of (1 — 52) ~ 
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Exercise 135. —GeneraL REVIEW. 


. Add (a — b6)2?+ (6-—c)y+(c—a)2; (6—¢)2 


+(—a)yit+(a—d)as (—a)at(a—d)y 
+ (6 —e¢) #. 

Add (a+b)a+(b+e)y— (ct+a)z; +ez+Ct+a)a 
—(at+b)y; (ate)yt+(atd)jz—(6+0e)z. 

From 42° — 6a? + 8a — 7 take the sum of 
8a° +7 — 822+ 7x and —92*— 82?+42+4+4. 


Find the product of a? — 3a"—1 + 4a?—? — 6aP?—* + 5aP—* 
and 2a* — a?+ a. 


Divide 1-— 625 + 52° by 1 — 22+ 2% 


Divide 4 ht+1 — 30h? +19 h7-! + Bh2-27 +. 9 h2-4 
by A?-8 — Tht-4 4 2 ht-5 — Zhz-*. 


7. Simplify 3a —2(6 — e)} — [40 + §26 —(¢— a)}]}. 
8. Find the factors of 10 a? + 792 — 8. 
9. Find the H.C.F. of 278+ 23+ 42—7T7 


10. 


11. 


12. 


13. 


14. 
15. 
16. 


and av? — 227+ 1. 


a*#+9a— 20 
Reduce to lowest terms Rae Gales 
If a= 4, b = 4, c = — 2, find the numerical value of 
2 ee 
i Se cere as « 
a+b xa—a\® a2—2at+d 
lfia2= 9 | show that (2=4) Stan ae ae 


If «= 2y+ 32, show that 
wt —8y*° — 2728 —18 aye = 0. 


Resolve into factors 6a? + 5a — 4. 
Resolve into factors wt + 22% —13 a”? — 38a — 24, 


Resolve into factors 12 x* + 20 x? — x — 6. 
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17. A boy bought a number of apples at the rate of 5 for 
2 cents. He sold half of them at the rate of 2 for a cent 
and the rest at the rate of 3 for a cent, and cleared a cent 
by the transaction. How many did he buy ? 


Find the H.C. F. and the L.C.M. of: 


18. 
19. 
20. 
21. 
22. 


3a° — 5a + 2, and 225 — 527+ 8. 

32%°+ 1027+ 7x — 2, and 32°+1327+172+6. 
4a*— 927+ 62-1, and 62° —72?+1. 

x +112 —12, anda’ +112°+4 54. 

22° +- da*y — Say? + y*, and 24° —Tx*y+ 5ay? —¥. 


Simplify : 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


a+i1 _— 3e+2 2x2—1 F 
Be — 2) AD) et 2 
Ug sc ehh mee Gs ee be 


err ae 1—2? 142: 


a—il a 2 (x + 2) f a+5 y 
@+2D@+s @+De@-h ' &-DEF® 
ax—a ax+t+2a 2+ax—2a7 

2 He a—1l 2 x—8 é 
@+3@-1)* @+3@—-2) @-#0-2) 

1 1—4(1 — 

Beas para 
ceria Be ep niet Oe), 
GE i GP tHe. 3 
1 1 1,1 
1—a ie a1. a oe 
a 

6—1+- 
Pog iad iy 


34. Two passengers have together 400 pounds of bag- 
gage. One pays $1.20, the other $1.80, for excess above the 
If all the baggage had belonged to one 
person, he would have had to pay $4.50. How much bag- 


weight allowed. 
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gage is allowed free ? 


Solve: 


37. 


39. 


62+13 
15 


2e+a 


35. 


36. 


— 
ce |S lor 


I 


ie 
[ 


+ 


QaIS wl 
bo 
cota 


c 
ty 22 
b c 


Je =a) 


33. 
a 


Lt 
1+a+ 


Zo 


1l+a 


Find the arithmetical value of : 


oH L 1 1 
a1. S07 ee 2h Oss og. 


Fare 1b: ey ete 1G 
SAR On ht ee 
Bea 9 
2 (a + a) hd 
Be 03 
oe Se ee ee 
US ee 
fe ny 
at 40. See: ee 
oo ae 
Sy ok 
7) 
oY Oe 
43, gi. o7%, gat, 


Bd 5 3 1 m | 
a2, 32°; 64%; sit; (83)5; (yy)t;s (La )h 
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43. (0.25)?; (0.027)?; 4973; 3278, g17% 
a4. 36*; 27-3; (%)7?; (0.16); (0.0016)~2. 


Arrange in ascending order of magnitude: 
45. 6V7; 9V3; 5-V10. 46. 4V6; 3V3; 5V2, 
Simplify : 


STIS g VEG o. ose oe NN 


x — + ——: 
38V27 5V14 15V21 


1 as at L 
od DO 1 


fe - 51. ———: 52. ———- 
24 W/s 9 ~/§ 2V5+3 ON/p oS 


53. § (a?) x (—5b)-2430—3, 54. (284 x @-)ta—3- 

65. 3 (a +54)? — 4 (a? +6) (at —d4) + (at — 284)? 

56. {(a™)"m}mei, 88. [§(a-m)— Pe [f(um)-PT-4 
TS a oe Serer 
60. 5V— 320 — 2V— 1715 + 34-V139. 

61. 2V18 —3V8 +2V50; V81 + V24 — V192. 

62. 3Ve + V80 —4V20; 8V15 + 10-V3 — 2-3. 


Extract the square root of: 
63. 9a-*—18 2- yt a 15 2a- Yy — 6x-ty! ae y?. 


Extract the cube root of: 
64. 822? +122? — 30a — 354 454-14 27 2-2 — 272-3, 
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Resolve into prime factors with fractional exponents: 


65. V12, V72, V96, V64; and find their product. 


Solve: 
5 4 3 
CLE Becerra arte esa ear 
a+3 Pie tech Sy me, 
Bt: 22—T%T «2-38 ma 
De eke: MPN Loh a 713 
68. wit eee 
3 = 2 2 
res x2—-a 2 b_«@ +0? 74. 
x—b x-—a ab 
70. ax+b_ co+d 75. 


a+tbs cet+dz 


. day—5Y¥= 


Bay +32?= 22 


ees 


Sbay—3Y¥= 2 


Va y=Vy+2 
e—y=T7 

e+ acy + y? = 52 
ry —2x?=8 


Form the equation of which the roots are: 


6.9 — pea os 790 1 4-V5, P= ve. 
77. a—26,a+36. 80. SL NG = TNs: 
18 a+ 20, 2a+8. 81. Ps Save, 


82. A vessel that has two pipes can be filled in 2 hours 
less time by one than by the other, and by both together 


in 1 hour 52 minutes 30 seconds. 
each pipe alone to fill the vessel ? 


How long will it take 


83. A number is expressed by two digits, the second of 
which is the square of the other, and when 54 is added its 
digits are interchanged. Find the number. 


84. Divide 35 into two parts such that the sum of the 
two fractions formed by dividing each part by the other 


may be 2,\. 
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85. A number consists of three digits in arithmetical 
progression; and this number divided by the sum of its 
digits is equal to 26; but if 198 is added to the number, 
the digits in the units’ and hundreds’ places will be inter- 
changed. Find the number. 


86. The sum of the squares of the extremes of four num- 
bers in arithmetical progression is 200, and the sum of the 
squares of the means is 136. What are the numbers ? 


87. Show that if any even number of terms of the series 
1, 3, 5 «+ is taken, the sum of the first half is to the sum 
of the second half in the ratio 1: 3. 


88. If a horse took 1 second more for each rod, he would 
travel 1% miles less per hour. Find his rate of traveling. 


Solve: 

89. 2? +7®=18-V2 90. 227+3ay=8 
aty=3v2 y? —2xy = 20 

Expand: 


91> Ge a-4)*.- 93. (2 at — a *)s, 95. (Vx — 4Va)4 
92. (Wa—4a)*. 94. (2a? +a). 96. (FVa-F + Far“), 

97. If a, b, c, d are in continued proportion, prove that 
6+ is a mean proportional between a + 6 and e+ d. 


98. Ifa+b:b+c=c+d:d+a, 
prove thata=c,orat+b+e+d=0. 


99. The number of eggs which can be bought for 1 
dollar is equal to twice the number of cents which 32 eggs 
cost. How many eggs can be bought for 1 dollar? 


100. Find two fractions whose sum is yg, and whose 
difference is equal to their product. 


370 MISCELLANEOUS PROBLEMS. 


101. The velocity of a falling body varies as the time 
during which it has fallen from rest, and the velocity at 
the end of 2 seconds is 64 ft. Find the velocity at. the 
end of 6 seconds. 


102. The distance through which a body falls from rest 
varies as the square of the time it falls; and a body falls 
144 ft. in 3 seconds. How far does it fall in 4 seconds? 


103. The volume of a gas varies directly as the absolute 
temperature and inversely as the pressure. If the volume 
of a gas is 1 cubic foot, when the pressure is 15 and the 
temperature 280, what will be the volume when the pres- 
sure is 35 and the temperature 320? 


104. The difference between the first and second of four 
numbers in geometrical progression is 96; the difference 
between the third and fourth is 6. Find the numbers. 


105. If a’, 67, c? are in arithmetical progression, prove 
that 6+ ¢,c+a, a+ are in harmonical progression. 


When 2 = ow, and when zx = 0, find the limit of: 


10g, C2—8)B=Se) 5 2 waa td 


7a*—6a+4 ' @+DH@e—-h? 
Resolve into factors and find all the values of a: 
108. at'—5a?t+4=0. 114. 3Ve—5Ve+2=0. 
109. «°—9a*+8=0. 115. 6Vx —3Vz —45=0. 


110. 9at—1347+4=0. 116. 21V2?—5V2—74=0. 
111. 4a4—1727+4=0. 117. 3Va'+4Va5—20=0. 
112, 2a*—527+2=0. 118. 22°—192° + 24=0. 
113. 20! —3a?+1=0. 119. 2 —-1=0. 
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120. x°—1=0. 124. 4a $—34°t_ 097 <0. 
121. 28 +82?—9=0. (125. 2"4+3e2"—4=0. 

122. 162° —172'+1=0. 126. 32° —2axt—a=0. 
9s eae sf 14 = Obey, Ale 9 = DS 0. 


Solve: 


128. Ve +44V3e+1=V9a4+4. 

129. V5be+1+2V42—3=10Vzx—2. 
130. 2Vz+2—3V32—5+V5x2+1=0. 
131. V11 ~24+V8—22-—V21 +22=0. 


Expand: 
132. (a*—a*)®; (Bat — 20%; (a? — 40%); 
(2-42; 8-424)"; @ a) 
133. (a?—4y%)'; (227+V32)'; (Va?+14+ 0%; 
(le 2 ie) 


134. Expand to four terms 
(i—32y)*; @—407 *; a—gaht; @—22 4-5 
135. Find the eighty-seventh term of (2a — y)”. 


136. Resolve into partial fractions 


38 —2a ; 3—2a f 1 , 
1 — 324-22” a a on). 1 —23 
3—2¢a 


137. Expand to five terms omer 


TO THE TEACHER. 


While the preceding chapters cover the essential topics 
generally considered as belonging to the field of elementary 
algebra, many colleges now require for entrance a knowl- 
edge of the rudiments of graphs, logarithms, and numerical 
trigonometry. ; 

In cases where it is necessary to meet these requirements, 
the question often arises as to how the work may best be 
presented in connection with the rest of the subject. A natu- 
ral way of treating the subject of graphs, which are discussed 
in the first of the three following chapters, is to study pages 
373-381 after or with the chapter on simultaneous sunple 
equations, and pages 382-387 after or with the chapters on 
quadratic equations. Page 388 extends the work to simple 
equations of higher degree, and pages 389-390 provide a 
convenient review of the whole topic in preparation for 
examinations. 

Although the requirements with respect to numerical 
trigonometry include only the simplest sort of work in this 
topic, the frequent extension of the requirements to include 
the application of logarithms to the solution of the right 
triangle brings these two topics together. The work with 
the natural functions, pages 405-414, requires no logarithms, 
however, and hence may be taken independently if desired. 


372 RT 


CHAPTER XXVI. 
GRAPHS. 


411. Graphs. Diagrams, called graphs, are often used to 
show in a concise manner variations in temperature, in 
population, in prices, etc., etc. 


412. Variabies and Constants. A number that, under the 
conditions of the problem into which it enters, may take 
different values is called a variable. 

A number that, under the conditions of the problem into 
which it enters, has a fixed value is called a constant. 

Nore. Variables are represented generally by the last letters of 
the alphabet, z, y, z, etc.; constants, by the Arabic numerals and 
by the first letters of the alphabet, a, b, ¢, etc. 

413. Algebraic Functions. A function of a variable is an 
expression that changes in value when the variable changes 
in value. In general, any expression! that involves a vari- 
able is a function of that variable. If is involved only in 
a finite number of powers and roots, the expression is called 
an algebraic function of x. 

An algebraic function of z is rational and integral as regards 
x, if x is involved only in positive integral powers ; that is, in 
powers and numerators, but not in roots or denominators. 


Thus, os Va? + Le : 
w+ 4 


; 1 
We are not algebraic functions of z. Of or: 
Ay 


are algebraic functions of x; but ar, 
pails 5 V2, 22+ a, 
ie a2 + a? 
re az?+bx-+c, the last three only are rational integral functions of x. 
a 

For brevity a function of x is represented by f(x), F(a), 
¢(x), each of which is read function «x. 

TE 373 
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414. As an easy example we may illustrate by a graph 
the changes in temperature for a day from 8 a.m. to 8 P.M. 

The official temperatures for Boston, July 17, 1905, were 
as follows: 8 a.m., 71°; 9 a.m, 72°; 10 a.m, 73°; 11 am, 
17°; 12 m,, 82°; 1 pw, 85; 2 PM, 66 5 0 PM, 95:; 4 em 
90°; 5 p.m., 89°; 6 p.m., 88°; 7 p.m., 86°; 8 P.m., 82°. 


FEE EEE 
ARS ER mes Acie) 
FEELERS 


Draw a horizontal line XX’ and a line OY perpendicular to X_Y’. 
Using any convenient units of length, lay off on XX’ equal distances 
to represent the hours and on OY equal distances to represent degrees 
of temperature from 70° to 90°. At each point of division on XY’ 
draw a perpendicular of sufficient length to represent the temperature 
at that hour. Through the upper ends of these perpendiculars draw 
the line AB, This line, or graph, presents to the eye a complete view 
of the changes in temperature for the day. 

TE 
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415. Cotrdinates. Let XY! be a horizontal straight line, 
and let YY' be a straight line perpendicular to the line 
XX' at the point O. Any point in the plane of the lines 
XX' and YY'is determined by its distance and direction 
from each of the perpendiculars XX' and YY'. 

The distance of a point from YY' is measured from O on 
the line X_X' and is called the abscissa of the point. The 
distance of a point from X' is measured from O on the 
line Y Y', and is called the ordinate of the point. 


Thus, the abscissa of P; is,OB,, the ordinate of P; is OA;; 
the abscissa of P: is OBg, the ordinate of Pz is OAg; 
the abscissa of Ps is OBs, the ordinate of Ps is OA3; 
the abscissa of P4 is OB,, the ordinate of Py is OA4. 


5 


The abscissa and the ordinate of a point are called the 
coordinates of the point. The lines XX'and YY'are called 
the axes of coordinates, or the axes of reference; the line 1_X' 
is called the axis of abscissas, or the axis of x; and the line 
YY' is called the axis of ordinates, or the axis of y. The 
point O is called the origin. 

TE 
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In general, an abscissa is represented by x, and an ordi- 
nate by y. The codrdinates of a point whose abscissa is x and 
ordinate y are written (a, y). In this notation the abscissa 
is always written first and the-ordinate second. 


Thus, the point (4, 7) is the point whose abscissa is 4 and ordinate 7. 


Abscissas measured to the right of Y Y' are called positive, 
to the deft of YY' are called negative; ordinates measured 
above XX' are called positive, below X.X' are called negative. 

Thus, in the figure on page 375 the point P, is (8, 5), the point Ps 
is (— 6, 3), the point Ps is (— 4, — 3), and the point P, is (5, — 4). 

416. Quadrants. The axes of codrdinates divide the plane 
of the axes into four parts called quadrants. The quadrant 
XOY is called Quadrant I, the quadrant X'OY is called 
Quadrant II, the quadrant X’OY' is called Quadrant III, 
and the quadrant XO Y' is called Quadrant IV. 

Every point in Quadrant I has a positive abscissa and a 
positive ordinate ; every point in Quadrant II has a negative 
abscissa and a positive ordinate; every point in Quadrant III 
has a negative abscissa and a negative ordinate; every point in 
Quadrant IV has a positive abscissa and a negative ordinate. 

Hence, the signs of the codrdinates of a point show at a 
glance in what quadrant the point is situated. 


417. Plotting Points. It is evident that if the location of 
a point is known, the codrdinates of that point referred to 
given axes may be found easily by measurement; and if the 
coordinates of a point are given, the point may be readily 
constructed, or plotted. 

Thus, a convenient length is taken as the unit, and the point P is 
found by measurement to lie 2 units to the right of YY’ and 4 units 
below XX’, and is, therefore, the point (2, — 4). 

Again, to plot the point (— 5, 2), a distance of 5 units is laid off on 
XX’ to the left from O to Ky, and a distance of 2 units on YY’ upwards 


from Oto Kz. The intersection of the perpendiculars erected at K, and — 


Ky determines the point K, which is the required point (— 5, 2), 
TE 
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Coordinate paper is paper ruled in small squares. In 
plotting points and graphs the student will find codrdinate 
paper of much help in giving accuracy and in saving time. 


EXERCISE 136. 


1. In the figure on this page determine the codrdinates 
of the point B; of MU; of N; of R; of S; of H; of L; of 
BaOe De OCD Or CO, 

2. What is the abscissa of a point on the axis of y? 
What is the ordinate of a point on the axis of x? 

3. Where must a point lie if its ordinate is zero? if its 
abscissa is zero? if both abscissa and ordinate are zero ? 

4. Plot the following points: (2,5), (— 3, 6), (— 2, — 4), 
(8, — 5), (7,.0), (— 5, 0), (0, 0), (0, — 3), (— 4, — 5), (7, 2). 

5. In what quadrant does a point lie if its coérdinates are 
both positive? if both are negative? if the ordinate is pos- 
itive and the abscissa negative ? if the abscissa is positive 


and the ordinate negative ? 
TE 
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6. Plot the points (—2, —8), (—1, —6), (0, —4), @, — 2), 
(2, 0), (3, 2), (4,4). Do these points lie in a straight line? 
Is the equation 2x — y= 4 satisfied if the abscissas are sub- 
stituted in turn for x, and the corresponding ordinates for y? 


418. GraphofaFunction. Let f(x) be analgebraic function 
of x, where x isa variable. Ify—=/(x), then y is a new vari- 
able connected with x by the relation of y= f(x). If f(x) is 
rational and integral, it is evident that to every value of x 
there corresponds one value, and only one value, of y. 

If different values of x are laid off as abscissas, and the 
corresponding values of f(x) as ordinates, a series of points 
will be obtained. A line, straight or curved, may be drawn 
through all these points. This line is called the graph of the 
function f(x); itis also called the graph of the equation y= f(x). 


Plot the graph of the equation x —-2y—4=0. 


Transpose, 2y=a2-4. 
GS 
ree oe 


The following table may be computed readily. 


Gi kes (0) y=—2; DD es emer on of = k= 
o=— 2, y= —3; zt=+4, Ope! At 
c=—4, y= —4; z=+6, fae en ne 
x=-—6, y=—5, z=+8, y=+2. 


These points are plotted in the figure on page 379 and all lie on the 
straight line AB. If, in the given equation c—2 y—4=0, the abscissa 
of any point in the line AB is substituted for x in the corresponding 
ordinate for y, the equation is satisfied. The line AB extends indefi- 
nitely in either direction and is the graph of the equation x—2 y—4=0. 


If any two points of a straight line are known, the position 
of the line is definitely determined. 


419. Linear Equations. The graph of every equation of 
the form aw + by +c =0 is a straight line. For this reason 
such an equation is often called a linear equation. 
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Exercise 137. 


Plot the graph of the following equations by finding a 
series of points: 


1. 3a—2y=6. 4. —x+3y=6. 
2. 5a+2y=10. 5. da+2y=12. 
3. da—y+4=0. 6. «—d5y=5. 


Plot the graphs of the following equations by finding 
the points in which the graphs cut the axes: 


7 Ta+2y—14=0. 10. 447+3y+12=0. 
8. 542—3y—15=0. 11. e—8y+8=0. 
9. 34—4y— 24=0. 12. 5&a@+4y+4+ 30=0. 


Plot the graphs of the following equations by finding any 
two points : 
13..2-+y= 0. 15. 2—S5y=0. 17. 5e+4y=0, 


14. «—y=0. 16.226 y. 18. Tx—S5y=0, 
TE 
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19. In what respect do the equations of Examples 1-12 
differ from the equations of Examples 13-18 ? 


20. Does the graph of the equation ax tby =0 pass 
through the origin? Why ? 

21. The equation of the axis XX'is y=0. What is 
the equation of the axis YY'? ‘ 

22. What is the position of a graph if its equation does 
not contain x? if its equation does not contain y ? 


Plot the graph of: 


23. 82 =6. 25. 2 =— I, 27. 5a = 380. 
24, 2y=5. 26. y=— 4. 28. Gy =— 42. 
(eal ae) ale} 
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420. Graph of the Solution of a Pair of Simultaneous Linear 
Equations. In the figure the straight line 4B is the graph 
of the equation « + 3 y = 12, and the straight line CD is the 
graph of the equation 4a —-3y=18. It is evident that 
the codrdinates of A, the point of intersection of the lines 
AB and CD, must satisfy both equations. 


TE 
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By solving the equations as simultaneous equations we 
find that « = 6 and y = 2, which are the coérdinates of K. 

Hence, it is evident that it is possible by the use of graphs 
to solve two simultaneous linear equations that contain only 
two unknown numbers. In some cases exact values of the 
unknown numbers may be found; in other cases only ap- 
proximate values. The larger the scale used in plotting the 
graphs, the closer will be the approximations obtained. 


EXxERcIsE 138. 


Find by graphs exact values of x and y in the following 
equations and verify by solving the equations: 


1. 224—57=>0 4. 1lx—2y= 21 
444+ 2y=24 2x+4y=— 18 

2. Ta—2y=14 5. ba+8y= 20 
bat y= 10 24 —38y=— 28 

25. eats tee 6. 32+4y=30 
x— 5a—6y=12 


Find by graphs approximate values of x and y: 


7. 42 —5y=10 9. Txe«—2y=14 
22+3y= 9 5e+3y=15 
8. 82+ y=20 10. 9x —4y=18 
22—5y=10 22+5y = 20 
11. The graphs of the equations 2~+3y=4,2x2—y=12, 
and «+3 y—=—1 meet ina point. Are the equations sine 


taneous? Give reason. 

12. Dothe graphs of the equations 42—y=2,*x—6y=5, 
and 32+y=10 meet in a point? Are the equations simul- 
taneous? Are the equations inconsistent ? 

13. Are the equations 22 —3y=5 and 2a—3y=8 
simultaneous ? What is shown by their graphs? 

TE 
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421. Graphs of Quadratic Equations. The graph of any given 
quadratic equation in x and y may be drawn by the use of 
the method shown in the solution of the following example. 

Plot the graph of the function 2? + 3a — 4. 

Putz?+38e—4=y. Thenz=} —34V25 + 4y). 


If y =— 6}, c=—1.5; y= 0,0=-Pl or —4; 
Y=—6, C=—1 or—25 y=+1,7=+4+1.19 or — 4.19; 
y=—5, «=— 0.88 or —2.62; y=+2, e=+1.37 or —4.37; 
y=—4, c= 0 or-8; y=+3,r=+1.54 or — 4.54; 


y=—38, x=+0.30 or —3.80; y=+4, 2=+1.70 or —4.70; 
y=—2, «=—+0.56 or —3.56; y=+6,r=4+2 or—5; 
y=—1, «=+0.79 or —3.79. y=+8, 2=+ 2.27 or — 5.27. 


Plot the points found (—1.5, —64), (—1, —6), (—2, —6), and so on. 
Through these points with a free hand draw the smooth curve AB, The 
curve AB is the graph of the function #?4+38a«—4. This graph consists 
of onesymmetrical branch of infinite length and is called a parabola. For 
values of y less than —64, the corresponding values of % are imaginary. 

When y = 0, then = 1 and — 4, the roots of the equation 

w@—3%—4=0, 
TE 


GRAPHS. 383 


To solve an equation in x it is necessary only to find the 
= points in which the graph cuts the axis of x. The abscissas 
of these points are the roots of the given equation. 

422. A more rapid method of solving a quadratic by the use 
of graphs is shown in the solution of the following equation. 
Solve the equation x? —2—2=0. 


Let z2=y, and put yforz?. Then the equation becomes y —x—2=0. 

The graph of the equation y —x — 2=0 is the straight line AB, as 
shown in the left-hand figure on page 384, and the graph of the equa- 
tion z2 = y is the parabola CD. 

The abscissas of the intersections of AB and CD are 2 and —1, which 
are the roots of the given equation, as may be shown by solving it. 


The great advantage of this method is that the same 
parabola may be used in the solution of different equations. 
EXERCISE 139. 


Plot the graphs of the following functions: 


12? tbe +4. 3) 2 — To 6. 5. 2a? — 7 eb. 
Qa A — Age 2 6. Got 4 a ae 


Find, by the method of graphs, the roots of: 


i — 2 —— Or— O! 10, (92-4 — 21 — 0: 
8. 227 —I9a+9= 0. 11. 42? —122+9=0. 
9. 527 — 20 — 0. 12. 2527+ 602+ 36=0. 
Find approximately the roots of : 

13. 327-—-2a2—T=0. 15. 562? —Tax#—1=0. 
14. 527 —32—30=0. 16.°7 2? +52 —31=0. 


17. What is the nature of the roots of the equation 
a 8a?+2x2+4=0? Construct the graph of the equation. 
18. How does the graph of a quadratic show that the 
roots are real and unequal? real and. equal ? imaginary ? 
TH 
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423. Solution of Simultaneous Quadratic Equations. In 
general, the method of solving simultaneous linear equa- 
tions (p. 380, § 420) should be followed. 


Solve a+ y= 25 (1) 
42 +38y =20 (2) 
Inc (1) pies HOY epee G=33, y=+4; 
Cae Py sae 4908 C4 oy = 3s 
H Vim Pn (Tp — ate HESS Peele ey = 0: 


If «>-+ 5 or < — 5, the value of y is imaginary. 

Equation (1) is symmetrical ; its graph also is symmetrical and is 
the circle HK, as shown in the right-hand figure. The graph of equa- 
tion (2) is found to be the straight line AB intersecting the circle at 
the points M (12, 44) and (5, 0). 

Hence, the solution gives = 5, y= 0 orvw=13, y=4 


5° 


The straight line CD is the graph of 4a + 8y = 25. (8) 
The solution of (1) and (8) gives the double solution * = 4, y = 8. 
The straight line #F is the graph of 44+ 3y = 30. (4) 


The solution of (1) and (4) gives imaginary roots, since the graphs 


do not intersect, ‘ 
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EXERcIsE 140. 


1. What does the right-hand figure on page 384. show about 
the relation of AB, CD, and EF? How do the coefficients 
of x and y in equations (2), (3), and (4) show this? Are the 
graphs of ax + by +c = 0 and ax + by +d =0 parallel? 

2. Write the equations of two parallel lines and con- 
struct their graphs. 
et ee 


3. Ifastraight line and a circle touch each other, howmany 
values has x? how many hasy? Howmany values have x 
and y when the line cuts the circle? What is the nature of 
the roots of two equations when the graphs do not intersect ? 


Solve exactly or approximately by the method of graphs: 


4.—2°-+4+- y?—169=—0 Gm ere te) 14100 
382 —2y+ 9=0 38a +4y = 50 
Saat gy? = 100 Wa nate ee ok 
5a +y = 46 3x2 +4y = 60 


TE 
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8. Solve the equations of Example 7 as simultaneous 
equations and explain why their graphs do not intersect. 


9. The figure on page 385 shows the graph of the ellipse 
4a? + 9 y? = 288, and the graph of the parabola 3 y? = 8 z. 
- What roots satisfy these equations ? 


10. The equation of the circle ax*+ ay*=c differs in what 
respect from the equation of the ellipse ax?+ by?=c? What 
is the shape of the ellipse when a and é differ greatly in value ? 
when a and # are nearly equal ? when a and 0 are equal ? 
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11. The figure on this page shows the graph of the circle 
x? + y? = 26, and the graph of the hyperbola zy = 5. What 
are the coérdinates of their points of intersection ? What 
roots satisfy the equations ? 


12. Solve the equations x? + y? = 26 and ay = 5 as simul- 
taneous quadratics and notice that the results are the answers 
to Example 11. 


TE 
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Solve by graphs: 


13. 227+ y?= 80 16. i ioe Hon 
ey = 32 by = 19627" 0 
14. 274 y?= 34 WY. 2 + 677 = 79 
ey = 1b 5 x? — 4 y? = 89. 
ibs seer y= 74 133g in rela 
Seer oe — lie 


19. Explain the meaning of the imaginary roots of the 
equations in Example 18. 
Note. The equations in Example 18 are types of the two simple 


hyperbola equations. The difference in form is due to the difference 
in the position of the curves. 


Determine by inspection the shape of the graph of: 
20. 2a—lAly=T7. 23. a7+y?=18. 26. 427+44?=—27. 
21. 527+8y?=6. 24. x=3y. 2%. #ye=12. 
22g =O £. 2m te = Tye 28. 223—5yt=12, 
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424. Graphs of Higher Equations. The graphs of equations 
and functions of higher degree than the second may be plotted 
by the method already shown (p. 382, § 421). 

In general, the number of real roots of an equation in x 
is equal to the number of times the graph cuts the axis of a. 
If the graph is tangent to the axis of x, there is a double 
root or a multiple root; if the graph does not cut or touch 
the axis of a, the roots are imaginary. 

Plot the graph of the function 2* — «? — 16 x — 20. 


Put 23 — 2? — 16% — 20= y. 


If c=+6, y=+ 64; If «=+0.5, y=— 28.13; 
Dies iOl0y == 2 Onlare tes Os y =— 20; 


aay = 0; z=—0.5, y=— 12.38; 
e=+4.5, y=— 21.13; x : 
w=+4, y=— 36; a 
2=+3.5, y= — 45.38; £ 
Ress, y=— 50; a2=—2.5, y=— 1.88; 
2=+2.7, y=— 50.81; xc : 
x 
zx 


z=+2.5, y=-— 50.63; 

= +2; y=— 48; =— 4, y=— 36; 
ze=+1.5, y=— 42.88; z=—4.5, y=— 59.38; 
x=+1, y =— 36. x=—5, y = — 90. 


To make the figure compact use two spaces of the codrdinate paper 
for one unit of 2, and one space for ten units of y. The curve CAEBD 
(p. 387) is the graph of the function 73—22—162—20. The graph shows 
that the roots of the equation z’—z2— 16 «—20=0 are 5, —2, and —2. 

When @ is greater than 6 the curve evidently extends indefinitely 
above XX’; when « is less than — 5, indefinitely below AY’. 

To determine more accurately the shape of the curve, it is often 
desirable to assume for x several values between two consecutive units. 


Exercise 141. 
Find by a graph the roots of: 
1, 2 — 2? —12% = 0: 2. 22° — 7? = 26 ¢ +40 = 0; 
Find by a graph the number of real roots of : 


3. 2 —8=0, 4.e°—527+82+14=0. 
TE 
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Norr. The following examples provide a review of both linear 


and quadratic graphs. 


Plot the graphs of the following equations, and determine 
what sets admit of solution and what do not: 


1. 382+6y=7 7. ec+ty=9 
22—Ay=65 x—y=l 

2. of by = T ee by = 
2ea+4y=5 Tx—y=48 

38. 32+6y=T . 347+ 8y=12 
2a+4y= 42 45x2+12y=16 

4. 3x—6y=T7 . 54—Ty=6 
Ze+4y= 62—84y=8 

5. 8a—6y=7 . 2e—5y=3 
24a4—4y=5 5a—2y=3 

6. Ze+ Ty = 27 12. 542 +4+12.8y = 35 
da —2y=9 312 —4.8y = 22 


Determine by means of graphs whether one or more of 
the following sets of equations have a root common to all 
three equations of the set: 


13. c+2y=8 15. 4ea+y= 21 


y—nx=1 4y+a=9 

4rn+ty=6 4x+4y=12 
14. 5a—y=7 16. e¢+y=9 

2e+y=5 2e+3y=20 


17. In considering the graphs of three linear equations 
containing only « and y, how does it appear that such 
equations are usually not simultaneous ? Draw the graphs 
of three equations to illustrate this fact. 

RT 
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Plot the following equations : 


18. 
19. 
20. 
21. 


e+ y= 9. 
v+4y7=9. 
ia OY: 
e+4r4+3=y. 


22. 
23. 
24. 
25. 


e+5a+6=y. 


ty = 4. 
v—b5x+6=y. 
e+ 2y=16. 


Find by graphs the roots of the following by letting the 
first member equal y, and then considering the graph when 


y= 0: 
26. 
27. 
28. 


ve—Tx+12=0. 
x?— 92+ 20=0. 
xe? —13a + 42 = 0. 


29. 
30. 
31. 


z?4+-32—10=0. 
v?+4e2—21=—0. 
z?—_4a—21—0. 


Solve exactly or approximately by the method of graphs: 


32. 


33. 


34. 


35. 


36. 


37. 


38, 


39. 


Y—y=3 } 
x—y=—3 
3y=2xe%—1 
9y=2°+2 


32—y=5 } 
38e+y=17 
ba—2y+5=0 
3dx2+-y—-12=0 
eee eet 
4% —-13y+11=0 
x? — 2aey —2y?= 22 
2x—y—T=0 \ 
v—Te—-2y=—17 
v+4y? = 29 


40. 


41. 


42. 


43. 


ey = 12 
HY = 30 
ny act 
xy = 663 
x+y= 38 
xy = 357 
e+ y= 661 
x? — y*? = 589 
. d2°— y*= 59 


227+ 3y? = 98 


- 52° + 29% = 220 


Qe + By = 54 


. 1627°—97'=0 


2ey—5x+6y=33 


A aa 


by +27= 30 


RT 


CHAPTER XXVIL 
LOGARITHMS. 


425. Logarithm. The power to which a given number, 
called the base, must be raised to equal another number is 
called the logarithm of this other number. 

For example, since 10% = 1000, 
therefore, to the base 10, 3 = the logarithm of.1000, written log 1000. 


426. Base. Various bases may be taken for systems of 
logarithms, but for practical calculation 10 is taken. 


Since 10?=100, and 10?=1000, the logarithm of any number 
between 100 and 1000 must lie between 2 and 3. For example, 


log 475 = 2 + some fraction. 


Since log10=1, because 10!= 10, 
and log 1=0, because 10°=1, 
and log yy =—1, because 10-1 = 4, 


the logarithm of the base is 1, the logarithm of 1 is zero, and the logurithm 
of a proper fraction is negative. 
Exercise 143. 
1. What is log +3,, or log 0.01? log 0.001 ? log 0.0001 ? 


Write the integers between which lie the logarithms of: 
2. 83. 4. 127. 6. 4237. 8. 42,756. 
8. 83.5. 5. 127.96. 7. 4237.8. 9. 42,756.95. 


Show that the following statements are true: 
10. log 1+ log 10 + log 100 + log 1000 + log 0.001 = 3. 


11. 7log1 + 9 log 10,000 + log 0.1 + log 0.000001 = 29. 
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427. Logarithm of a Product. The logarithm of the prod- 
uct of two factors equals the sum of the logarithms of the 


factors. 
Let A and B be the factors, and x and y their logarithms. 
Then x=logA 
and y = log B. 
Also, A=; 
and B=10". 
Hence AB =O ty. 
and therefore log AB=a+y 


= log A + log B. 


428. Logarithm of a Quotient. The logarithm of the quo- 
tient of two numbers equals the logarithm of the dividend 
minus the logarithm of the divisor. 

For ifx=logA, then A=10', 
and if y = log B, then Bead OF, 


A 
Hence oe L°=",; 
A 
and therefore log eae 


= log A — log B. 


Thus, if the logarithms of ali numbers are known, the logarithm of 
a product can be found by addition and the logarithm of a quotient 
by subtraction. 


429. Logarithm of a Power. The logarithm of a power of 
a number equals the logarithm of the number multiplied by 
the exponent. 

If « = log A, then AAO 

Raising tothe pth power, A? = 10?*. 

Hence log A? = pa 


=p log A. 
RT 
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430. Logarithm of a Root. The logarithm of a root of a 
number equals the logarithm of the number divided by the 
index of the root. 

If x = log A, then A=ie, 


1 


Taking the 7th root, A” =10°. 
1 
Hence log 47 =~ 
r 
_ logA 
mor 


It is now evident that the operations of multiplication, division, 
raising to powers, and extracting roots will be greatly simplified if 
the logarithms of numbers are known. 

431. Characteristic and Mantissa. Usually a logarithm con- 
sists of an integer plus a decimal fraction. The integral part. 
of a logarithm is called the characteristic. 

The decimal part of a logarithm is called the mantissa. 

. Thus, in log 2353 = 3.3716, the characteristic is 3 and the mantissa 
is 0.38716. This means that 103-3716 = 2353, approximately. 


432. Finding the Characteristic. Since 
10’ = 1000 and 10*= 10,000, 

therefore 3=log1000 and 4 = log 10,000. 

Hence the logarithm of a number between 1000 and 10,000 
lies between 3 and 4 and is therefore 3 plus some fraction. 

Since 1077 = 10.01 and 10-* = 0.001, 
therefore —2=log0.01 and —3= log 0.001. 

Hence the logarithm of a number between 0.001 and 0.01 
lies between — 3 and — 2 and is — 3 plus some fraction. 

For convenience the mantissa is always taken as positive, 
but the characteristic may be either positive or negative. 


Since the characteristic is easily found, the fact that it may be 
either positive or negative does not present any serious difficulties. 
RT 
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433. Rule for the Characteristic. 1. The characteristic of 
the logarithm of a number greater than 1 is positive, and ts 
one less than the number of integral places in the number. 

For example, log 75 = 1+ some mantissa, 
and log 14,800.75 = 4 + some mantissa. 

2. The characteristic of the logarithm of a number between 
0 and 1 is negative, and is one more than the number of zeros 
immediately following the decimal point. 

For example, log 0.03 =— 2 + some mantissa, 
and log 0.00076 =— 4 + some mantissa. 


434. Negative Characteristic. If log 0.02 =— 2 + 0.3010, 
it cannot be written — 2.3010, because this would mean that 
both mantissa and characteristic are negative. It is there- 
fore written 2.3010, which means that only the characteristic 
2 is negative. 

That is, 2.3010 =— 2 + 0.3010. It may also be written 0.3010 — 2, 
or 8.3010 — 10, or in any similar manner. 

435. Mantissa Independent of Decimal Point. It can be 
shown that 

10*871 — 2350, and therefore log 2350 = 3.3711. 

Then, dividing each member of 10**" = 2350 by 10, 

10*:3711—1 — 235, and therefore log 235 = 2.371L 

Similarly, dividing by 10‘, or 10,000, 

10*8711—4 — 0,235, and therefore log 0.235 = 1.3711. 

That is, the mantissas are the same for log 2350, log 235, 
log 0.235, and so on, wherever the decimal point is placed 
Hence the mantissa of the logarithm of a number is unchanged 


by any change in the position of the decimal point of the 
number. 


Thus, if a table of logarithms gives the mantissa of log 235, the same 


Mantissa may be used for log 0.00235, log 2.35, and so on. 
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436. Table of Logarithms. A “four-place” table of loga- 
rithms is given on pages 398 and 399. It gives the mantissas 
for all integral numbers less than 1000, the decimal points 
in the mantissas being omitted. 


For ordinary computations a four-place table is usually sufficient 
to give results that are accurate to four significant figures. 


437. Finding the Logarithm of a Number. The following 
examples explain the use of the table: 

1. Find the logarithm of 73.4. 

First write the characteristic, 1. 

In column WN look for the first two figures, 73; then look to the 
right of 73 in column 4. Here the mantissa is found to be 0.8657. 

Hence log 73.4 = 1.8657. 


2. Find the logarithm of 4236. 

First write the characteristic, 3. 

Then notice that 4236 is between 4230 and 4240 and is 0.6 of the 
way from 4230 to 4240. Hence it may be assumed that log 4236 is 
approximately 0.6 of the way from log 4230 to log 4240. 

In column WN look for the first two figures, 42; then look to the 
right of 42 in columns 3 and 4, and there find that 


log 4240 = 3.6274 
log 4230 = 3.6263 
0.6 of 0.0011 = 0.0007, nearly 


Adding 0.0007 to 3.6263, it is found that log 4286 = 8.6270. 
This plan of finding the logarithm of a number of more significant 
figures than those given in the tables is called interpolation. 


3. Find the logarithm of 0.0002705. 
First write the characteristic, — 4. Then, as above, 
log 0.000271 = 0.4330 — 4 
log 0.000270 = 0.4314 — 4 
0.5 of 0.0016 = 0.0008 


Adding 0.0008 to 0.4314 — 4, the required logarithm is 0.4822 — 4, 

Such a result may be written as 4.4322. In many operations with 
logarithms, however, it is less confusing to place the negative char- 
acteristic at the right. 

RT 
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438. Antilogarithm. The number corresponding toa given 
logarithm is called an antilogarithm. 


Thus, if log 676 is 2.8299, the antilogarithm of 2.8299 is 676. 


439. Finding Antilogarithms. Antilogarithms are found 
from the table by looking for the number corresponding to 
the given mantissa, and locating the decimal point according 
to the characteristic. 


1. Find the antilogarithm of 3.4265. 


The mantissa 0.4265 is found opposite 26 in column WN and under 
column 7. It is therefore the mantissa of 267. 

Since the characteristic is 3, there must be four integral places in 
the antilogarithm. Hence the antilogarithm of 3.4266 is 2670. 


2. Find the antilogarithm of 2.8404. 


The mantissa 0.8404 is not found in the table, but is seen to lie 
between 0.8401 and 0.8407, their difference being 0.0006. The differ- 
ence between 0.8401 and 0.8404 is 0.0008. Hence 0.8404 is 2 of the 
way from 0.8401 to 0.8407. 

Hence the antilogarithm of 0.8404 must be approximately # of the 
way from the antilogarithm of 0.8401 to that of 0.8407; that is, 


antilog 2.8407 = 0.06930 
antilog 2.8401 = 0.06920 
2 (or 3) of 0.00010 = 0.00005 


Adding 0.00005 to 0.06920, it is found that 
antilog 2.8404 = 0.06925. 
3. Find the antilogarithm of 0.3664. 


The mantissa 0.3664 is found to lie between 0.3655 and 0.38674 
whose difference is 0.0019. Since 0.3664 — 0.3655 = 0.0009, the given 
mantissa is 7°, of the way from 0.3655 to 0.8664. But antilog 
0.3655 = 2.32, and antilog 0.8674 is 2.388. Adding 4% of the difference 
to 2.32, the required antilogarithm is 2.325. 


4. Find the antilogarithm of 7.9050. 


The mantissa is evidently 3 of the way from the mantissa for 803 
to that for 804. Hence it is the mantissa for 8035. The characteristic 
being 7, the antilogarithm is 80,350,000. 


RT 
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Using the table, find the antilogarithms of: 
THE 
78. 
79. 
80. 
81. 
82. 
83. 
84, 
85. 
84, 


57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 


DD PE On Ms Pie Lg DO 


24. 
32. 
76. 
48. 
60. 
100. 
200. 
270. 
275. 
2756. 


. 27.56. 
. 275.60. 
. 27,560. 


32,450. 


0.4771. 
1.5682. 
3.8451. 
1.8865. 
0.5065. 
2.5211. 
4.5977. 
3.8785. 
2.9380. 
3.9741. 


RT 


15. 
16. 
17. 
18. 
19. 
20. 
Ais 
22. 
23. 
24. 
25. 
26. 
27. 
28. 


67. 
68. 
69. 
70. 
Tale 
72. 
73. 
74. 
75. 
76. 
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Exercise 144, 


Using the table on pages 398 and 399, find the loga- 
rithms of: 


4. 

a 

0.4. 
0.7. 
0.44. 
0.77. 
1.44. 
eee 
17 
17%: 
1770. 
1775. 
17,750. 
41,270. 


0.1945. 
1.2266. 
Veoh G2 
2.8296. 
4.8398. 
4.8397. 
1.8845. 
2.8844. 
2.8846. 
3.8851. 


29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 


22. 
222. 
222.2. 
2222. 
0.22. 
0.022. 
0.222. 
0.277. 
3.270, 


0.5000. 
0.5500. 
0.5550. 
0.5555. 
55,500. 


0.0000. 
5.0000. 
2.7408. 
3.7406. 
2.7410. 
3.7735. 
2.2620. 
3.4210. 
1.7280. 
2.6666. 


87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 


43. 
44, 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
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182. 
182.3. 
182.9. 
18.29. 
1.829. 
427. 
4275. 
42.75. 
4,278. 
427.5. 
42,750. 
25,300. 
25,350. 
63,920. 


0.7782 — 1. 
0.7864 — 2. 
0.7668 — 3. 
0.8028 — 4. 
9.8096 — 10. 
9.8235 — 10. 
8.8306 — 10. 
8.8500 — 10. 
8.8503 — 10. 
7.9996 — 10. 
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440. Computation by Logarithms. The following exam- 
ples illustrate the application of logarithms to typical 
cases of computation : 


1. Find the product of 247 and 3.95. 


log 247 = 2.3927 
log 3.95 = 0.5966 
2.9893 = log 975.8 


If 247 is multiplied by 3.95 the product is found to be 975.65, or 
975.7, carrying the result to only four significant figures. The last 
figure of the result by logarithms is therefore 1 too great. This shows 
that computations by logarithms give, in general, results that are only 
approximately correct. The approximation is closer when larger tables 
are used. In the exercises the results should be carried to four signifi- 
cant figures only, and it should be understood that the last figure may 
be approximate. 


2. Find the product of 37.2, 0.416, and — 3.275. 


Although a negative number has no real logarithm, when the prod- 
uct of two positive numbers is multiplied by a negative number the 
result is negative. Hence, after finding the product of 37.2, 0.416, and 
8.275, the negative sign may be prefixed to the result. 


log 37.2 = 1.5705 
log 0.416 = 0.6191 — 1 
log 3.275 = 0.5152 
2.7048 — 1 
= 1.7048 = log 50.68 
Hence the product is — 50.68. 
Multiplying in the ordinary way, the result is found to be — 50.68218. 


The result obtained by logarithms is therefore correct to four signifi- 
cant figures. 


3, Find the quotient of 17.28 + 1.44. 


log 17.28 = 1.2375 
log 1.44 = 0.1584 
1.0791 = log 12 


Hence 17.28 + 1.44 = 12. 
In this case log 12 = 1.0792, while the antilogarithm of 1.0791 is 
11.997, which to four significant figures is 12.00, or 12. 
RT 
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4. Find the quotient of 62.5 + 0.025. 
log 62.5 = 1.7959 
log 0.025 = 0.3979 — 2 
1.3980 + 2 


= 3.3980 = log 2500, approximately 
Hence 62.5 + 0.025 = 2500. 


5. Find the quotient of 1.457 + 544.5. 


log 1.457 = 0.1635 
log 544.5 = 2.7360 


The larger logarithm cannot be subtracted from the smaller, but 
an integral number, in this case 3, may be added to the characteristic 
of the logarithm of the dividend and the same number subtracted ; 
that is, log 1.457 = 3.1635 — 8 

log 544.5 = 2.7360 


0.4275 — 3 = log 0.002676 
Hence 1.457 + 544.5 = 0.002676. 


6. Find the value of 0.0048%. 


log 0.0048 = 0.6812 — 8 
3 
2.0436 — 9 
= 0.0436 — 7 = log 0.0000001106 


The result by actual multiplication is 0.000000110592. 


: if 
7. Find the value of V2. 
log 2 = 0.3010. 
4 log 2 = 0.0430 = log 1.104. 
Hence V2 = 1.104 to four significant figures. 


8. Find the value of V2.4 x 3.8 x 0.0347. 
log 2.4 = 0.3802 
log 3.8 = 0.5798 
log 0.0347 = 0.5403 — 2 
1.5008 — 2 
= 2.5003 — 3 
3 of (2.5003 — 8) = 0.8334 — 1 
= log 0.6814. 
Hence V/2.4 x 3.8 x 0.0347 = 0.6814. 
Fractions are avoided by writing 2.5003 — 3 instead of 1.5003 — 2, 
RT 
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Exercise 145. 


Perform the following computations by logarithms: 


Lo 3615228. 1a ere a1. V2, 

2. 2.57x 426. 12. 15.7+8.3. 22. V2 

3. 40.7x 90.2. 18. 428+0.71. 23. V7. 

4. 309 x 208. 14. 0.007 + 0.83. 24. V8. 

5. 27 x 4762. 15. 0.062 +-0.09. 25. V/128. 

6. 39x 289.7. 16. 82.83+0.7. 26. 147.6. 
7. 56% 48.92. 17. 7.009+9.9. 27. V0.0007. 
81 73 BIG.) ASSP Bla! 28. 4.237. 
9.18 320.1728. Pigs 9. S147 29. 5.107%. 
10. 9x 0.0146. 20. 0.63.14, S08 ALVOr: 


. Find the value of V2.74 x 42.95 x 617.8. 
32. Find the value of V0.7 x 0.0763 x 128.4. 


oo 
e 


Perform the following multiplications : 


33. 4.389 x 0.000728. 36. — 29.8 x 47.63. 
34. 29.76 x 0.000047. 87, 41.82 Ci BO 
35. 0.472 x 0.006234. 38. — 2.678 x (— 0.0073). 
Perform the following divisions : 
27.73 276.9 0.6398 
89. 70.81. * 0.007342" se 0 d0a6, 
0.6987, go, 0208193 ag, 0:0006872 
3.427 * “47.99 * 0.5283 
Perform the following operations : 
45. 42%, 48. 287.98, St. (oye 
46. 368°. 49. 3.142%. 52, (S721), 


a7. 14.92%, 60. 0.00725. 53. (— 2.96)?. 
RT 
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441. Cologarithm. The logarithm of the reciprocal of a 
number is called the cologarithm of the number. 

The cologarithm of « is expressed as colog x. 

Since cologz = log = log1— logz = 0— logaz, it is evident that 
cologz = — logz, which may be written 10 — logz — 10, to avoid a 
negative mantissa. Then 

colog 2 = 10 — log 2 — 10 = 10 — 0.3010 — 10 = 9.6990 — 10. 

This result may be written as 0.6990 — 1, or as 1.6990. 


442. Use of the Cologarithm. Since to divide by a number 
is the same as to multiply by its reciprocal, the result found | 
by subtracting the logarithm of a number is the same as that 
Sound by adding the cologarithm. 


The cologarithm may be easily written by looking at the logarithm 
in the table. Thus, since log 21 = 1.3222, colog21 is found by sub- 
tracting this from 10.0000 — 10, or from 9.999(10)— 10. That is, be- 
ginning at the left, subtract the number represented by each figure 
from 9, except the right-hand one, which is subtracted from 10. 


10.0000 — 10 = 9.999(10) — 10 


log21= 1.3222 = 1.322 2 rh 
colog 21 = 8.677 8 — 10 = 2.6778 


Similarly, in finding colog 0.03952, 
9.999(10) — 10 
log 0.03952 = 8.596 8 —10 
colog 0.03952 = 1.403 2 = 1.4032 


Practically, of course, such a subtraction is done mentally, as in 


‘the following cases : 
Logarithms 3.6042, 5.9605, 7.4316 — 10. 
Cologarithms 6.3958 — 10 4.0395 — 10, 2.5684. 


To subtract a single logarithm is simpler than to find its 
-cologarithm and add; but in complicated operations it is 
easier to use the cologarithm, as is seen on page 404. 

Logarithms in which the characteristic is greater than 10 are not 


common. To find a cologarithm in such a case, subtract from 
11.0000 — 11, 12.0000 — 12, and so on, instead of subtracting from 


-10.0000 — 10. 
RT 
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443. Advantages of the Cologarithm. The advantages of 
the cologarithm are seen in finding the value of 


17.28 x 6.25 x 16.9 
144° 025: <1.35- 


log 17.28 = 1.2375 
log 6.25 = 0.7959 
log 16.9 = 1.2279 
colog 1.44 = 9.8416 — 10 
colog 0.25 = 0.6021 
colog1.3= 9.8861— 10 
23.5911 — 20 
= 8.5911 = log 3900 


The above answer can easily be verified by canceling the common 
factors in the given expression. 


EXERCISE 146. 


Find the value of each of the following expressions by 
means of logarithms: 


1, 17.28 x 1.44 Pe EaeS.. 548 x 1. =) 
" 0.288 x 8.64 39.6 x 2.7 
9, 57.5 x 0.64 i ee a 
OR aac 1:46 x 39.9: f- 
g, 12:8 x 1.341 i ( 68 x 29.43 x Bi. aay 
" 14.9 x 0.64 8 x 0.4 x 26.43 
‘ eee 7.2 ae 7.2 x 3.8 x 1.46 
* NO.2 x 5.7 x 9.8 1.82 x 7.46 x 83.04 
23 x 4.8 x 5.7 2 
ne NE 3 x 4.8 x BT 12, 1/2 X41 x 0.7284 X96. 
1.9 x 3.7 x 0.3 1.4 x 3.82 x 0.41 
ee 4.8 x 294.3 3x 42 x 276 x 0.2315 
~ wees 
64.8 x 7.123 x 4.9 BIS SLR SITS - 


7. v {24x 87 x 428.1 E 38 x 2763 x 1297 | 
53.2 x 41.05 x 3.7 3415 x 3906 x 929.8” 
RT 
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NUMERICAL TRIGONOMETRY. 


444, Angles. Two lines which proceed from the same 
point form an angle. The first of these figures shows an 
angle formed by the lines OA and OB 


proceeding from the vertex 0. This angle 8 

may be called either “angle AOB,” which 

is written Z AOB, or it may be called Z0. © A 
me 


In some cases an angle is named by a 
small letter placed inside, as shown by 
the second figure. 


445. Measuring Angles. The size of an angle depends 
upon the amount of turning necessary to bring one side to 
coincide with the other, and not upon the lengths of the sides. 

Angles are commonly measured in degrees. A right angle, 
which is the angle formed by two perpendicular lines, 
contains 90°. 


446. Angles of Elevation and Depression. When sighting 
at a point above the level of the eye, the angle formed with 
the level line is called an 
angle of elevation. In sighting 
at an object below the level 
of the eye, the angle is an 
angle of depression. 


For example, if a person in a 
boat at B sights at the top T of a lighthouse, as shown in the above 
figure, ¢ is the angle of elevation of T. If a person at T sights at B, 
d is the angle of depression of B. 

RT 405 
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447, Tangent of an Angle. Suppose that in this figure 
BC represents a flagpole and that BIC’, B'C", and BIC” 
represent posts of known heights 
over which the top of the pole may 


4 B 
be sighted. RB 
It is known from geometry that B' 
tat " 3 " Bon 
BC B C = B Cc = A (ov hs Ge (G 


AG moe Ua Aten qitenr 
as long as the 7A is unchanged. Then since AC, AC', AC", 
and AC" can be easily measured, the height of the pole can 


be found from one of these ratios. B 
Similarly, in this figure, the ratio ‘ 
c 
is constant for any given angle at A. * 
This ratio is called the tangent of ZA, yr C 
which is written “tan A.” b 


This figure shows the standard right triangle used in trigonometry, 
a and b being called the sides and c the hypotenuse. 

The tangent of either acute angle in a right triangle is the 
ratio of the opposite side to the adjacent side. 


That is, tan A= 3 
whence btan A =a. 


448. Practical Use of the Tangent. Suppose that in the 
trigonometric right triangle shown above, it is given that 
6 = 30in., ZA = 40°, and tan 40° = 0.8391. Then 

a = 30 tan 40° = 30 x 0.8391 = 25.1730. 
That is, to the nearest 0.1in., the length of a is 25.2 in. 


If 6 was measured with an instrument which could measure to the 
nearest 0.01 in., the length of a would be given as 25.17in. No result 
of a computation can be more accurate than the least accurate 
Ineasurement upon which it is based, and in a practical case the de- 
gree of accuracy depends upon the conditions of the problem. 

RT 
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EXeErcisE 147. 
In the standard right triangle shown on page 406, find a, 

given the following: 

1. b= 38 ft, ZA = 18°, tan 18° = 0.3249. 
6 = 26 ft., ZA = 23°, tan 23° = 0.4245. 
b= 48 ft., ZA = 31°, tan 31° = 0.6009. 
b = 62 ft., ZA = 36°, tan 36° = 0.7265. 
b= 98 ft., ZA = 45°, tan 45° = 1.0000. 
6. 6=46in, ZA = 61° 30’, tan 51° 30! = 1.2572. 


For the present the necessary tangents will be given as required. 


Sted entre 


Find tan A to the nearest 0.0001, given the following: 
7. 2= 610: > = 6 in. 
8. a= 0.281 mi., d= 2mi. 
= 9. a=4.750 m1, 6 = 30 mi. 

10. a@=13.772in., 6 = 40 in. 

iM. 2=62f., b= 248 £6. 

Vag =10 ft) = 20.52 ft. 

bd 13. Witha transit placed 80 ft. from a tower and 5 ft. 4 in. 

above the ground, a student finds that the angle of eleva- 
tion of the top is 60°. Given that tan 60° = 1.7321, find the 
height of the tower. 

14. In Ex. 13, given that tan 30°= 0.5774, find the height 
of a window whose angle of elevation is 30°. 

15. From a point on the ground 20 ft. from the foot of 
a telephone pole the angle of elevation of the top is 50°. 
Given that tan 50° = 1.1918, find the height of the pole. 

16. How high is the pole in Ex. 15 if the point is 5 ft. 
above the ground, the angle of elevation is 40°, and tan 40° 
= 0.8391? 

RT 


s 
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449. Sine of an Angle. In this triangle, suppose that ¢ 
and ZA are known, and it is required to find a. Since 


a=cxX 2p B 
c 
a can be found if the ratio © for ZA c i 
is known. This ratio is called the a C 
sine of ZA, which is written “sin A.” b 


The sine of either acute angle in a right triangle is the 
_ ratio of the opposite side to the hypotenuse. 


: / a 
That is, sinA = a 
whence csinA =a. 


450. Practical Use of the Sine. It is obvious that the sine is 
of great practical value in cases where the measurements of 
the sides which form this ratio are the ones that are the 
most convenient to make. 

For example, in finding the height of a rocky cliff some 
the top to a point A, as here shown. 

They found that 4B = 84 ft. and that 4 
can then be found as follows: 
a = 84sin 40° = 84 x 0.6428 = 53.9952. 


boys could not drop a plumb line from B 
7 y 
J 
ZA= 40°. 
That is, to the nearest foot the cliff is 54 ft. high. 


the top, so they stretched a string from 
If it is known that sin 40° = 0.6428, the height of the cliff 


In this case it is evident that the measurement of the distance AB 
by means of a string which is likely to stretch and sag is very inaccu- 
rate. Similarly, since the top of the cliff is probably irregular, the 
measurement of 2A is also approximate. Hence a result to the near- 
est foot is not only the most sensible one under the conditions of the 
problem, but it is also sufficiently accurate for any practical purpose. 

RI 


a 
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EXER cIsE 148. 


In the standard right triangle shown on page 408, find a, 
given the following: 
1. ¢==10ft., ZA =10°, sin 10° = 0.1736. 
2. o= 15 ft., ZA = 15°, sin 16° = 0.2588. 
3. c= 58 ft, ZA = 45°, sin 45° = 0.7071. 
4. c=T5ift., 2A = 63°30’, sin 63°30' = 0.8949. 


Find sin A to the nearest 0.0001, given the following: 
5. ¢=10in., a = 2in: % c= 6ft, o= 4.5 ft, 
6. e=4in., a= 2 in. Seer De 2, 0, eo At 
9. Suppose that a kite string 250 ft. long is stretched 
straight. Given that sin 60°= 0.8660, find to the nearest 
foot the height of the kite when the string makes an angle 
of 60° with the ground. 
10. A ship sails 30° east of south for 
a distance of 40 mi. Given that sin 30° = 
0.5000, find how far the ship is to the 
east of its starting-point. 


The distance marked z in this figure is re- 
quired. In all such cases draw a neat diagram. 


11. Some boys wanted to find the distance CB across a 
pond. They sighted a line at right angles 
to CB, and on this line took a_ point B 
A from which they could measure AB. RY, 
They found that AB =775 ft. and that Ash 
ZA= 650°. Given that sin 50° = 0.7660, A~— 
find the distance CB. 

12. Consider Ex. 11, given that AB = 850 ft., ZA = 70°, 
and sin 70° = 0.9397; given that AB= 1652 ft., ZA = 80°, 
and sin 80° = 0.9848. 


RT 
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451. Cosine of an Angle. In the standard right triangle 
ACB, shown below, the ratio * is called the cosine of ZA, 
which is written “cos A.” 


The cosine of either acute angle in a right triangle is 


the ratio of the adjacent side to the B 
hypotenuse. 
; b. C 
That is, cosA= - a 
whence ccosA =b. A 5 Cc 


452. Practical Use of the Cosine. A surveyor wished to 
find the distance AC on an east-and-west line across some 
marsh land. He sighted northward 
from C, and his helper placed a 
stake at B, from which they could 
measure a line to 4. They found 
by measuring that AB = 620ft. and A 
that ZA = 30°. 

If the surveyor knew that cos 30° = 0.8660, he would 
then have 


AC = 620 cos 30° = 620 x 0.8660 = 536.92. 


That is, to the nearest foot, the distance AC is 537 ft. 


Why is this result sufficiently accurate? Would such a result be 
appropriate in measuring land in the center of a city ? 


Exercise 149. 
In the standard right triangle shown above, find 0, given 
the following : 
1. c= 280 ft., ZA = 38°, cos 38° = 0.7380. 
2. e= 475 yd, 2A = 47°, cos 47° = 0.6820. 
3. c= 580 ft, ZA = 63°, cos 63° = 0.4540. 
4. c=1750 ft., ZA = 29° 45', cos 29° 45' = 0.8690. 


RT 


I 


q 
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5. A ship sails N.E. a distance of 48 mi. Given that 
cos 45° = 0.7071, find how far the ship 
is to the east of its starting-point. 

The abbreviation ‘‘N.E.’? means “north- 
east.”” The line OP runs 45° east of a 
north-and-south line through O, and hence 
ZP=45° The result may be given to the 
nearest 0.1 mi. 


6. A ship sails on a course 40° west 
of north a distance of 52 mi. Given that cos 40° = 0.7660, 
find how far the ship is to the north of its 
starting-point. 

7. The 32-foot arm AB of a derrick is 
at an angle of 70° to the horizontal. Given 
that cos 70° = 0.3420, find how far the pulley 
C is from the foot of the arm. 

8. In Ex. 7, given that cos 20° = 0.9397, 
find the distance from C to B. 

9. A telephone pole is broken by the wind and blown 
over so that the two parts form a right 
triangle with the ground. The upper part 
makes an angle of 60° with the ground, and 
the top of the pole rests on the ground 10 ft. 
from the base. Given that cos 60°= 0.5000, Q&S 
find the length of the part which is broken off. 


10. A 50-foot ladder leaning against a 
house makes an angle of 75° with the ground. Given that 
cos 75° = 0.2588, find how far the foot of the ladder is from 
the house. 

11. A boy who is flying a kite observes that the string, 
which is 200 ft. long, makes an angle of 65° with the ground. 
Given that cos 65° = 0.4226, find how far the boy is from a 


point directly beneath the kite. 
RT 
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453. Trigonometric Functions. Since tan A, sin A, and cos A 
alldepend for their values upon the size of ZA, they are 


called functions of the angle. B 
Evidently 2A may have other functions se 
besides the ratios . 5 eB already consid- e 
(he Xe 
ered ; for example, the ratios et oe and ; A b Cc 
aa 


These ratios, which have special names, are used in more advanced 
work in trigonometry. 


These functions of an angle are called trigonometric 
functions. 
The word trigonometry comes from three Greek words which mean 


**three-angle-measure,”’ or ‘* triangle measure.’’ Most indirect meas- 
urements are based upon the measurement of some line of a triangle. 


In the right triangle, above, the sum of the two acute 
angles A and B is 90°, and ZB is said to be the comple- 


ment of 7A. Since sinB =° and cos A = °, it follows that 
sin B = cos A. 


Similarly, tan B= ua and this ratio is often called the cotangent 
a 


of ZA, which is written "cot A.’ In elementary work of the type 
provided in this chapter, however, it is not necessary to use this 
function. 


454. Tables of Functions. In the previous pages the value 
of each function has been given as needed. On pages 420- 
425 are given tables which show the sines, cosines, and 
tangents of angles from 0° to 90°, and the use of these 
tables is explained on page 418. These functions are called 
natural functions, to distinguish them from the logarithmic 
functions, which will be discussed later. 

In the problems on pages 413 and 414 the functions should 
be found from the tables. 

RT 
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Exercise 150. 


Sketch roughly to scale the standard right triangle shown 
on page 412 for each of the following cases, and find the 
unknown parts: 


tA a= 3o2, @ = Sb Tt. 9. A ='28° 24'.a = 30 ft. 
2° a= 30 ft, b= 78 ft. 10, @=42.7,6=2 35 ft. , 

3.) Aa 40", o = 75 ft, Dies = 99.0, ¢ = 82:4 fiz 
4. A= 60°, 6 = 30 ft. a2. A-== 292-18") = 20 ft 
bs 6 = 00 it, ¢= 100 ft. “13. 6=81.9ft., e=198.9 ft. 
Gey B= AAS Sb 600: 14.7 Bie= 3O° 20,6 = 70 ft 
T. A’= 45°, ¢ = 50 ft. 15. B= 42° 32", ec = 68 Tt. 
S..-A-= 3). = 75 ft. 16. 8B = 635° 17’, 6 = 39.2 ft. 


One angle is, of course, 90°, so that there are three unknown parts, 
angles or sides, in each case. Angles may be given to the nearest 0.1° 
or to the nearest 1’, and sides to the nearest tenth of the unit. 


17. A kite 900 ft. above the ground is anchored to a stake 
A in the ground. Assuming the string to be straight and 
that ZA = 36°, find the length of the kite string. 

18. A yertical pole 50 ft. high casts a shadow 24 ft. long. 
Find the angle of elevation of the sun. 

19. When a smokestack 100 ft. high casts a shadow 48 ft. 
long, what is the angle of elevation of the sun? 

20. A ladder 40 ft. long rests against a wall at an angle 
of 69° with the ground. How far is the top of the ladder 
from the foot of the wall? 

21. From a point 150 ft. from the foot of a flagpole the 
angle of elevation of the top is 37°. Find the height. 

22. Assuming that a kite string 185 ft. long is stretched 
straight and that the angle of elevation of the kite is 52° 30’, 
how high is the kite ? 


RT 
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23. To find the length of a pond, a surveyor set his transit 
at C, exactly south of a tree B, and sighted a line to the west. 
He then set a stake at A on this line, 
moved the transit to A, and found that 
ZA= 55° 48’. He measured AB and found 
it to be 1039 ft. Find the distance BC. 

24. When the angle of elevation of the 
sun is 42.7°, how long is the shadow of a 
flagpole 90 ft. high ? 

25. From a height of 5600 ft. an aviator estimates that 
the angle of depression to a building is 52°. How far is the 
building from a point directly beneath him ? 


26. Inarectangle 4 in. by 8 in., a line is drawn diagonally 
from corner to corner. Find the length of this line. 


27. A flower bed 6 ft. wide les close to the side of a 
house. If a ladder, with its foot at the outer edge of the 
flower bed, just reaches a window 20 ft. from the ground, 
what angle does the ladder make with the ground? How 
long is the ladder ? 


28. From a point 128 ft. from a building the angle of 
elevation of the top is observed, by means of an instrument 
5 ft. above the ground, to be 42°4'. What is the height of 
the building ? 


29. From a point A on the ground an airplane directly 
above a point 1050 ft. from A is found to have an angle of 
elevation of 55°. Find the height of the plane. 


30. From a point on a mountain the angles of depression 
to two successive milestones on a straight level road run- 
ning due south from the observer were found to be 45° and 
30°. Find the height in feet of the observer above the 
level of the road. 

In this case a = b tan 45° and a = (6 +5280) tan 80°. From these 


equations the value of a can be easily found. 
RT 
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455. Solving the Right Triangle by Logarithms. The work 
of solving problems in trigonometry can often be made easier 
by using logarithms. The manner in which logarithms are 
applied to computations was shown in Chapter XXVII. 

To save having to look up a natural function in one table 
and the logarithm of this value in another, tables of loga- 
rithmic functions are used. On pages 426-431 are provided 
tables showing the logarithms of the sines, cosines, and 
tangents of angles from 0° to 90°° These tables are used 
as explained on page 419. 


Since cot.4 = - : aS multiplying by cot A can be done by subtract- 
an 


ing log tan A, and hence it is unnecessary to have a separate table of 
logarithmic cotangents. 

1. Solve the right triangle ACB (shown on page 412), 
given that 7 A = 36°15' and c= 360; that is, given 7A and 
c, find the unknown parts. 


(1) a=CcsinA (2) b=ccosA 
log ¢ = 2.5563 (p. 398) log ¢ = 2.5563 

log sin A = 1.7718 (p. 426) log cos A = 1.9066 (p. 428) 
log a = 2.3281 log b = 224629 

a= 212.9 (p. 398) b = 290.3 (p. 398) 


(3) ZB = 90° — ZA = 90° — 36°15’ = 58° 45’. 


While c is not given in any special unit, it is understood that 
whatever unit is used, the same one applies toa and 6. With a four- 
place table, the results cannot be given to more than four figures. 


2. Solve the right triangle A CB for a=186.5 and b= 241.6. 


(Q) tnd=? (2) oa 4 
log a = 12.2707 — 10 (p. 398) log b = 2.3831 
logb= 2.3831 (p. 398) log cos A = 1.8985 (p. 428) 
logtanA = 9.8876 — 10 loge = 2.4846 
A = 87°40 (p. 430) c = 305.2 (p. 398) 


(3) ZB= 90° — ZA = 90° — 87°40’ = 52°20’. 
RT 
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Exercise 151. 


Sketch the figure, and solve the right triangle ACB by 
means of logarithms, given the following: 
. A= 307,0= a0 it. 9..A = 40.4°, c = 80 ft. 
iD, 42, p= O00 ft, 10. B= 82.8°, c= 100.8 ft. 
s Ave= 647 b= 2240 11... b= 380.6 ft, ¢ = 90.616. 
. A=35°10',a@=32.2ft. 12. A = 40.7°, c = 75.8 ft. 
. B=43°18',6=58.3ft. 13. B= 44,3°, 6 = 50.6 ft. 
.a=S35ft.,b=S5f. 14.A=300 ,a=23ft 
a= 30.4 fts ¢ = 65ft. 15. A= 60.5°,6 = 1505 Kt. 
. 6=92.5 ft.,c=100ft. 16. a = 221.8 ft., 6 = 198.6 ft. 
17. Ata point midway between two buildings it is found 
that the angle of elevation of the top of one building is 30° 
and that of the other is 60°. Prove that one building is 
three times as high as the other. 


ort nar DO DO 


18. A mechanic has a rectangular steel plate 8.68 in. long 
and 6.42 in. wide. In sawing the plate into two equal parts, 
starting at a point on a long edge 2.24 in. from a corner, 
what angle does the saw cut make with the edge ? 


19. While a man is walking along a straight road he 
observes that the line of sight to a schoolhouse makes an 
angle of 40° with the road. After walking half a mile 
farther he comes to the right-angled intersection of the 
crossroad on which the schoolhouse is located. How far is 
the schoolhouse from the intersection ? 


20. From a town 4 a new automobile road is to be con- 
structed in a straight line to a town B which is 6.4 mi. to 
the east and 8.7 mi. to the north of A. What will be the 
direction of the road; that is, what angle will it make with 


the north-and-south line through A ? 
RT 
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21. From a point on the ground, 475 ft. from the foot of 
a flagpole, the angle of elevation of the top is 12.1%. Find 
the height of the pole. 


22. Assuming that the Great Pyramid of Egypt was 
originally 762 ft. square at the base, that it came to a point 
at the top, and that each sloping face made an angle of 
51° 51' with the horizontal, what was the height ? 


23. A flagpole 69.2 ft. high is placed in the center of a 
circular pond in a park, and from any point on the edge of 
the pond the angle of elevation of the top is 60°. Find the 
diameter of the pond. 


24. In finding the width of a river some students laid 
off a straight line 450 ft. long from A to C along one bank. 
One student stood at C and located a point B on the oppo- 
site bank, on a line at right angles to AC. Another student, 
standing at A, measured “CAB and found it to be 60°. 
How wide was the river at C ? 


In all such cases the student should first sketch the figure. 


25. Two points A and B on a road with a gradient of 
8° 40' are 1430 ft. apart, measured horizontally. From B 
the road runs at a zero gradient (that is, horizontally) a dis- 
tance of 1675 ft. to C. If C is above the level of A, what 
would be the gradient if the road had a uniform rise from 
AtoC? 


The gradient is the angle with the horizontal. 


26. The flagstaff on a school building is placed on top of 
the front wall of the building. A boy standing some distance 
in front of the building, which is 50 ft. high, observes that 
the angle of elevation to the top of the front wall is 30°, 
and that to the top of the flagstaff is 45°. Find the length 
of the flagstaff and the distance that the boy is standing 


from the building. 
RT 


' 
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456. Use of the Tables of Natural Functions. The following 
examples will show the method of using the tables of natural 
functions on pages 420-425: 


1. Find sin 35° 36’, or sin 35.6°. 


First look in the left-hand column on page 420 for 35°. Then to 
the right on this line, in the column marked 36’, or 0.6°, is found the 
value .5821; that is, sin 35° 36’ (or sin 35.6°) = 0.5821. 


2. Find cos 65° 46’. 


On page 423 it is found that cos 65° 42’ = 0.4115. Now 46’ is 4’ 
more than 42’. In the difference columns at the right on line 65° and 
under 4’ is found the number 11. Since the columns are marked 
‘t__ Differences,’’? this means that 0.0011 is to be subtracted from 
cos 65° 42’; that is, 


cos 65° 42’ = 0.4115 — 0.0011 = 0.4104. 


38. Find tan 80° 45'. 


Since the difference columns are not sufficiently exact for such 
large angles, the method of ordinary interpolation must be used. 
On page 425 it is seen that 80° 45’ lies between 80° 42’ and 80° 48’, 
and that the integral part 5 changes to 6 at tan 80° 36’ for the rest 


of line 80°. Hence 
tan 80° 48’ = 6.1742 
tan 80° 42’ = 6.1066 


Subtracting, the difference for 6’ is 0.0676 


Since 80° 45’ is 38’ more than 80° 42’, and the difference columns 
are marked ‘t+ Differences,’ add 3 x 0.0676, or 0.0338, to 6.1066 ; 
that is, 

tan 80° 45’ = 6.1066 + 0.0338 = 6.1404. 


4, Find the angle whose sine is 0.2710. 


On page 420, 0.2710 is not found as the sine of any angle given in 
the table, but is seen to lie between 0.2706 and 0.2723, the sines of 
15° 42’ and 15° 48’ respectively. Furthermore, 0.2710 is 0.0004 larger 
than 0.2706, and in line 15°, 3 is given as the plus difference for 1’. 
Then since 4 is nearer 8 than it is 6, the difference for 2’, the required 
angle is 15° 43’. 

RT 


- 
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457. Use of the Tables of Logarithmic Functions. The 
following examples will show the method of using the tables 
of logarithmic functions on pages 426-431 : 


1. Find log cos 20°15’, 


From page 428, log cos 20°12’ = 1.9724, and the difference for 3’ is 
1, which is to be subtracted. Hence 


log cos 20°15’ = 1.9724 — .0001 = 1.9728. 


The method of ordinary interpolation given on page 418 may also 
be applied to the tables of logarithmic functions. 


2. Find log tan 5°56’. 


From page 480, log tan 5°54’ = 1.0148, the heavy-type figures of 
log tan 5°48’ making a change in the characteristic from — 2 to —1. 
The difference columns give a plus difference of 26 for 2’, and hence 


log tan 5°56’ = 1.0143 + .0026 = 1.0169. 


3. Find the angle whose logarithmic cosine is 1.9728. 


From page 428, 1.9728 is seen to be .0002 less than 1.9730, the 
logarithmic sine of 20°0’. To determine whether the number of 
minutes is 4 or 5, ordinary interpolation must be used. Since the 
total difference between log cos 20°0’ and log cos 20°6’ is .0003, it is 
seen that .0002 is 2 of the total difference. Then } x 6’= 4’, and 
hence the required angle is 20°4’. 

In finding the angle to the nearest 0.1°, a degree of approximation 
sufficient for ordinary purposes, it can be seen at once that the 
proper result is 20.1°. 


4. Find A when log tan A = 1.4026. 


On page 431 it is seen that 1.4026 lies between log tan 87°42’ and 


log tan 87°48’, and that 
log tan 87°48’ = 1.4155 


log tan 87°42’ = 1.3962 
Subtracting, the difference for 6’ is .0193 


Now since 1.4026 is .0064 greater than 1.3962, which is the loga- 
rithmic tangent of 87°42’, the angle is 4, x 6’, or approximately 2’, 
greater than 87°42’; that is, A = 87°44’, 

RT 


420 NATURAL SINES, 0°-465°, 


0.5°| 0.6°| 0.7° | 0.8°| 0.9°| + Differences 


6730). ‘ 
-6858].6871]. : : ‘ 
-6984|.6997]. .7022).7034|.7046]. 


3|6 
3/6 
3/6 
3/6 
3/6 
3/6 
3|6 
3|6 
3/6 
3/6 
3/6 
3/6 
3/6 
3) 6 
3/6 
3/6 
3|6 
3/6 
3/6 
3|5 
3/5 
a 
3|5 
<A) 
SS 
3| 5 
35 
3/5 
3/5 
3| 5 
S15 
215 
215 
215 
215 
215 
2)5 
2)5 
215 
214 
2|4 
2|4 
2)4 
2) 4 
2\4 


9 
9 
9 
9 
5 
2) 
9 
9 
9 
9 
9 
9 
9 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
7 
‘4 
7 
tf 
7 
7 
7 
7 
7 
d, 
7 
6 
6 
6 


MCOHOOOO OOWUOO 


All the above sines are less than 1. RT 
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0.0°} 0.1°| 0.2°| 0.3° | 0.4°} 0.5°| 0.6° | 0.'7° 0.8°| 0.9°| :-+- Differences 
0’ | 6 | 12’| 18’ | 24’ | 30’ | 36’ | 42’ | 48’ | 54’ | 41/12/13’ 4/| 5” 
45 .7071}.7083}.7096].7108].7120].7133].7145}.7157|.7169].7181 2l4lels 
6}.7193].7206|.7218].7230].7242|.7254|.7266|.7278].7290|.7302 
re Bo es ts Ee pa ar ee 
48].7431].7443].7455|.7466].7478}.7490].7501].7513].7524|.7536 
49].7547|.7559|.7570).7581).7593].7604|.7615|.7627|.7638].7649 


50}.7660].7672).7683].7694|.7705].7716].7727|.7738|.7749|.7760 
51).7771].7782|.7793|.7804|.7815].7826|.7837|.7848].7859|.7869 
52!.7880].7891).7902|.7912].7923}.7934].7944].7955|.7965|.7976 
53].7986].7997).8007|.8018}.8028].8039].8049].8059].8070|.8080 
54/.8090].8100/.8111).8121|.8131].8141].8151].8161|.8171].8181 


55].8192].8202].8211].8221|.8231].8241].8251|.8261|.8271!.8281 
56/.8290}.8300].8310|.8320}.8329].8339].8348].8358]|.8368].8377 
57]/.8387].8396].8406).8415|.8425].8434] .8443].8453].8462|.8471 
58].8480].8490).8499].8508).8517].8526].8536|.8545|.8554|.8563 
§9].8572].8581|.8590].8599|.8607}.8616].8625|.8634|.8643].8652 


60}.8660].8669/.8678].8686|.8695].8704].8712].8721|.8729].8738 
61}.8746|.8755|.8763|.8771|.8780].8788].8796|.8805|.8813].8821 
62].8829].8838).8846].8854|.8862].8870}.8878].8886].8894|.8902 
63).8910}.8918).8926).8934|.8942|.8949].8957|.8965|.8973].8980 
64/.8988].8996|.9003}.9011|.9018].9026].9033|.9041|.9048].9056 


€5}.9063}.9070}.9078}.9085}.9092].9100].9107}.9114].9121|.9128 
66}.9135].9143}.9150}.9157|.9164|.9171].9178].9184|.9191].9198 
67|.9205].9212|.9219).9225|.9232].9239].9245].9252].9259].9265 
68]}.9272].9278].9285|.9291]|.9298].9304].9311|.9317|.9323].9330 
69].9336].9342].9348|.9354|.9361].9367|.9373}.9379|.9385|.9391 


70].9397].9403}.9409|.9415|.9421].9426].9432]|.9438].9444].9449 
71).9455].9461).9466].9472|.9478)|.9483].9489).9494).9500).9505 
72|.9511].9516}.9521].9527|.9532].9537].9542|.9548).9553].9558 
73].9563].9568].9573].9578].9583].9588].9593].9598].9603].9608 
74|.9613].9617|.9622|.9627|.9632].9636].9641|.9646|.9650).9655 


75}.9659].9664|.9668].9673].9677].9681].9686].9690}.9694).9699 
76}.9703}.9707|.9711|.9715|.9720].9724|.9728].9732|.9736|.9740 
1 77|.9744|.9748].9751|.9755|.9759].9763].9767|.9770].9774|.9778 
78].9781].9785|.9789|.9792|.9796|.9799} 9803] .9806|.9810).9813 
79|.9816).9820|.9823|.9826].9829|.9833).9836|.9839|.9842|.9845 


80].9848].9851].9854|.9857|.9860].9863].9866].9869].9871).9874 
81].9877].9880}.9882|.9885|.9888].9890}.9893].9895|.9898}.9900 
82}.9903].9905].9907].9910}.9912}].9914].9917|.9919).9921}.9923 
83].9925].9928}.9930}.9932).9934|.9936].9938].9940).9942|,.9943 
84].9945].9947|.9949|.9951).9952}.9954|.9956|.9957].9959|.9960 


85].9962].9963].9965|.9966].9968].9969].9971|.9972).9973].9974. 
86].9976].9977|.9978].9979].9980}.9981}.9982].9983}.9984|.9985 
87].9986].9987|.9988].9989|.9990].9990}.9991!.9992).9993).9993 
88].9994].9995|.9995|.9996|.9996].9997|.9997|.9997).9998].9998 
1 89].9998].9999| 9999! .9999!.9999}1 .000}1.000}1.000}1.000)1.000 


SOCOO CO0D0C0O BPRHBHEBH BPHEEBR BEE HH PRE RH HPNNNN NNNNNH NHNNNHN 
COCCO HBHREHE PRR RHE NNNNN NNNNNYD WWWWWHW WWWHWW WWADDR ALHADAA 
COOCHKH RPRRERRH NNNYNNY NNWWW WHWWWH HAPAHLH PUN ANANUNUNMAT DAnngang 


CORR FRNNDY NNWWH WWHAHL HHA UNUNADAAH DAAQAQON NNNNN COMOMMmc 


CORRFRF PNNNNY WWWWH HPHAUYM UNNDAGN DANN HOMOMM MOU NWW 


rt The precise value of all sines except sin 90° is less than 1. 


422 NATURAL COSINES. 0°-45°. 


0.0°| 0.1°| 0.2°| 0.3°| 0.4°| 0.5°| 0.6°| 0.7°/ 0.8°| 0.9° 
o’ | 6 | 12’ | 18’ | 24’ | 30’ | 36’ | 42’ | 48’ | 54’ |1’]2’|3"[4’| 5” 


0;0|0 


Q}1.000}1.000/1.000}1.000|1.000}1.000].9999).9999).9999).9999 
1].9998].9998].9998].9997|.9997|.9997|.9996].9996).9995).9995 
2].9994].9993].9993].9992|.9991}.9990}.9990}.9989|.9988).9987 
3].9986].9985].9984].9983].9982].9981].9980).9979}.9978).9977 
4].9976].9974|.9973].9972|.9971].9969].9968|.9966|.9965).9963 


5].9962].9960] .9959].9957|.9956].9954}.9952|.9951|.9949).9947 
6].9945].9943].9942].9940].9938].9936|.9934|.9932|.9930).9928 
7|.9925].9923].9921].9919].9917].9914}.9912|.9910).9907|.9905 
8].9903].9900].9898] ,9895|.98931.9890].9888].98385].9882|.9880 
9].9877|.9874|.9871|.9869].9866].9863}.9860}.9857|.9854/.9851 


10].9848].9845].9842|.9839).9836].9833].9829|.9826|.9823).9820 
11].9816].9813].9810].9806].9803}.9799].9796].9792).9789|.9785 
12].9781].9778}.9774|.9770].9767|.9763].9759|.9755|.9751|.9748 
13].9744].9740].9736].9732].9728].9724].9720|.9715].9711|.9707 
14].9703].9699|.9694|.9690|.9686].9681].9677|.9673|.9668|.9664 


15].9659].9655).9650].9646].9641].9636].9632!.9627|.9622|.9617 
16].9613].9608).9603].9598].9593].9588].9583].9578|.9573}.9568 
17].9563].9558].9553].9548).9542].9537].9532].9527].9521).9516 
18].9511].9505].9500].9494].9489].9483].9478}.9472|.9466|.9461 
19].9455].9449].9444| 9438] .9432].9426].9421).9415/.9409/.9403 


20].9397].9391].9385|.9379|.9373].9367].9361|.9354).9348).9342 
21].9336].9330].9323].9317|.9311].9304].9298].9291|.9285|.9278 
221.9272].9265|.9259].9252].9245].9239].9232].9225|.9219|.9212 
23].9205].9198].9191).9184].9178].9171].9164/.9157|.9150).9143 
24].9135].9128/.9121}.9114|.9107].9100}.9092).9085/.9078).9070 


25}.9063].9056].9048}.9041}.9033].9026}.9018}.9011}.9003].8996 
26].8988).8980}.8973|.8965|.8957|.8949].8942|.8934).8926|.8918 
27].8910].8902].8894|.8886].8878].8870].8862].8854).8846|.8838 
28}.8829].8821)|.8813].8805|.8796].8788].8780].8771).8763).8755 
29|.8746|.8738].8729|.8721|.8712].8704|.8695}.8686|.8678].8669 


30}.8660].8652).8643].8634].8625].8616].8607].8599).8590|.8581 
f 31).8572).8563)|.8554].8545|.8536].8526].8517|.8508].8499].8490 

32].8480].8471|.8462].8453].8443].8434].8425].8415|.8406].8396 
33].8387].8377|.8368].8358].8348].8339].8329].8320].8310].8300 
34/.8290}.8281|.8271].8261].8251].8241].8231].8221].8211|.8202 


35].8192].8181].8171/.8161!.8151].8141].8131}.8121}.8111/.8100 
36].8090].8080}.8070}.8059].8049].8039}.8028].8018}.8007|.7997 
37}.7986].7976).7965]|.7955|.7944].7934].7923|.7912).7902|.7891 
38].7880].7869].7859].7848]|.7837|.7826].7815|.7804|.7793).7782 
39|.7771).7760|.7749].7738|.7727|.7716}.7705|.7694|.7683|.7672 


40}.7660].7649].7638].7627|.7615|.7604}.7593}.7581|.7570|.7559 
41).7547].7536).7524|.7513).7501|.7490].7478}.7466}.7455|.7443 
42).7431].7420|.7408]|.7396).7385].7373}.7361|.7349|.7337|.7325 
43].7314|.7302|.7290|.7278].7266|.7254].7242|.7230).7218].7206 
44).7193).7181|.7169}.7157|.7145}.7133].7120|.7108].7096|.7083 


NNNNN NNNNN NNNNKH HHRHHEH HERR BRR HERE COOOCOO COCOCCO 
HPBPRAR BPRAWW WWWWHW WWWWW NNNNN NNNNN HEHEHE BHHREH COCO 
DDDAN DAUNNN UNNNA PHPAAR BPWWWW WWWNHN NNNNN BHHEHREE HPHOO 
WMWOWDMWO NNNNN NADDAA QAAUMMH UNDA ABRAWW WHWWNHN NNNHH HHOO 
22000 COOCOCMW CWMWON NNINAD DADAM UMFAH BPWWWW NNNNH HHOOO 


The precise value of all cosines except cos 0° is less than 1. 


RT 
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0.1° | 0.2° | 0.3° | 0.4°} 0.5° | 0.6°| 0.7° | 0.8°| 0.9°}] —Differences 
6’ | 12’ | 18’ | 24’ | 30’ | 36’ | 42’ | 48’ | 54’ 11’)2'/3"| 4’! 5” 


-7046].7034].7022].7009].6997|.6984|.6972).6959 
.6921}.6909}.6896].6884|.6871|.6858).6845|.6833 
.6794|.6782|.6769}.6756].6743).6730].6717|.6704 
-6665|.6652].6639].6626].6613].6600].6587|.6574 
-6534|.6521].6508}].6494].6481].6468].6455].6441 


.6401|.6388].6374].6361].6347|.6334|.6320|.6307 
.6266|.6252].6239].6225].6211).6198].6184).6170 
.6129].6115].6101].6088].6074|.6060}.6046}.6032 
.5990].5976].5962}.5948].5934|.5920].5906].5892 
.5850}.5835].5821].5807].5793].5779].5764].5750 


.5707|.5693].5678}.5664].5650}.5635|.5621).5606 
.5563).5548}.5534].5519].5505|.5490}.5476|.5461 
.5417].5402].5388].5373].5358].5344].5329/.5314 
.5270}.5255].5240].5225}.5210)].5195].5180}.5165 
.5120}.5105].5090}.5075}.5060}.5045}.5030}.5015 


.4970}.4955).4939].4924].4909].4894].4879}.4863 
.4818].4802].4787].4772].4756|.4741|.4726).4710 
.4664].4648].4633].4617].4602].4586].4571).4555 
.4509].4493].4478].4462].4446|.4431|.4415].4399 
.4352].4337|.4321].4305].4289].4274|.4258].4242 


.4195|.4179].4163].4147].4131].4115|.4099).4083 
4035|.4019}.4003].3987].3971|.3955|.3939|.3923 
.3875|.3859].3843].3827|.3811|.3795}.3778).3762 
.3714].3697|.3681|.3665].3649].3633].3616|.3600 
.3551|.3535|.3518].3502|.3486].3469].3453).3437 


.3387]|.3371].3355].3338].3322].3305).3289}.3272 
.3223].3206|.3190].3173].3156].3140].3123}.3107 
.3057]|.3040].3024].3007].2990].2974|.2957).2940 
.2890].2874|.2857|.2840].2823].2807|.2790}.2773 
.2723|.2706|.2689].2672].2656].2639|.2622).2605 


.2554].2538|.2521].2504].2487|.2470}.2453).2436 
.2385|.2368|.2351].2334].2317|.2300].2284|.2267 
.2215}.2198|.2181].2164}.2147|.2130].2113|.2096 
.2045|.2028].2011].1994}.1977].1959].1942}.1925 
.1874].1857|.1840].1822].1805].1788}.1771).1754 


.1702].1685|.1668}.1650}.1633].1616].1599}.1582 
.1530}.1513].1495].1478].1461].1444).1426).1409 
.1357].1340].1323].1305].1288].1271].1253).1236 
.1184].1167].1149].1132].1115|.1097}.1080}.1063 
.1011}.0993].0976}.0958].0941].0924}.0906).0889 


.0837|.0819].0802].0785}.0767|.0750].0732|.0715 
.0663}.0645|.0628].0610].0593).0576].0558).0541 
0488].0471|.0454].0436].0419].0401|.0384).0366 
:0314].0297|.0279}.0262].0244|.0227|.0209|.0192 
-0140].0122].0105].0087].0070}.0052|.0035|.0017 


WWMM MO WOO 


2)4 
214 
214 
214 
2|4 
214 
215 
2|5 
215 
2|5 
2\|5 
2|5 
215 
215 
3]5 
3]5 
3|5 
3]5 
3/5 
3]5 
3]5 
3|5 
Si> 
3S 
Sho 
3/5 
3) 6 
3/6 
3/6 
3/6 
3/6 
3/6 
3|6 
3/6 
3/6 
3/6 
3|6 
3/6 
3/6 
3/6 
3/6 
3|6 
3/6 
3/6 
3/6 


OOOGOOGO OOOOO OOO MMD MMHMMO MNHMMM MHMWO CONININN NNNNNS NNO 


RT All the above cosines are less than 1. 


424 


0’ 


20)0.3640)}. 
21)0.3839]. 
22)0.4040]. 
23]0.4245). 
24/0.4452]. 


25/0.4663}. 
2610.4877). 
27)0.5095}. 
28/0.5317]. 
2910.5543]. 


30]0.5774]. 
31}0.6009}. 
32}0.6249}. 
33/0.6494]. 
340.6745}. 


35/0.7002]. 
360.7265}. 
37]0.7536}. 
38}0.7813}. 
39}0.8098}. 


40|0.8391]. 
4110.8693}. 
4210.9004], 
4310,9325], 
4410,9657]. 


NATURAL TANGENTS. 0°-465°. 


0.0° 10.1°|0.2°| 0.3° | 0.4°| 0.5° 


0.8° | 0.9° 


.0157 
.0332 
-0507 
.0682 
.0857 


.1033 
.1210 
1388 
-1566 
1745 


.1926 
.2107 
.2290 
2475 
.2661 


.2849 
-3038 
.3230 
3424 
3620 


3819 
-4020 
4224 
4431 
4642 


4856 
.5073 
.5295 
-5520 
5750 


5985 
.6224 
.6469 
.6720 
.6976 


7239 
.7508 
7785 
.8069 
8361 


.8662 
8972 
.9293 
.9623 
9965 


+ Differences 


DOUNAN UNUM HPHAHAH HAHAH BWWWHW WWWWW WHWWW WHWWW WWWWWw 


All tangents of angles less than 46° are less than 1. 


RT 


° 
0’ 


45/1.0000 
46]1.0355 
47}1.0724 
48/1.1106 
49)1.1504 


50/1.1918 
51]1.2349 
52]1.2799 
53]1.3270 
54/1.3764 


55/1.4281 
56/1.4826 
57|1.5399 
58]1.6003 
59/1.6643 


60/1.7321 
61/1.8040 
62/1.8807 
63/1.9626 
64)2.0503 


65/2.1445 
66|2.2460 
672.3559 
68)2.4751 
69)2.6051 


70|2.7475 
71/2.9042 
72|3.0777 
73)3.2709 
74/3,4874 


75)3.7321 
76|4.0108 
77|4.3315 
78|4.7046 
79|5.1446 


80]5.6713 
81|6.3138 
82|7.1154 
838.1443 
84/9.5144 


-0035 
-0392 
-0761 
-1145 
1544 


.1960 
.2393 
.2846 
3319 
3814 


4335 
4882 
-5458 
-6066 
.6709 


.7391 
.8115 
.8887 
9711 
.0594 


1543 
.2566 
.3673 
.4876 
.6187 


-7625}. 
-9208}. 
.0961}. 
2914). 
5105}. 


7583}. 
-0408}. 
.3662}. 
-7453}. 
.1929). 


1297). 
3859]. 
.2066}. 
.2636 
.6768 


6’ 


NATURAL TANGENTS. 45°-90°. 425 


0.0° | 0.1°| 0.2°| 0.3° | 0.4°} 0.5°| 0.6°|0.7° |0.8° | 0.9° 


12’ 


.0070). 
-0428}. 
-0799}. 
1184}. 
-1585}. 


-2002}. 
2437]. 
2892). 
3367}. 
3865). 


4388). 
4938). 
255271. 
-6128}. 
-6775}. 


-7461). 
-8190). 
-8967}. 
9797). 
0686]. 


1642). 
.2673}. 
.3789}. 
-5002}. 
6325]. 


7776}. 
9375}. 
1146}. 
3122}. 
5339]. 


7848). 
0713}. 
4015]. 
7867). 
2422) . 


7894). 
4596). 
3002). 
3863}. 
8448), 


85]11.430]11.66|11.91|12.16|12.43]12.71]13.00/13.30)13.62/13.95 
86]14.301]14.67|15.06|15.46/15.89]16.35]16.83)/17.34/17.89|18.46 
87]19.081|19.74|20.45|21.20/22.02}22.90|23.86|24.90|/26.03|27.27 
88]28.636|30.14|31.82|33.69/35.80138.19]40.92|44.07|/47.74)/52.08 
89]57.290163.66|71.62/81.85|95.49]114.6]143.2/191.0|286.5|573.0 


+ Differences 


: : E : : ; 78/104/130 
.9714].9887].0061!.0237].0415].0595|29|58} 87/116)144 
96/129/161 


Use ordinary 
interpolation. 


Heavy-face type indicates that the integral part is to be increased by 1. 
RI 


426 LOGARITHMS OF SINES. 09-45%. 


+- Differences 
1’| 2’ | 3”| 4’ | 5” 


eae _ é R . ‘ : . Use ordinary 
ek : : é : interpolation. 
-8647). 


-9573}). 
-0334|. 
.0981). 
1542). 
.2038}. 


2482). 
-2883). 
3250]. 
-3586]. 
-3897). 


4186). 


RPRRERER NNNNN NNNNN NNNWW WWWWW AHAAAU NUNAAHAN Ooo 


HAHAH ANNUNM DAAAGD NINH wOwow 
ANAADA DANN NOMOWMO Ow 


ANNIN™N COMMUYO 


PWWWWW WWWWHE AAHAAR BUNUN DADDY WTHMWOWO 


Heavy-face type indicates that the characteristic is numerically 1 less. 
RT 


LOGARITHMS OF SINES. 45°-90°. 427 


++ Differences 


a 


-8502/.8510). 
-8577|.8584|. 
-8648).8655). 
-8718).8724|. 
-8784|.8791). 


-8849).8855]. 


:9335|.9340]. 
.9380].93841. 


'97221.9724]. 
.9749].9751). 


‘9799).9801]. 
"9822|.9824). 
:9843|.9845]. 


-9863].9865]). 


COCCO COCOCO OCOHBHKEH BPRBHHH BHEEH HHEHEH FPNNNN NNNNN NNNNN 
COC0O0O CORKRHF BHBHHEH BERPHEH FPENNN NNNNN NNNWW WWWWW WWWAL 
COCOO CHHHH BPRREPHEE HPNNNN NNNYNN NWWWHW WWHWWW AHAAHL HAHUNU 
CO00C0O BRPRKEPHEH HBPHENN NNNNN NNWWW WWWWH HHAAH NNUNUNM AKDAVA 


1 
uh 
ak 
a 
1 
1 
1 
1 
a} 
1 
us 
L 
i 
1 
i 
1 
al 
ih 
1 
1 
1 
1 
Zz 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0) 
| 0 
0 
0) 
0 
0 
0) 
10) 
0 
0 
0 
0 
(0) 


Heavy-face type indicates that the characteristic is nwmerically 1 less. 
RT 


428 LOGARITHMS OF COSINES. 0°-45°. 


0.2°| 0.3°| 0. A A f — Differences 
12/1187 


-0000}.0000). 
-9999}.9999}. 
-9997|.9997]. 
-9993}.9993}. 
-9988].9988). 


-9982}.9981|. 
-9975|.9974|. 
-9966|.9965}. 
-9955|.9954|. 
-9944|.9943}. 


-9931|.9929|. 
-9916].9915}. 
-9901|.9899}. 
-9884|.9883). 
-9865|.9863}. 


-9845|.9843). 
-9824|.9822). 
-9801].9799}. 
-9777|.9775}. 
-9751|.9749). 


.9724|.9722). 


-9696).9693 |. 
-9666}.9662). 
-9634).9631). 
-9601].9597). 


.9566].9562). 
-9529].9525], 
-9491].9487). 
.9451].9447). 
-9410}.9406). 


-9367|.9362). 
.9322|.9317]. 
.9275].9270]. 
-9226].9221], 
-9175].9170). 


-9123}.9118). 
-9069].9063}. 
-9012).9006}. 
.8953|.8947). 
.8893}.8887]. 


-8830).8823). 
-8765|.8758]. 
.8697|.8690}. 
.8627|,8620). 
.8555|.8547]. 


BAe PEE Bee ee Bee PRR OO OO000 ooo000 ocooo°oo o90°0°oo 
NNNNN NNNNN NNNNE HEHEHE BEEBE PRE EE BERR O OO0090 oooo°o 
PERWWW WWWWW WWNHNN NNONNN NNN BPHHEH BREE BPRrOO oooco 
ANU BRARAR WHWWW WWWWN NNNDNNY NSSYNNH BPR PERRO ooo0°o 
DADAM UNUUNU ARABRA PWWWW WWWNHN NNNNN NNEKH Hehe [elolololo) 


Heavy-face type indicates that the characteristic is numerically 1 greater. 
RT 


LOGARITHMS OF COSINES. 45°-90°. 429 


0.3° | 0.4°} 0.5°} 0.6°| 0.7°/ 0.8°|0.9°] Differences 
36’ | 42’ | 48’ | 54’ | 1’) 2’/ 37) 4’ | 5” 


-8449).8441|.8433).8426 
-8370).8362|.8354|.8346 
-8289}.8280|.8272|.8264 
-8204|.8195|.8187|.8178 
-8117).8108}.8099|.8090 


-8026|.8017|.8007|.7998 
-7932]|.7922|.7913].7903 
-7835|.7825|.7815|.7805 
S r : -7734).7723).7713}.7703 
7661 Ls -7629|.7618}.7607|.7597 


-7553|.7542]. -7520}.7509}.7498|.7487 
-7442). : -7407]|.7396|.7384|.7373 
-7326}. -73C2].7290).7278]|.7266|.7254 
-7205}|. : -7168).7156}.7144|.7131 
-7080|. * -7042|.7029|.7016|.7003 


-6950). K -6910}.6896].6883).6869 
-6814|. 5 -6773}.6759|.6744|.6730 
-6673). 5 -6629].6615|.6600].6585 
-6526}. iF -6480}.6465|.6449}.6434 
-6371). : -6324}.6308).6292|.6276 


BHRH 
COOUW OOMMM NINO 


OO OKOWOON NNNDD DAAAUM 


-6210}. KE -6161).6144|.6127|.6110 


-6042). 5 -5990}.5972|.5954}.5937 
-5865). -5810|.5792}.5773|.5754 
-5679}. ‘ -5621|.5602|.5583}.5563 
54841. F -5423}.5402}.5382|.5361 


5278}. - -5213}.5192].5170).5148 
-5060). : -4992|.4969|.4946].4923 
4829). : -4757|.4733|.4709|.4684 
4584. ; .4508|.4482).4456].4430 
4323}. . 4242|.4214|.4186|.4158 


4044). b -3957)|.3927|.3897|.3867 
-3745}. : -3650|.3618).3586].3554 
3421). : .3319}.3284|.3250].3214 
-3070}. : .2959].2921|.2883}.2845 
.2687}. 5 .2565}|.2524|.2482|.2439 


2266]. : .2131].2085}.2038}.1991 
-1797). - .1646|.1594|.1542).1489 
A271). - .1099}.1040}.0981}.0920 
-0670}. ! .0472|.0403].0334|.0264 
-9970). - -9736|.9655|.9573].9489 


.9135). , .8849}.8749|.8647|.8542 
-8098}. k -7731|.7602|.7468).7330 : 
-6731). M -6220}.6035|.5842].5640 Use ordinary 
4723). R .3880}.3558].3210].2832 interpolation. 
.0869}. . .8439].7190|.5429).2419 


WOOO CONNN DADAD NUNMn AHAAHAH 


WOWONINAAAD NUnf HAAAAH HBOWWHW WWWWW 


CO NAAUM NMNABAR WWWWW WWNHNN NNNNN NNNNN HPHREEEH 


Heavy-face type indicates that the characteristic is numerically 1 greater. 
RI 


430 LOGARITHMS OF TANGENTS. 0°-45°. 


0.5°|0.6°| 0.7°|0.8°|0.9°| + Differences 
1’ | 2” | 3’| 4" | 5” 


rie Use ordinary 


7046] interpolation. 


-8336 
-9331 


.0143 


© @Nubd! 


CNH awd 
fo) 
SS 
or 
HO 


PISANI NINININI 


-1797)|.1848}. 
-2282].2328). 
10}1.2463}. 

11}1.2887]. 

12}1.3275]. 

13]1.3634]. 

14/1.3968}.4000 


157.4281]. 
16/1.4575). 
17)1.4853}. 
18]1.5118). 
19}1.5370)}. 


20/1.5611). 
21/1.5842). 
22|1.60641. 
23]1.6279]. 
24|1.6486]. 


25/1.6687]. 
26]1.6882]. 
27|1.7072]. 
28]1.7257]. 
29]1.7438}. 


30]1.7614]. 
311.7788]. 
32/1.7958]. 
33]1.8125]. 
34]1.8290]. 


35]1.8452]. 
36]1.8613]. 
37]1.8771]. 
38]1.8928]. 
39]1.9084}]. 


40]1.9238]. 
41]1.9392]. 
4211.9544]. 
43]1.9697]. 
44|1.9848]. 


WWWWW WWWWW WWWWW WWWWW WWAAHL ALAM NAUDAGAN © 


UNAM ANANN ANAGDHA DAAADN NISINIO 0000 


COCOMOMH CO COM MOOHOD WHMDWOO WOWWMO 


Heavy-face type indicates that the characteristic is numerically 1 less. 
R 


LOGARITHMS OF TANGENTS. 45°-90°. 431 


o |.0.0° | 0.1° | 0.2° | 0.3°| 0.4°} 0.5°} 0.6° | 0.7° | 0.8°| 0. + Differences 
0’ 30’ | 36’ | 42’ | 48’ 

45)0.00000). 

46/0.0152]. 

47/0.0303}. 


48]0.0456]. 
49/0.0608]. 


5010.0762!. 
51/0.0916]. 
52/0.10721. 
53/0.1229]. 
5410.1387]. 


55/0.1548]. 
56/0.1710}. 
57|0.1875}. 
58|0.2042]. 
59}0.2212]. 


b0/0.2386}. 
61/0.2562). 
62/0.2743]}. 
63/0.2928]. 
64/0.3118}. 


65/0.3313}. 


66}0.3514}. 
67|0.3721). 
68/0.3936}. 
69)0.4158}. 


70)0.4389). 
71}0.4630}. 
72|0.4882]. 
73|0.5147]. 
74/0.5425]). 


75)0.5719}. 
760.6032]. 
770.6366]. 
78)0.6725}. 
79]0.7113}. 


80/0.7537}. 
81]0.8003}. 
82]0.8522). 
83/0.9109}. 
84|0.9784]. 


85]1.0580). 
86/1.1554}. is . ! . , 4 : 
87}1.2806}. 3 : - : - : : , Use ordinary 
88}1.4569}. . . .5539}. t interpolation. 
89)1.7581]. : : -9800}.0592). 


Heavy-face type indicates that the characteristic is 1 greater than before. 
RT 
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ANSWERS. 


Exercise 1. Page 9. 


18. 54. 
14. 432. 


16. 720. 
17. 375. 
18. 0. 


Exercise 
11." 19: 
12 2. 
13. 12. 
14. 25. 
15. 1. 


Exercise 
5. 7. 16 Py. 
6. 6. 8. 3. 
Exercise 


(oe te 
8. 8. 
ale 


Exercise 


be if 
6. 5. 


Exercise 


3. Page 13. 


OO eee Ls 
10.3: 12: 


4, Page 14. 


5. 


6. 


19. 360. 
20. 336. 


10. 35. 
11. 14. 
12. 24. 


Page 14. 


(eck 
8. 15. 


18. 5. 


8. 


1 
2 
21; 4 
2 


Page 19. 
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5 ile 
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NEW SCHOOL ALGEBRA, 


Exercise 7. Page 20. 


1. a—b; a4; ad; e a; Va; Va; a4. 
2. 4x; am. 12. 40 — 25. 26. 2~—24—(80—52). 
8. 12; L 13. «—5. 27. 5”+24—(60—2). 
3 14. 3 a@ 28. 50a+ 256. 
a ee y 15) 13223 29. 100a+ 10b+¢. 
OM Gy 16. +4. 30. 100 a—50b—10c. 
5. 20; a. 14 ee 31. 1002+ 10y+z2 
y 18. a—4; a44. =< Oe =a 
6. 4x3842; dgt+r. Z 32. (236—a—c) miles, 
29 poor. Reps Ge aa teed: 
gs SS ig el, Oe Oe 2 
22 2 21. x—a. 84. “On 
8. aa, aE 
De sete 22. x«—a. 85 ab. 
9. 25—10 23. 2x%438—(a#+1). 9 
10. 30—«2 24. 3%—4 (18-2). 36. ab — c? 
ll. z«-—¢ 25. x«—50—(80—2). 9 
Exercise 8. Page 26. 
1. 90. 30. Sheep, $6; cow, $42; horse, 
2. Father, 49 years; son, 7 years. $ 168. 
8. 138; 23. 31. Henry, $3; Thomas, $6; 
4. Left standing, 10 feet; broken Richard, $6. 
off, 90 feet. 82. A, $100; B, $400; C, $500. 
5. 35; 28. OO: 33. James, 4 years ; John, 12 years. 
6. 36; 23 10.) 382.558: 34. 16. 35. 23. 86. 3; 12. 
yA a Li at seals 37. Cloth, $1; silk, $2. 
8. 18. 2s BOOS de 88. 18 children; 54 women; 108 
18. 35; 36; 37. men, 
14. 12; 18; 14; 15; 16. 39. 6. 40. $240. 
15. 48. 21. 27. 41. Left standing, 14 feet; broken 
16. 16. 22. 1050; 950. off, 70 feet. 
ae if 23. 8. 42. 1480; 1820. 46. 18. 
18. 35. 24. 51; 3. 43. 11; 9. 47. 4, 
19. 6. 25. 50. 44. 16; 34. 48. 61. 
20. 12. 26. 6000. 45. 7; 12. 49. 4; 165. 
27. 21 inches; 15 inches. 50. Son, 380 years; father, 60 
28. 12; 11. 29. 27; 36. years. 


ANSWERS. 3 
51. Son, 10 years; father, 40 54. 22. 55. 24. 
years. 56. 2 miles an hour. 57. $11. 
52. Son, 14 years; father, 35 58. A, $3; B, $5; C, $7. 
years. 59. 14. 60. 11. 
53. 18 miles. 61. A, $74; B, $22; C, $1}. 
62. Son, 26 years; father, 54 years. 63. 42 gallons. 
64. 60 pounds at $0.50 ; 40 pounds at $0.75. 65. $2. 
66. 4 dozen at $0.25; 5 dozen at $0.30. 
67. 5 quarters and 10 ten-cent pieces. 
68. 6 ten-cent pieces and 24 five-cent pieces, 
69. 16 quarters and 4 half-dollars. 
70. 4 quarters and 20 half-dollars. 
71. 5 ten-dollar bills; 15 one-dollar bills. 
72. A, $2.50; B, $3.50; C, $4.00. 
73. 3 silver dollars; 9 half-dollars ; 15 quarters, 
74. Calico, 6 cents ; cloth, $1.50. 
75. 6 dollars; 10 half-dollars ; 20 quarters. 
Exercise 9. Page 37. 
1. +1. 5. +7. 9. —22. 13. +7. 17. 42. 21. +1. 
2. —1. 6. —15. 10. +40. 14. +3. 18. —29. 22. —3. 
3. —14. 7. —1l. 11. +9. 15. —22. 19. +20. 28. —215. 
4. —7. 8. —6. 12. —17. 16. —10. 20. —42. 24 +450. 
Exercise 10. Page 38. 
122 4. —6ab. 7 —424. 10. — 17 yte¢4. 
2 10 ay, 5. 16. 8. —7 m?. 11> 0: 
3. — ¥Z. 6. 0. 9. —2abe. 12. —19y5. 
Exercise 11. Page 39. 
Lea. 8. ac. 15. —354c?. 22. liabcxw. 28. — tay. 
2 Ve 9. 21 yz. 16. —9m* 28. 10y+z4. 29. — %z. 
8. —4a%b. 10. —12ab. 17%. x. 24. —3a°y°, 380. 22 ayz. 
4. lay. 14s. 18. —23a7. 25. abz’. 31. a. 
5: G0. 12. 137%. 19. —22qa3x. 26. a. 32. —8 ae, 
6. 3c. 18. —122. 20. 0. 27. 42 a. 33. 5 xy. 
Nomtes 14. —28y?. 21. —15 az. 
Exercise 12. Page 41. 
ie..8) 4. 14. 7%. — 5: 105° 12. 13. —15. 16. —1. 
2. —8. 5. —8 8. ll. 11756. 14.95, eel 7. 10. 
8. —14. 6. 8. 9. 5. 12. —6. 15. 15. 18. 10. 
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27 b. 
12 yz. 6. 
—3ab. 7. 
4a’. 8 
6 a2. 9. 
6 a2. 10. 
—6a?. jk 
—6a?. 12. 
54 a3, 13. 
— 54 a4. 14. 
35 a7. 15. 
7a, 16. 
2b. 11 
2 ac. 12. 
4y?. 13. 
2 uy. 14. 
9 axc?. 15 
— 4cy?. 16. 
3 ax. Lin 
7 ax’. 18. 
—9yz. 19. 
6 22. 20. 
2a. 
xs — 4, 
8a? — ow. 
40? —4ay 4+ 4 y?. 
—3bx + 5. 
ial 
12. 
138. 
14. 
15. 
16. 


17. 


5. 
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Exercise 13. 
— 10 m?. 
70. 

— 70¢. 


sores 


Exercise 14, 
— 56 a8, 

— 56 mé. 

— 5aty4. 

— atb4e. 

9 aa’. 

30 a8ct. 

— 21412, 

54 a2b?. 


Exercise 15. 
Se OC 


— 9 bx. 
— 3 x2y2z. 
ZC: 


pee tuen 


— 8 ay". 
3 b2. 

— 2 abz. 
— 2a. 

— 3a. 


Exercise 16. 


Page 41. 

9. 4 abc. 
10. — 4ac%x. 
Lis. 

12. —9. 


Page 45. 
17. a*b®. 
18. 54q™+", 
19. am. 
20. —2a™, 
21, géntl, 
22. grt}, 
23. y2nt2, 
24. x". 


Page 48. 
Pale Cit 
22. —3x2y. 
23. — 4ca?. 
24. —42?. 
25. —422yz. 
26. ac. 
27. — 8a? 
28. 2 ar—2yn—], 
29. — 6 ar—tyn—s, 
30. x—"yt—n, 


Page 51. 
6. 9x%+2y—-—2. 


% 8ax2-—Ta2e24+ 273. 


. B0abrey®. 


— 48 a®b?, 
—8 a3h3c3, 


. dxeybzo, 


1000 a7b7. 
48 ath. 


. ont, 


geim—1, 


eoGia 


2 ab, 


8. 4at—T7a+7a2—2a4+8. 
9 4a2?—202 + 6c?. 


6 y® — 13 xy? — 3a2y + 643 — 17 xz? — 23. 
2a!+4a3+5a2—a—-4. 

403 — 4e2y — 10 xy? — 15 y3. 
—c4+ce+c¢c48. 
4u% — 2ay — az —2y*+2224 12y2 —6y —6z, 


2m — 5 mtn — 5 m3n2 + 3 m2n3 — 4 mnt — ni. 


Tay? —6x%y + 2. 


10. 10a*+4+ 22+ a? — «a. 


a 


=" ANSWERS. 


5 
aw Exercise 17. Page 58. 
6a-—b+e — 8. a? —Tab 4+ B2. 
a+4b4+4c4+d 9. 4a*b + 10 ab? + 1. 
2a? = 3 2 pir oe 10. 10 a2¢ — 8 a3 — 8, 
a? — ax+ 2 a?. 11. a? — 202. 
2a—Te. 12. — 62. 
. 2+ 1494 2. 13. —a?+ 2 6?. 
—ax+6by + 10. 14. 02. 
— 2at+ 2 ax? + 2 ba? — 8cr — 5d. 
. 8a? —12 ab + 17 b?. 19. —10a?—20a6+ 116% 
—2a? +8ab—70?. 20. 16 a2 — 2 ab — b?. 
. 6a? —4ab — TD. 21. 12a?—8ab + 3 b?. 
Exercise 18. Page 55. 
0. 4. 5¢—3b. 7. 3”—3y. 10. a. 
p-—n 5. d—c. 8. — 3c. 1l. a+ 5c. 
4u—4z. 6. 2x%—2. 95 2'a. 12. —x%+2y. 
—lla. 18. 4a—2c—b. 
. 24—B8y—-—2-b+a-C. 19. —2a+b+6e. 
. da—b-C. 20. 8a—b. 
. 16-2. 21. 23 —1ba. 
—2x”—2y+4+ 62. 22. «—6y+ 42. 


Exercise 19. Page 56. 


3. a+b—c—-(—4a+ 6-1). 


1. 2a—b+8c—(d—38e+5f). 

2. x—-a-—y—(6+2+¢). 

4. ax + by + cz —(— bx + cy — cz). 

§. 83a4+2b4+2c—(5d+38e+4+4f). 

6. «—y+2—(5a4y+ 442-3 yz). 

1. (a+ b)e+(b—c)y+(at+ c)z. 

8 (a—b)x+(2a+3)y+(4a—3b—2)z. 

9. (a—4b)x —(26 —38c¢)y—(Ta+4 5e)z. 

10. (a—lle)r+8a+2b42c)y—(b+c)z. 

ll. (2b—8a—T7e—1)4+(4b—5c—1)y—(6c+ 1)z. 
12. —x%-(8a4+5b—-1l)y+(6a—2643c¢+41)z. 

13. 2Qa—2m)ex—(b6+3c¢)y+B8a—5b41)z. 

14. (1—ac)e —(l1—a+mn)y —(1+ a -— be)z. 

15. (2a—4b—2c)x—(64a+3c)y4+ 4 bz. 

16. (a—b)x+(2a+3)y+(4a—3b —2)z. 
17. (a—4b—2ce)e—(a+2b4+3c)y+(a+4b+50)z, 
18. (12a—1ldc)x+(12a+4b+6c)y—(126—3de)z. 
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Exercise 20. Page 57. 


1. 172? — 2022 — 5a? +4 1140?— 112%. 
2. 9ab+7a+ 146+ 5b? + 2a?, 


— 6(5—2). 8. 3a?— 5az. 

. 2(atb+c) (xe? 4+ y* + 2’). 9. a+ 3b%c — B, 
Qaz+2cy+2(a+b+c)z. 10. 2bx + 2ay. 
— 22?— 2az. II. bia. 

. 2a2+ 8ax + 222. 12. 2a—b—d. 


. (a2? +b—1)a8— (c? + ¢—1)a?—(a+b+4+0e)2. 


(8a— b—7c)a?— (a+ 3b — 2c)a*+ (2a—2b—2e)e. 


49. 16. 42. 28. 7a?— 5 ab — 563. 
. 2€d4+6a4+18b—Te. 29. 3a?+ 11a%b + 8. 
. 94. 20. 106. 30. — a? + 13.a2b — 503. 
— 160. 21. 53. 81. a®— 13 ab + 568, 
— g— 3y?— 42%. 32. —1la?+ 7ab— B8. 
. — 4a? + 5a%b — 5 ab? + 63. 838. — 3a3— 11a%b — 63. 
11 a3 — 7a%b + 0B. 84. 22— 3 y? — 322. 
. a+ 9a — 3063. 35. 2a? — 2 ac + 2ac?. 
Exercise 21. Page 60. 
10a? + 6 ab, 8. 20 a%b3c2 — 12 abic? + 8 ab3ct. 
5 atb?c — 5 a8b2c?2. 9. — 2a%b%c? + 6 atb3c?. 
a*b2c — a®bc? — ab?c?. 10. — x8y2z8 — aty4z?, 
6 a7b8c — 7 atbtc?, ll. 1523 — 102?y — 2022. 
—3 x18y7z9 4-3 x5y8z94 Bady7zl0, 812. Baty — 8x2y3 + 10 22y22. 
— 32*— 627y? + 3272. 13. atz’y—daixtyt atxiy42 ardy. 
. abc? + a3b8c2 — asbc. 14, 27a%b*—9 atb§+ 12 a3b7+ 3.ab9. 


15. — 15 x5y + 10 a4y?2 4+ 85 z8y8 — 5 22y4. 
16, 12 x8y3 — 15 xty? — 24 zby, 


8 at — 2 adb — abb?. 18. 3x8yz2 + 6 xtyz3 — 15a5y2z8, 
Exercise 22. Page 68. 

v?4+ 162 +4 60. 9, — 224 49, 

v— 5xa+ 6. 10. x?— 49, 

27+ 2e—15. 11, 2227—8a—9. 

22 — 9, 12. 2474+ 382—9. 

v?—124%+411. 18. 2a?—152+4+7. 

zr? + a2 — 6. 14, 2m?—2mn+m—n. 

— e+ 4, 15. m?— a?. 


— 27+ 82—16, 16, 627+ 5¢— 21, 


> — 


ANSWERS. 7 
- 25 a2 — 4 2 22. w+ay+xz—2 y2+5 yz—2 22, 
. 6a? + xy — 12 y?, 23. xt + xy? + v4, 
- 0 + x8y? — x2y8 — 5, 24. m3 + n3. 
. 2et+ 5 xy? + 3 yt, 25. m3 — n3, 
. e224 2a2 — y?2 4+ 22, 26. at — 6 a3d + 9 a2b2 — BS, 


. @&—9a+19@— 2 a+6. 

. 6at — xy — 10 xy? 4 31 xy? — 20 4. 

. at + a8y + 2?y? — x82 — a?yez — ay?2z — 4222 — xyz? — 9222, 

. B8—8ayz+y2+23, 31. —50 ab?+125 a2b?+8 a3 +50 a32, 

. xy? + 4y3 +423 + 16 xy. 

. 5 x22 +2 xy? +8 y?+2 x38y—8 22-64, 34. @&—3ab+14+ B 
. 242% — 10 w2y? + 31 222 — 4 yt + 16 y2z? — 15 24. 

. &®—8abe4+ 84 3. 38. «> + 151 a — 264. 

. B84+3ay+y3—-1. 39. a — 41% — 120. 

. 26+10 2-33. 41. «7-7 46421 2 —17 xt§— 257344 22422, 
. 478 —§ 254+ Bat — 1008 —822?-54x—-4. 

. 25 a7b — 9 abd? + 22 atbt — 4 a3b> + ab?. 

. 4qi8y3 + 8 aly — 64 aby? — 128 ady8. 

. 24 a°d — 26 a®b® + 4 atb® — 6 a3d? — 5 a2b8 + 4 ab? — 3 b10, 

. 84+ 38ay24+ 3e2y¥ —327-6aey+ua+y—8y+y+1. 

. amtlit 3a™—a™1—3a""*-a-1. 

. antli— bar — 9 qr-1 — 4 qnr-2 — qnr-3, 

. 2 aint4 — 8 gint3 ai 4 q27n+2 — 2 qnrt+] — qint3 ae 4 q3nt2 —Qqwrtl + ar 


ze qint2 — 4 qintl = 2 q?n — qr-), 


. on — y2nt2, 51. xi — 2 aPnyen + yin, 
. gm — gmt] — gint2 4 2 qr — qnrtl — qnrt2 leuiig 

. am —2a%n+2a%—2a"+1. 

. grt? — gntl + 2 (ih 2 = t-8, 


Exercise 23. Page 64. 


. w+48—24 2-35 4+57. 8. 405-278 +42. 


— 2 —322-—2-+1. 4. 1824—45 23482 x?-67 «+40. 
2—y — xy + xy? + x? + wy — y?. 
— 7025 + 106 24 — 112 23 + 82 2? — 3882-4 12, 


. 82 a5b — 56 atb? + 8 a2b3 — 4 a2b* — ab. 


— 23 — 22+ axn+ 19% —b — 12. 
«5+ (c—m)x*+ (d—cm+n) «3+ (cn—dm+r)x?+ (cr+dn)x+dr. 


. 2 —(a+b + c)x*+(ab + ac + be)x — abe. 11. at — 1. 
. 1624 + 36 xy? + 81 y4. 

. et — 298 +o — Qat — 728 + 14.22 + 20% — 40. 

. 08 + gtyt + 98, 


ES acon NS 
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. 208 —6 a7 — 1926 + 61 a> + 12 xt — 109 23 + 111 2? + 40% — 120. 


q3m+1 + amy Be ay” ae ypmti, 17%. a —a*®—ard+l. 

. @®+302b +3 ab? 4+ 63 + Cc. 19. — a?+ 1052. 
a? + 62, 21. 2mn. 22. 0. 23: —62: 
24 ab — 120 b?. 26. —3bx +2 ay. 
2u2 4 2y2 +222, 27. ax —cx—ab+ac-+ be — c?. 
b2 — d?. 80. a? + b?. 32. 0. 34. 0. 

ae: S186: 33. 0. 35. 17; 13. 


Exercise 24. Page 66. 


x+2y. 7. 3a—24'. 12. —a?+2ab+36% 
a—2b. 8. 3aty? +1. 13. 23 — xy —1. 
203 — 4. 9. xtzet + 2 1222, 14. a®b — ab? — ac?. 
8a? + 1: 10. c? — 8a%4. 15. —4a?4+2ab+ 362 
a+ 2a". ll. —x+y+2. 16. m? —2mn — 3n?. 
8a —4. 
Exercise 25. Page 70. 

a+ 3. 4. x-y. %. 2n—1. 10. —a?—3a—-1, 
a—2. 5. «+y. 8. 2x%-—3a. ll. a? — 2a + 2. 
x+y. 6. 2x%+3. 9. —8a—2. 12. y2-—38y-1. 
m2 —5m-+ 6. 29. «—2y+32z. 
1—3s+4 2s? — s?, 30. «3? — 492+ lla — 24. 

. 44263 4+3624+2641. 31. —a?+a-1. 
v2 4+ 2ey +3 y”. 82. 2? —3a”—2. 

. at+od. 838. 5a4 +428 + 3224+ 2441. 

- 14+ 4-222. 34. —a2?-—32—-9. 
407+ 4ay + 3 y?. 35. e—y. 


. w+ Quy — we + y®—yez+ 2%, 86. at — a2y24 yt 
. @—-ab—ac+b?—be+c% 87%. 2+ar4+ a2. 


» + 2y+2. 88. a+2b-—ce. 
. &©—-y-—e. 39. a—b—c. 
e—Y— eZ. 40. 5a?2+ 322. 
- 2 — ey + y?, 41. a®2+2ab-+a+4b?-2641. 
. 2-844 2. 42. xm — Qaunyn + ym, 
. y—by4+6. 48. ab” — 7 ar—1p%, 
. YF + ye — 2 2. 


Exercise 26. Page 73. 


dat + %, beet — 14. 8.497 — Dae ee eb: 
4x7 + Saxe — 4A Q2, 4. ¢¢—-—teO+7e— ft. 


SAP ovr 


ote Ca Cas Coe kas 


ANSWERS. 
- $22 + Sat+ 226, 
- 0.2 m§—0.46 men+0.32 mtn? —0.08 m3n3—2 m?2nt+0.2 mnd+1.12 n8. 
. $a — 202 + dab? 8 B—2@24214. 
Exercise 27. Page 78. 
0. Tas kee 4. aim 4 53m, 
- &@+307d4 70%. 5. 8S a3mt+8 — 97 @, 
x? —2ey+5az4+ 4y? + 10 yz 4 25 22. 
ax — be. 14. y™—P-] — y—3m—2p+2 4 ymtdp, 
1—2 0d: 15. 24?" —4anyn 4 2 y%, 
20a — Si ym—Snt+4 4. 25 ym, 16. «—a—Db. 
cm-1q — emtlq2 — ¢2mtlgl+z, 17. o?m + om 4+ 1, 
. m—*yt — m2z—4y +1. 18. 343+ 527+ 32. 
. ttyl — gz—tl 4 gztey, 19. 3Ba2mts — Qymtd 4 5x5, 


. gmt2n—1 _ 7p2m—8n+2 + gemt+2n—2, 90, 3 qin—-3 + 2 q2n-2 _ 5 ar], 


(1 — a*)x3 —(a? + a)e?-(a +204 060+ 0c). 


. 202-249 ax—0.3a27+0.5 23. 25. $a2—1ab+1b2. 
-. 402 + 2S, ab? + 7 0°. 26. x2? — zh ay — yy”. 
. ¢80+ 7,00 + ab? -4db8 27. wt—Say+ fy. 28. 14. 


Exercise 28. Page 76. 


a2 +2 xy + y?. Toa? — 9 
a? —2axn+ a. 8. 1622-9. 
2+ 4b + 46% 9. 9at — 16 B4. 
9a? —12c~% + 4c? 10. 9a? —6ac + c, 
. 1642 — 40 y + 25. 11. x? + 14.62% + 49 04, 
. Pat+ 247224 1624. 12. ax? — 4 b2y?. 
Exercise 29. Page 77. 
42 — y2 —Qyz — 2. 9. a+a?+1. 
2% —Qay + y? — 2. 10. 94? —4y? + 4y2 — 23, 
ag? + 2 abay + b2y? —1. 11. 1422+ 27% —y% 
1—22+2ay — y?. 12. at+ 4a? + 1624. 
a? — 4624 12 be — 9c. 18. xt — 2 x%y2 + yt. 
at + ab? + 64. 14. 2? —2ay + y? — 16928. 
m* + m®n? + nA, 15. xt — 10 x2y2 + 25 yt — 49 26, 


4— a? — 2x3 — xf, 


10 
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Exercise 30. Page 78. 


- 42-12 ay 4 9 y?. 4. w+y?+22?—2 wy+2 x2z—2 yz. 
. @+624¢242 ab+2 ac4+2 be. 5. a2+y242 cy+10 2410 +25. 
. e+y2+ 2242 ry—2 xz—2 yz. 6. 22144244 vy+64+12 749. 


a+ 62+ c2 —2ab 4+ 2 ac — 2 be. 
9a +4y2—120y +242 —16y +16. 


. 4424 9y2 + 16 22 — 12 ay + 16 wz — 24 yz. 
. tt yt+ 244 2 wy? + 2 222 4 2 y2z?, 

. 4024+ y? 4+ 22 —4ay —4 02 + 2 yz. 

. @+4b24+9¢c%-4ab—6ac + 12 be. 

. 942+ 62+4c2 6 ab + 1l2ac— 4 be. 


e+4y2?1922+4 4x2y —6 az — 12 yz. 


. att yt + et — 2 wy? + 2 1222 — 2 y?z?2, 
. 84+ 4y24192% —4xy —6 xz 4+ 12 yz. 


ett y2+422—2ey+4uz—4 yz. 


18. 2+ y2+224+112ey4+2ez4+2e4+2yz24+2y4+2¢. 

19. 224 y24+224+1-—2ay+242-2u—2yz24+2y—2z2. 

20. 1647+ y24 224 8ay4+8az—16%4+2yz2—4y—4244. 

21. 4e%+y?+ 22-4ay —40z2—124+2y2+6y4+624+9. 

22. 2? + 4y2?4+922?-—4ay—642+84+4 12 yz—16y — 2424 16, 
Exercise 31. Page 80. 

1. w+ 112% +4 24. 15. x? + xy — 30 y?. 

2. a +54 — 24, 16. xt — x? — 72. 

3. 22+ 3a — 70. 17. at — xy? — 6 y'*. 

4. «214% +4 45, 18. at + 4 2?y2 — 32 yt. 

5. 2? —a — 90. 19. a?b?—3 ab — 40. 

6. a?—15a+4 50. 20. ab? — 4 abry — 21 wy. 

7. w2— ax —6a?. 21. 2 —6ay+9y%, 

8. a? — 2 ab— 8b, 22. 227+ 122-4 36. 

9. a2 —15a+ 36. 23. a? —6ab+490b2. 

10. a?+6ab+4 86% 24. 22 —(c+ d)x-+ cd. 

11. a? +4 ab — 21 82. 25. 22 +(a —b)x — ab. 

12. a? —7 ab — 18 b?. 26. 2? —(a — b)x — ab. 

138. x?7—Tax+ 127. 27. (a+b)?-—2(a+b)-8 

14. 274+ 2x2 —8 2. 28. (w+y)?+2(@+y)-—8. 
Exercise 32. Page 81. 

1. 6224 ay — y?. 8. 15 a4? — 32 ay + 16 y?. 

2. 1202-17 ay + 6 y?. 4. 22? —19 ay + 35 y% 


ee 


Sue oe ko 


Gaby tale 


© 


Ce Toa tS ite 


9a2+3.ab + 52. 9. 
9a%—3ab+ 6%. 10. 
16 22-12 xy+9y?. 11. 
16 22412 xy+9 y?. 


ab? + abe+c%, 14. 
ab? — abe +c? 15. 
16—4y+y2 = 16. 


Exercise 35. Page 84. 
od ae xty +23y2 aE es + xy* te y. 


e4+o24+441. 
es — a? +ae—1. 
e+202+47+4 8. 


6 
a> — ty + a8y2—x2y8taoyt—y®, 7. 
8 
9 


Exercise 36. Page 86. 


342(1 —2 2). 
2a(a—2). 

5 ab(1 — ab?). 
ab(3a—4b). 

4 a2y?2(24+ y). 
a(sa?—a+1). 
x(a? + xy — y?). 
a?(a? — ab + b?). 
3a? (a2? —3—22). 
b(ab — c? + @). 


. 2a(4ab—3a?+42b). 


4ay(%—2y—1). 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
. Tabe(abe — 2 + be*), 

. Say(ry +22 — 3x2"). 

. abc(bc? — 2a + 8 a%b%c). 
ury22(%— “22+ y). 


4q2(2a2 —b + 8y?). 

2 a2b20?(4a —2bce 4+ ¢). 
588% —2y4 2). 
aey?(ay + 2¢—y?). 
bc2(3 b?¢ + 2b — 6c). 
8ab(2a—1—4b). 
a’c(5c?+3+44¢). 

3 ay2(20? +a —5y). 


ANSWERS. 11 
77 2? — 3 ay — 2 y?. 13. 12 at + ax? — at, 
100 22 — 100 xy + 21 y?, 14. 202+ 5 ay + 2 y%, 
6 at+ 5 a2b? — 6 dt 15. 6b2—7 bx — 38 22. 
a — a®b + ab? — 68, 16. 8a?+ 14ab — 15 02. 
6 a + 9 a2b — 4 ad? — 6 DS, 17. 822 — 22 xy — 21 y?, 
a8 + a2b — ab? — B. 18. 6424 7 yz —3 2, 
. 1242 -—5a—2. 19. 627+ 19 xy — 7 772. 
38a2-—2a—5. 20. 6a? —19 ac+ 10c?. 
Exercise 33. Page 82. 
a+2. 4. “+65. 7 3a%—5y? 10. ab’ct — x8. 
3-2. 5. 6—-2. 8. 228+ 37%, 11. zat + 6, 
4—a 6. 38a4+5. 9. 225+ at, 12. a+b+¢e 
Exercise 34. Page 83. 
14224427. %. 1432492. 12. 494+ 14a@4+4a% 
1—-22%+422. 8 1—3824922 13. 4 a?—2 ab? + bt. 


xt —Oa2y + 81 y2 
at +3 a7b + 9 02. 
42248 xy?2+ 16 y4. 


. e84+23 +4724 8x4 16, 
vt —292+422?-—82-+ 16. 
. Ll+m+ m+ m3, 

. 1—m+ m2 — m3 + m4. 
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Exercise 37. Page 87. 


(a + y)(a — b). 17. (@—y)(@+y). 
(x — y)(a—b). 18. (1—323)(1 — 52). 
(—y)(a+c). 19. (#2 +1)(1—~2). 
(%— b)(x+ a). 20. (x? + 2)(” — 5). 
(@—a)(u+y). 21. (7+ 38)(%+4+7). 
(a —6)(*% —y). 22. (28 —1)(2-1). 
(a@—y)(2b— 8c). 23. (ba —cy)(a2?+ be). - 
(w+2a)(24—3y). 24. (32% —5y?)(1 — 22). 
(6 —2c)(a— 3c). 25. (2x —3)(4a — 5b). 
(%@ — 2)(a? + 1). 26. x«(202—3)(8x%+44). 

. (24 3)(a@+ 4). 27. x(a? — 3)(8cx — 2d). 
(8a—1)(¢— 2%). 28. (a+ b)(d—2¢c). 

. (ab —c)(a— x). 29. (b? + c?) (bx — cy). 
(a? — 2)(2a — 8). 30. (2a+c)(2a—b). 

. (@—1)(ax+ bd). 31. (an + c?)(a—™m). 
(ax +1)(@+4+ 2). 32. (1+ ¢)(1 — cry). 


Exercise 38. Page 89. 


(a—38b)(a—3b). 18. (lla+9y)(1la@+9y). 
(2a+ b6)(2a+4+ 5). 19. (ab?c3 — x5) (ab?c3 — 28). 
(a —2b)(a—2b). 20. (7 — 10k?) (7 — 10 k?). 
(+ 38y)(*#+sy). 21. (7Ta+8c?)(7a+4 3c?). 
(2% —3a)(2x% — 8a). 22. (9¢ —5)(9e — B). 
(a—5b)(a—5b). 23. (11+ 5a%)(114+ 52). 
(2a—1)2a-—1). 24. (124+ 72)(124 72). 
(Ty —2)(Ty —2). 25. (6% —5y)(6x% — dy). 
(@ — 8)(# — 8). 26. (y — 25z)(y — 252). 
(8e+4y)(8a+4 4y). 27. («3 — 17) (#8 — 17). 

. 4a+%)(4a4 2). 28. (Tx —8y)(7x—8y). 
(5 +8x)(5+ 8a). 29. (Tab —2c)(7T ab — 2c). 
(7% —2y)(T% —2y). 30. (l1lw~— 18y)(1a— 18 y). 
(1 — 10b)(1 — 10). 81. (2a? 4+ 527) a? + 52). 

. Ga+7b)9a4+7D). 82. (wt+y—2z)\(*+y—22). 
(mn — 8 a?) (mn — 8 a?). 83. (a —b—3)(a— b—83). 

. Qa—5x)2a—5zn). 84. (a+c+5)(a+e+4 5). 


. (@+2)(a — 2). 
. d+2)0 2). 


Exercise 39. Page 90. 


3. (7+ 8y)(a@—3y). 
4. (2a+7b)2a—7b). 


ANSWERS. 


- (&+2y)\@—2y). 
. (74+ 10y)(7 — 10y). 
. +723) = 728). 


(2+ 11y4)@— 1194). 


» A+ 184%) — 184). 


(ab + 2.03) (ab — 203). 


. Bat + a) at — a). 

- ah + y) ad — y2), 

- 6+4a)6—-—4a). 

. 44+ 5y)4—5y). 

. (ab +1)(ab—1). 

. (@ + 10)(# — 10). 

. Gla+6b)Cla—6b). 

Tat +) (Ta? — 9). 

. (8a+3b3)(8a—3 68). 

. (9a7b?+c7)(8ab+c)Bab—c). 
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. C2a+8c?)(2a—3e), 


5 ab(2-ab + 1)(2 ab — 1). 


. da2(a + 2c)(a—2c). 


9(a+3b)(a—38b). 


. 9%+2y)(9x—2y). 

. (8a? + 6?)(8 a? — b?). 

. (mn + 6) (mn — 6)- 

. (2 + 12) (a? — 12). 

. (% + 5) — 5). 

. (6+ 8y)(5—8y). 

. £(408 + 3 y8) (428 — 393), 
. (5a +4a4) (bx — 444). 
. @(62+7a)6x%—Ta). 

- (@+4y)@—4y). 

- (1 + 2027) (1 — 2027). 
36. 


cQa+sc)2a—3se). 


Exercise 40. Page 91. 


(e+ytz)\(@+y—2). 


. @-yt+2z)(e—y-—Z)- 


(@—2y+2z)(@—2y—2z). 
(a+3b+4c)(@+3b—4¢). 
(a—b+c—d) (a—b—c+d). 
(2a+6+5¢c)@a+b—5e). 
(82 +y)(8y—2). 

(4% —1)(7 —2 2). 
(a+y—z)(@—y+z2). 
(a+3b—2c)(a—3b+2c)- 


- (64+2a+386¢)(b—2a—3¢). 


(1+a2+56b)(1—x%—5b). 
(Ba+u—38c)(8a—42+4+38¢), 
(4a+2 y—3z)(4a—2y+4+32). 
4b(a— Cc). 
(6%—4a)(4+ 2a). 
—5a(a-+ 2). 

—y2e+y— 10). 
(8a—b)(a+36— 2c). 
4(a+b+c¢)(b—4c). 


Exercise 41, Page 93. 


(a+b+2c)(a+b—2c). 


. (©—-y+3a\a—y—33a). 
. (b+2—-2a)(b—4+2a). 
. (2a+6+4)(2a+b-2). 
. (@+uat+y(a—x—y). 


6. 
7. 
8. 
9. 
10. 


(l+a+6)(l—a-—DbD). 

(a+b+4 ab)(a+b—4 ab). 
(24+38a—1)(2%—8a+1). 
(a—b+c+d)(a—b—c—a). 
(a—y+a+b)(x—y—a—b). 


(S2—14+0+2b)(82—1—a-—26). 


(a+b+ua+3y)(a+b—a2—3y). 
. (t—-1+b—y)(a—-1—b+y). 


(8—“#+a+4b)(8—“%—a—4b). 


15. (2—2+b+2a)(2—x—b—2a). 
16. 


(a2—b?+a—38) (a?—b?—a+3), 


(2a—8c¢+38b-—2d)(Qa—8¢—38b+2d). 
(2Qa—14+2y—z2)(2e%—1—2y+2). 
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19. 


= 


_ 


SHOSPNADAP OD 


. (a? — 5 d8) (a? — 6B), 


NEW SCHOOL ALGEBRA. 


(1+a-2y)(1—%4+2y). 20. (a—c+b—1)(a—c—b+1). 
21. (a+2c+382+4+1)\(a+2c—34%—1). 
22. (24+3"—2y)(2—3x+4+2y). 
23. (207—-3+42y —32)(227-38-—2y+ 32). 
24. (a —38c+b—22*)(a?*-—3c¢—b+222). 
2. (6a—b+3ax—1)(5a—6—8ax+1). 
26. (4074 c? + 523 — 3)(4274 c? — 523 4 3). 
27. (2a? — 3b? + 9 xy2z®) (2 a? — 3 53 — 9 xy?z8). 


Exercise 42. Page 94. 
(x? + ay + y?) (x? — xy + y?). 8. (80243 a—1)(8a?—3 a—1). 


(a? + © + 1)(a? —x% +1). 4. (4a2?+3a—1)(4a?—3a—1). 


(2a2+3a—1)(2a?—3a—1). 

(8 a2 +2 ab + 5b?) (3 a? — 2 ab + 5 5), 
(202 + 3ay — 3 y?)(22? —3 ay —3y?). 
(2a2+3.ac — 5c?)(2 a? — 38ac—5c?). 
9. (2Qa?+2ac+ 5c?)(2 a—2ac+ dc). 
10. (5424 3ay4 4y2) (52? —3ay4 4y?). 


Dawg H 


Exercise 43. Page 97. 

(a+38)(a7+5). 15. (w@+1)(a—5). 2 (a+y)@4+4y). 
(7—8)(@—5). 16. (@+38)(2+6). 80. (4+y)(4—4y). 
(a—8)(a+5). 1%. ( —3)(~@—6). 31. (@—y)@—4y). 
(«—5)(@+2). 18 (@—3)(@+6). 382. @—y)(@+4y). 
(w+2a)(%+8a). 19 («© +8)(e@—6). 388. (@+y)(e+2y). 
(w—2a)(«—3a). 20. (w@+1)(@+8). 34 (a—2b)(a—5b). 
(@+38)(@—5). 21. (@—1)(@—8). 35. (ax+6)(ax—9). 

(@+2)(x+8). 2 @—1)(@+4+8). 86 @w+4)@—1)1). 
(w—2)(#—8). © 28. @+1)\(e—8). 87%. @—1D@+ 12). 
(#—2)(@+3). 24 (@4+2)(@4+5). 38 (@—5)(@—10). 


. (@+2)(@—3). 2%. (@—2)@—5). 39. (@—8)(a— 15). 


(@+1)(@+5). 26 (@—2)(@4+5). 40. (@—13)(@+ 30). 
(©—1)(@—5). 27%. (@—2a)(e@+8a). 41. (c—5)(¢ +30). 
(@—I1)(@+5). 28. (4+2a)(~—-8a). 42. (ec —1)(¢ — 47). 
45. (xy +32) (ey + 162). 


(2+4y)\(2+5y). 46. (ab —2c)(ab—11¢c). 


Exercise 44, Page 99. 


(w@+1)(2%+8). 4 (2e41)(8242). 7% (2a—-1)(4%-8). 
(34+2)(7—1). 6 (2e+41)(8x2—2). 8. (6x—1)(3a+2). 
(5%—8)(¢—1), 6. (6%—2)(3a+4). 9. (42+1)(82—2). 


a) 
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. (4%—1)(8e—-1). 18. (8a—2)(@4+2). 16. (42 —1)(x+8). 
. Axt)Be-l. 14 @x-1)(82+4. 17. (22+1)(22-8). 


(@+1)(e—5). 15. (4241) (43). 18. (2241)(22438). 


. (Sax—1)Qax+1). 20. 8%+4)2e+3). 
- (844+2)(4%—7). 28. (8c—3)(¢+7). 25. Qart+y)(@+2y). 
. (6a+1)2a—5). 24 (824+3)(2—5). 26. (84+b)2Qx-3d). 


(4a—36)(2a+5b). 88. (64%+2y)(2x—5y). 
. (8a—2c)\2a—S5e). 39. (7x—3y)(2Qu—Ty). 
. 444+ 38yCx4+7y). 40. Ga—4y)Qa—S5y). 
. (424+8y)22-—Ty). 41. 6x—y)@+6y). 
. B2—-y2xz4+7y). 42. (4x+y)(6x%—5y). 
- Gla—b)(a—2d). 43. (4%—3y)(6x%—5y). 
. (2c—d)(c—6d). 44. (4%+3y)(6x—5y). 
. Bby—z2z)2y4+ 32). 45. (9x+2y)(4%—3y). 
. Ge-2y)B«x-—4y). 46. (644+ 3y)(8x2%+42y). 
. Bae2—-2y)(8e+4y). 47. (124—5y)(a+38y). 
. G2+7TyYC@ae—S5y). 48. (6y—2)(y+3). 


Exercise 45. Page 101. 


. (@+2b)(a2?—2ab4+40%). 4 (6a+1)25a?—5a41). 


@(1—38a)(1+3a+4 9a’). 5. (8ay — 1) 9a? + 8ay 4+ 1). 
(a+ 4)(a2-—4a +4 16). 6. (a+ 3b)(a? —3ab+4 902). 
(xy — 4) (ay? + 4 xy + 16). 

(4a? + 5b) (16 at — 20 ab + 2502). 

(6 a? — b) (86 at + 6 a7b + 57). 12. (ab +7) (ab? — 7 ab 4+ 49). 


. (4a—3b)(16 a? +12. ab+9b%). 18. (2a —b?)(4a2 + 2ab? + BA). 


(7 —£) (49+ 724+ 2). 14. (6m-+n?) (86 m?—6 mn?+ n'‘). 
(sy — 8 2) (ay? + 8 xyz + 64 2°). 
27 (8 a? + 2c?) (9 at — 6 arc? + 4c4). 


. Gy —42)(81y? + 36 yz + 16 2’). 

. (8a—1)(64a?+ 8a+1). 

. (@+6—1)(a29+20b4+60?+4a+0+1). 
. (a—b+1)(a2?-—2ab+b%?—-a+b+1). 
. dG-a4+bd)A+a—b6+a@—2ab+4 0). 
. (802 + by) Oat — 15 xy + 254). 

. (647 y?) (386 — 4242 + 49 4). 24, a8(x8 — 5) (a8 + 5 23 + 25). 
. (248 + 8 yt) (4012 — 6 xoyt + Oy). 

. (a — 6d3) (a + 6 ab? + 36 5°). 

. (cd — 7 2?) (c2d? + 7 cdz? + 49 24). 

. (yz? + 2) (a2y224 — 2 xyz? + 4). 


16 


29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 


37. 


38. 
39. 


40. 
41. 


42. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 


OO OU ee Con ker 


CC SS 


NEW SCHOOL ALGEBRA, 


(2 wy228 — 1) (4 x?yt2® 4+ 2 xy?z3 4 1). 

(8 a8y2? + 1) (9 a8y224 — 3 x8yz? + 1). 

(4% — 5 y8) (16 x? + 20 xy? + 257°). 

(5a? + By) (25 at — 1b a7y? + Dy). 

(@ + y) (Ta? — 4ay + 4%). 

(Qe t+2y+z2) (4072+ 8ay+4y? —2uz—2yz+ 2%). 
26(8 a? + 62). 

(a? —38—z) (at —6227 +94 022-3242). 

(b+ a—c)(b?—ab+ be+ a? —2ac+4 c*). 

(a@— 2)(0? —8x+a2—-—32+4+ 2243). 

(a —3b—c)(a*—6ab+ 9b? + ac —3be 4+ c?). 
(2—8a+b)(4—12a+9a2?—2b + 3ab + Bb). 
(2+5—a)(2+102+4+25+az2+5a+4 a’). 

2y(y? + 3 2%). 43. (© +2y)(7 x? 4+ xy + y?)- 
d—7Ta+5b)\1+7a—5b + 49a? — 70 ab + 25 02). 
(8e+y—22)(9x?7+6ay + y2+ 642+ 2yz2+42*). 
(2a@—b—c)(4a?—4ab + 6?+ 2ac — be + ec’). 
(@—y+ 2) (a? + wy — v2 + y? —2yz+4 2). 

(6 -—w7+2y)254+ 5x%—-—10y+a2?-—4ay+4 4 y?). 
(2e+y—32)(422+ 4ay + y? + 6az + 8yz +92). 
(a—38—z)(@-6a4+9+az—324 2). 
(Ta—b+c)(49 a —14ab + b? -—Tac+ be 4+ ec). 
(8e—2y—2z)\9eR— l2ey+4y?+ 6cz —4 yz + 42%). 


Exercise 46. Page 108. 


(% + 8) (x? -—3%—1). 10. (@ — 1) (a? —2” + 2). 

(% — 5) (a? + 5a%—1). ll. (@+2)(@? + 7x+ 2). 

(% — 4) (a? ++ 4a%+41). 12. (@ —5)(@? +7241). 

(@ + 3) (a? —8%+41). 18. @—1)(422—82+1). 
(a@ + 8) (a? —x% +3). 14. (@—3)(@—4)(@+ 5). 

(@ —1)(@ —1)(@ + 2). 15. (@—3)Q2x%—1)(8%—1)- 
(@ — 2)(*@ — 2)(@+ 4). 16. («—3)(@—3)(@—4). 

(@ — 1)(@? + 5a + 5). 17. (© + 2) (a? + 5% 4 2). 


(#—1)\(2e%-—1)2e +4 38). 18. (@+2)7?+ 32+ 1). 


Exercise 47. Page 105. 


a(a+3)(a— 8). 8. (vt + y4) (a8 — atyt + 98). 
e(2%+4+1)(2%—1). 4@+y)@+y@—y). 
(@ + y) (a — ay + y?). 

(&% + y) (a? — ay + y?) (@ — y) (a? + ay + y%). 
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(6%+7y)(6x%—Ty). 21. («© +5)(@—12). 
(ac? + y?) (at — ay? + y4), 22. (2a—3)(a — 2). 
(% — 7) (#@ — 7). 23. xy?(a —4y? — day). 
. (©+a—b)(w—a+t+bd). 24. (2? +1)(@+4+1). 
- @+m+nj\(a—m—n). 25. (8% —2)(@+1). 
(@ —2)(@—9). 26. (@ — 5)(# — 19). 
(@ — 5)(@+ 9). 27. (8a+2)(8a+42). 
(@+4)(@49). 28. (a+ b—c)(a—b+e). 
. («©+38)@— 16). 29. («© +2)(a@—y). 
(x — 3)(@+ 12). 30. (a? —3)(8% +42). 
(~ —10)(@+ 11). 31. (wn—y+b)(@—y-—Db). 
(2x—y)(a+2y). 32. (m—n+1)(m—n—1). 
(2+ 4)( — 10). 338. («©+3b)(%@+2a). 


. (2+ ay+ y?) (2? -—ay+y*). 34. @—m+n)\@—m—n). 
- 8+ 3 ay + 57") (82? —3ay + by). 


(@t+y+2)(@+y—2). 40. 1+a+6)4—a—DbD). 
- @4+7)8e-—11). 41. 327(@?-2%”-+4 3). 
- (@+ by) (e—18y). 42. (x? —2)(« — 5). 


. (F+8e+1)(¢?—-32441). 48. @—b)(e+a). 


(@+2a)Qu—-3y). 


- @+y)@ — xy + 27y? — ay? + y*). 

. (24—c) (16 at + Bex? + 4 022? + 2 c8x + C4). 

. (+ 4y?) (at — 4a7y? + 16 y*). 

. B+2)9-—824 27)(8—-—2)9+32%4 2%), 

- P+ y?) (at— 079? + y) (a + y) (ay) (P+ ay + 9?) (Pay + 9%). 


(22+ 2ab+ 02 +1)(a+b4+1)(a+b-1). 


. (4474+ 9)24+4+ 3)(24—-—3). 52. (a2 ++x2%+1)@?-—2+1). 
. 82 —4a)(92? + 12ax%+ 16 a?). 


(@ + y) (a? — ay + y*) (a — ay? + 9). 


- ey)? + xy + y*) (2 + ay? + 98). 
. (a + 16) (a? + 4) (a + 2) (a — 2). 


G-a#+y)1+e—y +a? —2ay + y"). 

(a? — 6) (a* + 6 2? + 36). 66. (a+b—c)(a—b+e). 
(a+7)(a—11). 67. (©—2y+2)(*—2y—2Z). 

(a + b) (a? — ab + 6? +1). 68. (a+2b—38c)(a—2b+3¢). 


. (a— b)(a?+ ab + 6? 41). 69. Q0-—3y+2)(2a—3y—2). 


(a—b)(a+b+1). 70. (a+b+c—d)(a+b—c+d). 
. (©—-1)(24+24%+4+1)(ae+b). TM. (a+ 3b)(a—38b+1). 
. @—y)@—sy). 72. 5c%(¢e + 3)(¢ — 6). 
. (1—52y) 0 — Say). 73. (w«+y)(a+c)(a—c). 


. (22+ 4ax + 16 a?) (@?—4 ax +4 1647). 
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75. 9x(a? — xy + y?). 78. x(“#+10a). 
76. (a+b+c)(a+b—c). 79. @+u4-—y)(@-2+yY). 
1. Yytat+o)(y—a—c). 80. (2a?+8a—1)(2a—1) (a—1).. 
81. (a—b+24—3y)(a—b—22+3y). 82. 2(«—y)(«—y+a). 
88. (@at+b+1)(a+b—ab—1). 85. @+y+z2)(@-—y-—z+])). 
84. («+ 1)(@?—2x”+4 5), 86. (@—y—z)(x—y-—2Z). 
87. (a+b4+c)(a+b—c)\(¢c+a—b)(c—a+b). 

88. («—1)@+43). 91. (@+1)(@—1)(@? +9). 
89. (« —5)(@+ 8). 92. x?(a + 4)(x — 6). 
90. («+ 1)(#—10). 93. (4? + 3)(a? — 17). 
94. («—2a)(x—8 a). 95. (2?+3 ay—3 y?) (@?—3 cy—3 y?). 
96. (14+ 2%)(1—102). 98. («x—y)(@4+2y). 

97. («+3y)@+4y). 99. (x—y)(~+4y). 
100. @4+y+2yz2+2)(@+y+z2)(e*-—y-—z2). 
101. (@—y)@-—y)(@-y). 109. 3 a?(a? + 5ab — 8 6?). 
102. (2 +1)(@—1)(@— 2). 110. 6a(a—2b)(a—3b). 
103. («©—2)(@+1)(@ + 4). 1ll. (6a@4+2%—2)(5a—22). 
104. 3y?@—y)(w#+4y). 112. ay(@+y)(e—y)(@—y). 
105. (a+b)(a—b) (a@2—ab+b?). 118. Ga—2b+4+1)(Ba+2b). 
106. (a+2c+4+1)(a—2¢c). 114. @—y)(@+ay+y—22). 
107. (2a4+38b+c)2a+3b—c). 115. (wa@—y—l1)(@-—y-1). 
108. (674+ b)(8a— a). 116. (a+2)(a—2)(a—2c+1). 
117. (a+b—c)(a—b+c+H1). 
118. (@—2y)(@? + 2ey+ 4y2)(2+2n) (2-27). 
119. (6+c¢)(6a+306+1). 120. 226—2)(a—c+b). 
121. (a2? — ab + a? 4+ b?) (a? — ab — a? — bd). 

Exercise 48. Page 110. 

Le 24:02, ll. wo +4. 21. 24538: 

2. 9:08, 12. «— 4. 22. x — 5. 

3. 6 a7x2. 13. 2-4. 23. 3a?—9ab. 

4. 442. 14. 83x—2y. 24. 3ay — dy. 

5; 12' ac. 15. «+1. 25. 14+ 4c? 

6. 2(a+ b)?. 16. «+ 5y. 26. 8¢—-1. 

7 4(¢+y)% 17, x?(~ — 6). 27. «+6. 

8. («+ 2)%. 18. x—3y. 28. 24+3y. 

9. 6a2b(a +b). 19. 1—4a+4 16272. 29. o+y. 

10. w2-—382. 20. 224 9. 

Exercise 49. Page 112. 
1. x8y8, 8. 12 x33, 5. 84 a3y7, 
2. 5 a*b?c3, 4. 10 a3b® 6. 30 «z8, 


11. 


12. 
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a*b8c8, 9. 22(¢+ 1). ll. ab(a +b). 
x2y3z22, 10. e(@+1)@—-1). 12 a(a+ 2)? 
- (&©+ 2)?(@ +38). 20. (7+ 2)(%@+ 3) (a + 4). 
. (% —4)(@+ 5)(@ —6). 2. d+yd-yd+yt+y?). 
- Y-5)(y¥-6)y+7). 22. (a+y)*@—y)*. 
- @-—4)(@+ 5)(e- 6). 23. x(a—3) (@+5) (2?+3 %+49). 
- (@+ b)?(a — 6). 4 Y+)IYy-)De+t+D. 
. (@+2c)2(a—2¢)%, 25. (ex+y+z2)2%(a+y—2). 
- 4x8y(e + y)2(@— y). 26. (x — a)(a — b)(x—C). 


- @+yY@4+2y)@+4y@—Ty). 
- (©—2y)@—d3y)@—4y). 


Exercise 50. Page 119. 


H.C. F.=4x%—-—5; 

L,C, M. =(4% — 5)(@ + 2)(@? + 32+ 83), 

HC. ¥.=%—2; 

Te CoM (x _9)(2a2— 2%+1)(82? -—-7x+8). 
H.C. F.=382+4a; 

L.C. M.=x(8x%+4a)(x{—a)Qa—5a). 

He CaF: =3a-7; 

L.C. M. =(8 PaaS 2%+3)(24—1)(#+ 8). 
H.C. ¥.=c—c—1; 

LC Mra 3 (6-1) (eo De? + Aye 

H.C. F.=a?—4ax+42?; 

L.C. M. =2 (a —22)8. 

H.C. F.=72?+5%+5; 

L.C. M.=(7 42+ 64+ 5)(@—1)(@+1). 

H.C. ¥.=2—2 —6; 

L.C. M.=(«@+1)(#@ —1)(@+ 2) (x — 2) (@ + 8) (a — 8), 
H.C. F.=222—“—5; 

L. C. M. =(2a2 — a — 5) (a+ 2)(2%—1). 

HO, Byes 2) 

L. C. M. =(8a + 2) (2a? — 2” — 3) (402 — 3a@ — 8). 
HaOxba—i2¢ ib 1 % 

L.C. M.=(24+1)(@+1)(@—1)(8%+4+2)(8a%- 2). 
H.C. BR, =2— (24+ 12; 

L. C. M. = (a — 8) (a — 4) (@ — 2) (a — 5). 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


80. 


— 
me 


oy 


Pb et ei Si ee et ep ee BO oe et ee H Hy 
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Le 
3 


.=8e—274+4; 

(3a? — @ + 4) (a? — 2)(2% 4 5). 
F.= 322-241; 

M. = #(822 —&+1)(@+1)(a?+a—1). 


2 
a 
4] 


7 Onn re ei — 

.C. M. =(2a — 7) (242 +62 4 13) (62? + 7x + 6). 
C.F. =a? — 2a +3? 

C. M. = (#2 — 24+ 3)?(2 4+ 2%+4 3). 
Crph=a* a Ss 

C. M. = 2a(@? — 8)" —3)(22?4+ 24-42). 
Cre — Ore ks 
C.M.=(6%—1)(22?+4+43)(42?-—82+1). 
C. BR. ja? + 2 ax — a’; 

C. M.=(@? + 2ax - a’)2Qx+8a)(42%4 a). 
CoP. =a" — ax - a; 

C. M. = 4(a@? — cv + a?) (24 —Ta)(a@— 4a). 

C. Fi =a? + ba = 15 

C.M. =(#? + 56a+1)(2%?—a#+43)(82? —x2 42). 
C.F.=22?—32+4+8; 

C. M. = 2(2a0?-—382+43)(6¢ +8) (1022+ 15a” —1). 
C.F. =2%—38; 

C. M.=(2%—3)(%+ 8)(@ — 1)(@? -24+4 3). 
C.F.=2?—32-+1; 

C. M.=(#@ + 3)(a@? — 384 +41)(at — 2? —38a —8). 
CRS oy 
C.M.=a(@ — y) (4x4 8y) (82? + y?). 

« Cy Byes os 

C. M. =(4a@ — 5) (228 + 22 + & + 5) (a? 4+ 824 8). 
CC. Eo=2a— 3; 

C. M. =(2”—8)(a+1)(2%—1)(5%—2). 
Cobs= 3. 6— 2 

C. M. = 24(8a% — 2)(2a4? — 3a —1)(# — a? —- 1), 
C.F. =222—2,43; 

C. M. =(222—«# + 3)(@? —¢—1)@+41)(2%—1). 
C. 

C, 

ACs 

wc, 


Oo ks Dieters 
.C,M.=(@43)(22?-w%+1)(a—1)(@8e%— 4). 


ee 


$1. 


32. 


10. 


11. 


ANSWERS. 


H.C. F.=2(222-— 32+ 5); 
L.C. M. = 22(242— 34+ 5)(2—322)(a2+42 46). 
H.C. F.=2?—42—1; 
Lb. €. M. = Ee ety 8x — T(x? — 2) 
H. C.F. = a(a —2); 
L. C. M.= a(a —2)(2@2+2a+41)8a2+5a+ 8). 
H.C. F.=x—2a; 
L. C. M. = 2(@ — 2.4) (8.2? — ax + a?) (a + a®)(a@4 a). 
HC. F.= 32? +2 —2; 
L.C. M.=(« + 1)(8% — 2) (a? — 323 — 2)(222 32-1). 
H.C. F.=a(2a-— 32); 
L.C. M. = @x(2a—382)(a+82)(a—2)(8a—2). 
H.C. F. = a(a? —2a+41); 
L.C. M. = 6 @?(a — 1)?(a? + 38)(@ + a@—1). 
Exercise 51. Page 122. 

f= 2 — 1s 

.=(2% —1)(8%+2) (a + 4) (a — 8). 

1=G-- 05 

-=(a+ b)?(a — b) (a? + ab + 62). 

x a; 


(—a)(e#—4a)(@—2a)(8%—Ta). 


| 
8 
| 
bo 


Beene ves vers 
=2-—3; 
=e - 1) (« —2)(@ = 4). 


20+ By) (3%2—y)(a+ 4y). 


“a —a)(4—8a)(2—a)(2 + 8a). 


av 


a —1)(a®?+24+1)(22+1)(82 + 2). 


PREPR PRP eee Pee ee eee ee 
Mara Qe Fe Co Pe idl S Se Bees 
i l 


8x—2)(22+1)(7"—1). 
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22 


26. 


27. 


DE) s ROR Near 
LiCaMa=a de —ieay Maca Ie Sarees 
13) BO Cra 1: 
L.C.M.=(#—1)(2% + 5)(8%+4 2)(2a” + 8). 
14. H.C. F.=2+1; 
L.C. M.=(@+ 1)?@ — 1)(82 — 1) (27+ 62 —1). 
Exercise 52. Page 124. 
2d. 5 5 yz 9 26_ 13 om 
3a " 82 " 3 a3b an ap! 
ee Cedi 10. 34. 14. 5(a—c). 
5 ac 4p 4x 
Qa 7 2 x 11 2a—3c 15 x? — ay ty 
3 y2 3 ay? 2a ety 
Sat 8. 7 abe igs es ie. 2 
7 n2 a+2 e+sd 
xa—5 18. x+4 98. —2%—-2 
2%—7 2x2+3 8a7—62"+4 
24+3a gg @te—2 
4x7-—6ax+9 a? “924 5a+5 
uV—Yy-—zZ 93 a+b—c 30. 3 + 2% 1 
e+y—zZ a+b+e 398 —aga-9 
e%— ay y? 24 e—-a+b. 31 e+ 2—6 
x—Y “x+a—b eae 
2a+3. 25 e+a—b 32 e+5a4+4— 
38a+5 x—a+b  9e24 7443 
a+b—c—da 33. so 34. 2x%—8 
a+tc—b—ad x+5 , Se 2 
1 : 35 “+6 
(a+b—c)(b—a+c) w+ae—2 
Exercise 53. Page 127. 
2 te ee Pht a—b 
w2+38 cy+9 y? x+2 “e+e 
am 6. _3(@+6) 9. _a+b6+¢e4a 
(e 4 a—bt+tc+d 
me (ee Baits ks 10,0 eee 
2a+3b a e+a—b 
“a+1 
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oo 
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Exercise 54, Page 128, 


3 2 
1 ae: = “ 
+ ae 6 we 13 Rita 
‘arene (ge oa gets 
3a e+ 4% —8 
8 
8. 2 +ay+ y+. gee aL, 
zy ye — 2 
; 2 y8 9a2+2 
4. 2? — ay + y? — —2—. Gh Biggs (ii? — se ee 
gi x+y ¥ PAG a) 
: 6 x3 32 —6 
5. a®—2ax+42? — . 10 ee 
at+2% . 5e Ag 1 
Exercise 55, Page 129. 
2 2 2 } 
ee ipod fee RT Cee 
a+b z«—3 a-—« a+b 
3 
2. 2 ax. Smitha 6. 5a—3a. 8. 207 | 
ata a+2 4 “a—3 
Exercise 56. Page 1381. 
1 SoM) toe 8 1—2a, Liste 
; isaeie ws " 1-—4q@?’ 1-4¢? 
9 3a(a—24), 3u*—2a 9 Os ey 
: 9ax ° YVMae 16 — 22’ 16—2x2 
3 4(a—2y), xBu—8y) 10 @ . a9+38a+ a) 
‘ 1002 ” 10 x2 «Di CE 21 ae 
4 12Za4a—5e), 5(8a—2¢), 11 AGte a+)? 
, 60 a2c > 60 ae “4@—02) 40-—@ 
5 51+ 2), Cre 12 C2 ye, 6 B= 2 y 
WSFA Mee " 25 a2 —4 2? 25 «2 — 4 y? 
6. “+3 , AC pae? a) 13. (t+ 2)? (@ — 2)? 
(*%+2)(%+8)’ (#+2)(@+8) gig? gt 4 
7 a(e+a), a 14 8a2(a — db). xy 
. ap eee a aS ee . 


16. 


17. 


a — az’ g2— a? 6 (a? — Bb)’ 6(a?— b%) 
380(44+1), 52e%—1), 38%+2) 
15(¢—2)’ 16(a—2)’ 15(@—2) 
3(a—bm), 12%, 4(¢—m) 
2eemerl2e.% 12% 
a-—c : Dic : 
(a—b)(a—e)(b—c)’ (a—b)(a—o)(b—0) 


24 


18. 
19. 
20. 
21. 
22. 


23. 


12. 


13. 
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x(e-+1), x eet), oa 
w—1"’ gt—1 7 g—1 
set}; na—). 

sr ar ae 
yori x es 


@+D” @+I? @+D 


Oe 


u— 2 


March f 


(@—0)(a—1) (@—2)’ (@—e)(@—y)(@—2) @—O)(@—Y)(@—2) 


x—1 


@—1) (@—2) (@— 


x—3a 


x? — 5ax+6 a2’ 


x—3s3 


(2—1)(x—2)(a—3) 


x —2 
3)? Ge es 3)? 
x—2a : 
rae a a?—5ax+6 a? 


Exercise 57. Page 133. 


2xe%+2 6. 11 —2¢2 10. 
5 6 
tes av ii: 
4 a 
_T*#+5 8. _ 29% 4+ 16. 12. 
24 15 
36 — 25 x, 9. 14% — 37. 13. 
36 40 
20 + 24a — 5. 
8x2 
Exercise 58. Page 134. 
2s 4. 0. 7 
eT 
ae 30 : Sa ae 
2 es: (x at Y) 8. 
i 6. hes 
x—1 a? — 2 9. 
2 aie + 2 a2u? + 2 ax’ — 2 ek 
at — x4 
2 y 
— 14. . 
+ 3a2+2% x+y me 
1 x 
: 10g —— een 18. 
a—3 x2 — 4 y? : 
b8 2-—y 
ee, 62S =.. 19. 
(a + b)8 yy? — 1) 


10% — 18 


92 
302 + by? +2 xy 
a3y3 
ab + b?e + act 
abe 
1 


6y?z : 


—2ax—6a? 


8ax+7Ta? 


21. 


26. 


UIE 


10. 


x2 — 22 
ge + 1 
8224+ 9° 
x3 — 27 


—17a 


(2a@—1)(5a+3)@+4) 


3 x2 3. 
a—] 
4a 4. 
a+ea 
aa 8. 
x3 — y8 

106—9a-—ec 


(a—b)(6—c)(¢—a) 


8x 
3 ye 
5 bmn? 
7 abc? 
10 b?ma?_ 
7 acy 
3 Mm, 
10 ay 
4a? 
7 xy 
By? 
5z 


22. 


23. 


ANSWERS. 


4 
4— 32 
5a , 
x—bda 


25. 


Exercise 59. Page 137. 


2a. 
4a2—9 

b . 
a—b 


9. 


25 


e—4 : 
(% — 2)(@ — 8) 
0. 


1 
a; (24+32)(1—2a”)04a) 


24%—3 


’ ¢(4a2—1) 


6. 


—1. 


1 
12. ——__—__. 
2(y — 2)(@— 2) 


Exercise 60. Page 139. 


12. 


13. 


14, —_— 


15. 


16. 


17. 


18. 


19. 


20, 


a? + ab + 6? 


a+b 
a+ 5. 
x+3 
Caled BE 

a 
2n+y 

y 
y—22 
as ( 


21. 


23. 


24. 


25. 


27. 


28. 


29. 


30. 


81. 


82. 


Bata 
xt — 2 ax? + at 
10. 0. 


13. 0. 


a, 22. bed. 
ya-y@ty? 
x 


247 + 2a + 1 
£ 


a(a? — ab + b2) 
i 
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Exercise 61. Page 142. 


ale eee ig, = 
3 YZ x—2a x—-Yy 
3 ay, ay pee tbe 
Bc Mechta) 2b(a — b) 
7 a8b%c8 Cae} 
eee 3 2 15. —————. 
4 mn3p7 9. eau c—a—b 
2acm x—a+b 
pet — 16. ————_—_- 
3 10. ee IES Ss Ge aI 
6 a2b? id rh Bese 
Rea Lived, eee 
abe. 12. 0. “ety +2 
Exercise 62. Page 144. 
a+y 3. —2. 5, ZY. gf Ee 
a c u-—y Ce 
ae + oy. a Ze) qe. eal eq nk 
Le — yz x—1 m—n 
Bee eee elit ; 5 ge te ee 
a — ab — ab? + BB " e(a—b—c) 
be+ac+ab__ e%—e2+1 ig. Pa V+), 
ac + ab? + be? 2a—1 " @—y+2 
Riga at Ne = 17. 1. 18. 1. 
be(a — b+ ¢) Ba+3 ; 
_ m+ mn + 2 ae 4 cy (a? + xy + y?) 
mn : (x8 + y8) (a + y) 
@+e+a? gg, Ree 3s eS 
2 be 1+ 2? e-—y+t2 
Exercise 63. Page 146. 
= 8) 2. }. 3. 6. §. aes ie 
3a2@+4a—1 " a(a+y) a—b 
a a bates 11. abe. 
x F x —2 
(% —1)(# — 2)(@ — 38) yw, @+ED@+2y), 
8a (w+ 2)(a + y) 
a’ — 08 1S; 2: 15 2 
PaSae Ee ORE: yah ees. " 6(% + 2¢) 
(at — 4) (at — 1) 202 — 1 16, 2% 


ANSWERS. 27 
17, 42 20, 2+Y. pe alt 
e—1 “—y (b+ a)2_ 
1 
18s 1. 215, 0: 24. . 2—2y, 
Te 25. x—2y 
19. 1, 22. 1. ry cae ate a 
abe 
Exercise 64. Page 149. 
1. z=—5 iS G=SVve NG We pe peeevs IG e— 1 ele tie 
2. x=—5 ih sere 13 7 ee ee 225. 0—0 
3. z=—8 8. c=—82. 18. x=3. 18.27, 28. 2£=2 
4. 7=2. 9. “a=5. 14. «=3. 193: 24. t= 
a 2, 10. y=24. 15. «=25; 20. x=4 25.1 e=8. 
Exercise 65. Page 151. 
1. s=—9. 3. 2=4, 5. £=8. tie Poe t= 
27S) 4. +=4. 6. 2=—2. 8. o=4. 1045s 
Exercise 66. Page 152. 
4a—2b 2n n 
ihe — . = ios 15. bh . 

a—3b oes m n—1 
Sp oe pee 16-2 =2 = 9), 

2a 6? + ab 
Be em ee 1059 a? — OF Wi Gs ab 
atb+e b—4a a+6b 

Bee he) heey ey ead BS gg 2B 

2b+c-—a ab +bce+ac 4b—3a 
ra jphimels ae PO POU. 55% 5, Om 4m, 

c a@—be a 
6. a — Om —cn—dn, 13. pao 8 ab, 90. eee 

b 8b—3a ab? — a 

agen 14. «—5a. a ess 

n c 

99. wg ~~ +3b+ 86 94. xr ab ; 
b+¢e b-—«@ 
2 2 pe 
oan a5 pea Me ae 
23. t= @ie b+6¢ 
26) ci 0, DY to (a) 


28 


A 
2. 
5. 


29. 
31. 
32. 
33. 
47. 
48. 
49. 
50. 
61. 


52. 


67. 
68. 
70. 
( 
72. 
75. 
76. 
(fle 
79. 
80. 
81. 
82. 
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Exercise 67. Page 154. 


60. 3. 90. 6. 43; 20. OF 661-15: 12. 32; 7. 
45, 4, 42. 7%. 85385; 10. 98; 11. 13. 11 years, 
51; 52. 8.) 97329. 11. 407 ; 43. 14. 10 years. 

15. A, 60 SE B, 12 years. ies 

16. A, 50 years; B, 10 years. 18. 15. 

19. Father, 64 years; son, 16 years. 

20. 20. 21. A, 90 years; B, 30 years. 

22. Father, 64 years ; son, 11 years. 

23. Length, 36 feet ; breadth, 25 feet. 

24. 576 square feet. 

25. Length, 23 feet; breadth, 17 feet. 

26. Length, 21 feet; breadth, 13 feet. 

27. Length, 13 feet; breadth, 9 feet. 

28. Length, 34 feet; breadth, 26 feet. 
1d. 30. 139. 34. 1029. 39. 42 hour. 43. 63 miles. 
133. 35. 10. 36. 12. 40. 144. 44. 18. 
1oy. 37. 35%5. 41. 15 hours. 45. 63 miles. 
9,3. 38. 33%. 42. 8. 46. 400 miles. 
101° minutes past 2 o’clock. 538. 32,8 minutes past 6 o’clock. 
21,2, minutes past 4 o’clock. 54. 300. 55. 600. 56. 700. 
32, minutes past 3 o’clock. 5%. Dog, 1440; rabbit, 1800. 
4375 minutes past 2 o’clock. 58. $55,500. 61. $7400. 
5; minutes past 4 o’clock; 59. $39,040. 62. 60. 
38, minutes past 4 o’clock. 60. $325,000. 63. 80; 81. 
38,4 minutes past 1 o’clock. 64. 49; 50; 51. 


65. 16 gallons of water; 64 gallons of alcohol. 
66. Length, 32 feet; breadth, 24 feet. 


52; 12. 

201; 39. 69. 12. 
278; minutes past 2 0 Polock, 

36. 73. 30. 

61; 30. 1, days. 

30 days. 

144 square feet. 

12 miles. 78. 18 miles. 

Hare, 1200; dog, 960. 

49,1, minutes past 3 o’clock, 


108 miles. 
62 minutes, 


83. 
85. 


86. 
87. 
88. 
91. 
92. 
93. 
94. 
96. 
97. 


42$ minutes. 84. 350. 
Length, 40 inches ; 


breadth, 21 inches. 

134}; 7H. 

8 days, 89. 7,°; miles. 
63. 90. 4048 


A, 14 years; B, 35 years. 
A, $25; B, $5. 

32,8; minutes past 12 o’clock. 
$32,000. 95. 44 hours. 
28% miles. 

Tin, 37; lead, 28. 


ANSWERS. 29 
98. Gold, 380; silver, 150. 103. $9804.80. 
99. 4. 101. 3700. 104. A, 231; B, 33%; C, 448. 
100. 1,5, miles. 102. 70. 105. Hound, 600; fox, 900. 
Exercise 68. Page 170. 
1, abe miles b — ac, yes lee 
b+¢ ¢+1 b+e 
ee 4, 2° foot Geo ee. 
b-—a ~ b6+6¢ 
16 wae pieces of 1st kind ; oo pieces of 2d kind. 
—@ —a 
Exercise 69. Page 172. 
1. 25; 15. 9. 5%. 10. 6% 
2. 60° 45'; 39°15/. 11. 3 years 5 months. 
3. 86° 23) 7/; 30° 1723". 12. 20 years. 14. $1250. 
4. 2,8 days. 13. $537.50. 15. $40,000. 
5. $371.25. 7. $2880. 16. 9 years 4 months 15 days. 
6. $118.75. 8. 9%. 17. $20,000. 18. 42%. 
Exercise 70. Page 177. 
3 Ae ie ce pele Veawesld> 10) 7=—2~ 18) 7=9; 
aie Fieiene Ti Ms le y=—3. 
Ce ee oe moe enlace 2550 128 eo = — 115 
3.2=3; 6 2=19; 9 ©=5; 12 2=165; 
op y =4. Yi dD. Wie Ue 
Exercise 71. Page 178. 
ta 4. 4 = 95 7. ©=3; 10. ©=10; 13> 2=—8; 
x y=—A10- ae Nise y=—T. 
SO a OTe — al 8. ©=14; 11. x=—4; 14. x=—T; 
y=4. (poly pet y= y =2. 
Some ee Oars CP aie 1B ACR arte ae 
Ope ate Yiahs y=—3. y =5. 
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ines fos St ols 8. 9205 1S 
Grol, Tale Poles y=—2 
Adal C2 ory 10a 2 14. 2=— 2635 
vi Tits We peas y = 160 
Oa 2's Ufa ete Lt 255 16. 2 = 305 
Jie Uf y=—1. y = 20. 
C= 35 elie The 0 ere 9 16 235 
irae Pld. y =8. y = 20. 
Exercise 73. Page 180. 
C= 6. Dh 1S ee On ee bo) 
7%, ae Gis y = 60. afta 
AO Sie ees APE ee OR Re ah 
Y= 12 Uae Tih Die NeE 
Dees Catia ate eT DIS Mere TKO Sa ers ey ae 
y =+. y= 10; y=—17. y= 5 
D=IOk Oia La i Ge Sion Soe. 
=e aL: () Memst oh ize. Op 
a2) 10 ois 
y= 6. Tm 13s 
Exercise 74. Page 183. 

Nae eee: “ a = m(abn + 8) , 7 gin. 

2 ab+e 3 
gata y = ME = on), jak 

2 ab+e 2 

n'y — nr! abed a 
C= ——_————; =—— ; ae : 

mn! — m'n’ bd+a ss ae 
_ mir — mr! _. abs eee 
a a, ~ bd+a Ace 5 

ab! + alb a'b + ab! b 
yo seas. = Oh b 76 

ab! + a'b ab! +alb VRS 
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Exercise 72. Page 179. 


ANSWERS. 81 
10, x=C aT anm—bm. 18. e=a; 16 as 
2b : y=b. ; ah’ 
—etan + bm c es 
2a 14. alg era 
a. aS (m—a)(n— a) 
es = : ie — (m—a)(n—a). 
3 y rey th ig ; 
wD 26 g2 (m— b)(n—b 
y=2. O26 a? — (m—b)(m—0), 
S 15. x ar ; a8 
12. x=a+5b; y d—b?+ 3a? 
y=a—b 3b 
Exercise 75. Page 186 ; 
ie = 6; 7 ae 2 10 ¢= ab(a +b) : 
y =6. m+n c(a? + ab + 0%) 
2. «=; es Mohd taal 
y=. m—n c 
3. iicmeye m—n 5 
y=4. b—c semis FR 
4. 4=4; ey ee Ses 
ie 6 Y~ tn — om EOtds 
5. =4; ms — nr 1 
9 s=—_;; 12 es 
y=} a as — bn b? 
Ce t= t's ms ey Le 
y=, Y= ar —bm De 
Exercise 76. Page 188. 
Ll e=— 3; Ao = love (Goines 102i kpis 
y=11; y=17; y=—3; y=%; 
ed mtd Wp maps 2=1 C=O 
Pde Gi mas dS 5. = — 2% Sie 05 Lec LOOK 
Spa ase los ext os Vs 
Beate LAE 25 2=—21, 
3. ta 4 6.7=20; Oe r= 11s 125.7110; 
y=2; y= 15; y=-1; =— 12; 
EEA z=- 10, je} le = 14. 
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13. 


14. 


15. 
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© = 25; 16. c= 4; 19. x=2; 22) a= <! ; 
y=15; y¥=4%3 y= a+b 
2=—T. es 2=4. 7 2 ; 
S=— 18; Wie 45 520d; a+e 
y= 1; y=1; y= dh3 =e 
eslG, z= %. z= zy. b+e 
iis 18. w= 5h; Pil, Yee 238. L195 
y=33 y=-343 y=% y= 5 
a 2= 6. z= z2=3 
Pee COCs PA a 7 Qt. Bias oe 
~ ac+be—ab’ y = 60; y=; 
~  2abc Zi== 120, 2=4 
4 abt be—ae’ 26. x«=4%; 28. c= 12; 
2 abe y¥=— $5 y=; 
~ act+ab—be eo 34. e= 3. 
Exercise 77. Page 190. 
. A, $22; B, $26. 10. 44; 2. 15. 63. 
4.78; 1.0095. ll. 5%. 16. 45. 
. A, $260; B, $220. 12. 35, 19 a7: 
60; 8. 5. 5.87; 1.25. 18. +. 18. 640. 
A, $81; B, $27. .8. 4%. 14. 876. 19. 243. 
tr 9. 23. 20. 3 hours down; 5 hours up. 


Crew, 74 miles per hour ; current, 2} miles per hour. 


. 114 miles ; 5 miles per hour. 

. 4hours down ; 6 hours up; § mile per hour. 

. A, 575 days; B, 6,8 days; C, 142 days. 

. A, 1 hour 45 minutes; B, 3 hours 30 minutes; C, 7 hours. 
. A, 4¢ days ; B, 5} days; C, 13} days. 


2 abe 2 abe 2 abe 


—————. days ; B, —————— days; C, —————— days. 
” be-+ac—ab y be—ac+ab ac+ab—be y 


. $2000; 6%. 380. $2000; 6%. 31. $6000 at 5%; $4000 at 6% 
. $25,000; 4%, 82. A, 513; B, 52;. 
. A, 6,4; yards a second ; B, 64 yards a second ; 


A, 12:84; miles an hour; B, 124 miles an hour. 


. A, 71% yards a second; B, 74 yards a second ; 


A, 15$ miles an hour; B, 15}§ miles an hour. 


. 80 miles an hour. 88. Wheat, $1.00; rye, $0.75; 
. 50 miles an hour. oats, $0.334, 
. Velvet, $12; silk, $2. 89. 900 miles. 


hours. 

_ —2 _ miles per hour. 
b — ac 

Spel wale 6. 
Nave 

Pe eam bape a 7. 
yi, 4 
a tn 8. 
y= 4. 
5 fhe EE ROP 9. 
mae WY 

oie Demi pe 10. 


15 persons; $75. 


. Cow, $50; sheep, $5. 


ANSWERS. 


42. 2.15 p.m.; 18} miles, 


43. 759. 


Length, 35 yards ; breadth, 10 yards. 


at 6%. 


. Length, 100 feet ; breadth, 60 feet. 
. Length, 16 feet ; breadth, 9 feet. 
. First person, $5000 at 4%; second, $7000 at 5%; third, $8000 


. $10,000 at 4%; $7000 at 44, 
. $3000 at 44%; $4000 at 5%, 


dm — cn dollars ; ee a) %, 


m— nN 


m—n 


ei CM 


i bm — an dollars ; wei — 8) a.55) Oe 
7 


mu — an 


$9000 in 5% bonds; $9375 in 3%. 


. A, 5 yards a second; B, 48 yards a second, 
. 380 miles an hour. 
. 30 at 3 for 5 cents; 40 at 4 for 5 cents. 


7 miles an hour; 104 miles an hour. 


47. 36. 


50. 48. 


58. 750 square feet. 


Exercise 78. Page 204. 


bm 


3. Cain gallons of first kind; 
a — 


(a—m)l 
a—b 


Exercise 79. Page 207. 


© = 4, 9; 
i= hos 5. 
2. 
T= 28, 18, 8; 
y=1,8, 15 
damaehy 

ag 
Amita 
y= 


Ly. 


12. 


13. 


14. 


. § quarts from first box; 2 quarts from second box. 
. 63 miles. 62. 480 at 16 for 25 cents ; 
. A, 5 minutes; B, 5 minutes 20 seconds. 


90 at 18 for 25 cents. 


gallons of second kind. 


Wie LE 
y= 12. 
2=49; 
y = 22. 
C= 32° 
Sas 
Bil Oye 
y = 476. 
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16. 
18. 


~ 
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. 8 calves, 33 pigs; 6 calves, 28 pigs; 9 calves, 23 pigs; 12 calves, 


18 pigs ; 15 calves, 13 pigs; 18 calves, 8 pigs; 21 calves, 3 pigs. 
9 ways. 17. 39. 
Calves, $7 each; lambs, $4 each; pigs, $3 each. 


. 974. 20. 91 and 9; 28 and 72. 


Exercise 80. Page 210. 


ee 4. <3. coe 
x > 2. BS loan ewe 8. 6. 9. 40. 
oO <SU. 6. x lies between a and J, if b>a. 


Exercise 82. Page 215. 


ae: 4. 625 atb8cl2. 7. 64 gl2y2s, 
@0pls, 5. — 343 x8y3z9, 8. — 243 ql0hldz20_ 
16 xy? | g, — 248.a0b'c? g, Siaty® 
81 ath2 . BQ gl0y25  ORGieIa 


. 24+ 10 at + 40 23 + 80 274 802-4 82. 

. 08 — 8x8 + 2443 — 32 2? + 16. 

. 2 +1524 + 90 28 + 270 a2 + 405 & 4 248. 
. 6446 + 192 x + 240 at + 16028 4+ 6002412441, 

. 82 m0 — 80 m8 + 80 mo — 40 mt + 10 m? — 1. 

. 820° + 240 axty + 720 a3y? + 1080 x2y3 + 810 ayt + 243 y5, 

. 6448 — 192 vdy 4+ 240 xty?2 — 160 x8y3 + 60 x2y* — 12 ayd + 98, 

. aiyt—14 xSy8+ 84 xdy5— 280 xtyt+ 560 28y3 —672 x2y2+448 xy—128. 
. 1—-2e+38 22 —228 + 24 19. 1—424 102? — 12234 9at 
. 1-8a4+60-THU+6e-38a4+ a. 

. 9— 24a + 46 22 — 40 28 + 25 at. 


Exercise 83. Page 217. 


+ 2 xy? 7% —2ab’. 13. — 7 au rt ee ne | 
oO 7 4 
4 73, 8. + 222, 14. +34. . 2a 
+ 2 ay’, 9. —6at, 15. 8 a4d8. ao ey ‘ 
— 2 q2 2 48 : 
2 a2, 10. + 32°, 16s ye 20, +22 | 
3 a8 < 
— 34. 11. 3 yz. ir 
19; eeten RGA eee 
+5a% 12, — 12d. " day " 6a8 


ee ee ee 


Pm 0 > be 


C2 TONS te Co 0a ahs 


athe 9 kos 


. 8—4e41. 
3 a?—a4+2. 


ANSWERS. 


Exercise 84. Page 219. 


. 22%? —Bay+ by 
. 1422+ 3822. 


a+. 
2+ 2%. 
x? — ax — a. 


. 4—12%4 922. 


. a2? — 11 2 — 18. 
. 247—38a—5. 
. 8e2—Ae+7. 


9. 
10. 
11. 
12. 


Exercise 85. Page 221. 
a 


10. 


it; 


12. 


atUL Gils 
. 13.18. 
Raa baa 
. 36.101. 
. 25.3065. 
. 10.012. 


~ 40? +ey4+1. 


LSet ties 
14, 21.321. 
15. 71.605. 
16. 3.1622. 
17. 1.7320. 
18. 2.2360. 


19. 
20. 
21. 
22. 
23. 
24. 


13. 


14. 


Exercise 87. Page 226. 


1—22+48 27. 


1—2+ 22, 


. w—24e41. 
. 402-3442. 
. 8a—a-l. 
. 207-8441. 
. O+44—2 22, 


11. 


12. 


35 


7e249%—11. 
4e7+3%—5, 
a? — ax + a. 

822 —9H%+1, 


U 


4a 64a3 


. 0.8164. 
. 0.8660. 
. 0.8944. 
. 0.9258. 
. 0.7905. 
. 0.9045, 
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— 
ne S 


em 
ad 


_ 
> 


“ 
ls Se. 


- 
= 


ile 
35. 
112. 
508. 


Saye le 


. 2e—a. 


(oe hie > ae BS) 
cb ole ae Soto | oS eS) 


g 
Ro 


ain act, 


a 


OIAAM 
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Exercise 88. Page 229. 


72.8. 
12.25. 
4.4310. 


. 2.1544. 


9. 1.4454. 
1.2703. 
. 0.3684. 
0.8780. 


Exercise 89. Page 229. 


142+ 22. 


Le 


5. 38-2. 


G24 9. 


Exercise 90. Page 234, 


18. 


19. 


20. 


21. 


22. 


23. - 


Su) 
tes Qa | 
. Co e 


Ja Sle & 


2 8. 
o 
[ee Ss} 


34. < 
35. 
36. 


0.8735. 
0.9085. 
0.9352. 
0.4252. 


a—b. 


2. a+2a%d? +b. 
8. a—2a!d? +0. 


SOL cone re 


& 


P2eere 


- aé ~ ates + be. 


a® — ab3 + 03, 


at + ato? + atb? i 3. 


P a 4-1, 
| 2at— Be. 


1 
ge — 2. 


v5. 
v2. 
v3. 
vi. 


2V7. 


2. 6V2. 


2Vv9. 
14V3. 
8mvVn. 


. 8eVa8. 
. 2aevV asc: 
. 11 a2b?Vb. 


14avVb. 
18 nV mi. 


. 4 xy? V2, 


Calera 


ANSWERS. 


Exercise 91. Page 236. 


4. x8 — 422. 
5. a4 a-2y-24 yf, 
6 x+y. 


Exercise 92. Page 237. 


37 


7. e2—y. 
8. 140-24 0-4 
9. 203-1 20418478. 


2 1 
5. 23> — 243 + 1. 

6. ae + atyt + ye. 
48 as os 303, 
a® — aSb® + a8d5 — abot +08. 8. 302-2 —2 7, 
x8 + 2 4-2-1 — 4 x-ly-2, 


Exercise 93. Page 237. 


4. 
5. 


2. a7! 4+ 1. 6. 
Sat —2 +47. 7. 


Exercise 94. Page 239. 


9. bv3a. 
10. V2ab. 


3 
ll. Pe. 


Exercise 95. Page 240. 


5V4. 
6 V2. 
43. 
21. 
22. 


26. — 


4. 20/4. 
8. 3V3. 
9. 2¥/11. 
7V3. 27. 
— 9v3. 
. 62. 28. 
24 V3. 
29. 
4a? 3 
38mn 30. 
2a <y 
b. 
4 31. 


m+1—m-), 


2 u 
Te? —2e3 +1, 


12. 24 a= 
Z— 3d 


13. ele. 


13. 


14. 
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Exercise 96. Page 241. 


v2. 4. 1tV65. 1. 3V9. 10. 3/45. 
iv6. 5. iv5. 8. 4V9. 11. V6. 
dyV5. 6. V5. 9. #V3. 12. V6. 
a Lay . Woe. 
- Voce. 15. ; 17 ie 
ee a 16. ee Vi axe. 18. as V18 Beexy?, 
a 5x 3 xyz 

Exercise 97. Page 242. 


V125. 5. V48 
V99 6. V/486. 
V8. 7. V128 
V32. 8. V8 


Exercise 98. 


W275 5/25. 

V196; 216. 

V8; VI6. 

Va; V8. 

V125; W765. 

V64 ; Vol2 ; 1/250. 


9. V— By. 13. 2. 


3 2 
1, —-voe 14 a 
27 
- 9 m3 
11. —V10m*. 15. : 
m 16 
4 lon? 
12. —V16z. 10) 4 fee 
2 16 


Page 243. 

7. V64; Vel; V126. 

8. Va? : Ve? : Ves, 

9. Va ‘ Ve; Vals, 

10. V xSy8 ; Vatbict : V4 z2, 


LES Ve — y)?; Va + y)3. 


12. V(a+b)?; Via—b)% 


Ascending order of magnitude, V6; 15. 


Ascending order of magnitude, V4; V3. 
Ascending order of magnitude, V80; V9; V8. 


. Ascending order of magnitude, V7; V5; V3. 


ANSWERS. 39 


Exercise 99. Page 244. 


OR Se Sule eke rs 


@ or im fe 8 fF 


71V2—V6 + 7V5 —VI15. stil. 
8 — 8V/12 + V18. 12. 140 + 10V6. 
—~143V2 —2V3 ~-3V44 V1244V9 + 2V1B. 


2vil. 12. 5Vd. 23. (a — b)2V x. 
6V3. 18. 11V7. 24. (w+ y)2vz. 
6V4. 140 2. 25. (2ab —2a)Vve. 
5V2. 15. 12V3. 26. (7a —2)Va. 
iv5. 16. 129V5. 27. (3m+1)Vm. 
—4V3. 17. -19V65 —28V3. °°98. —(7+5a)v2a. 
12V3. 18. 6V5. 29. 20 abv7 ab. 
51 V3. 19. 3V2— 272. 30. 7mnv5m. 
3Va. 20. 2V15. 31. (2ab + 6)2V20. 
— 1 Vat. 21. (c+ 5) Ve. 32. 5a2Vb. 
,(€40—8)Va. 282.-(a—'b + 2). 
Exercise 100. Page 246. 
9. 12; 13 ov 18! 18. 25. 6V3. 
10. ee 14. 8, 20. 4. 26. V2. 
6. G-3v0.° 715 2: RY ha OF No ie. 
3. 10, 8/26 S° 116. "7: 22. 2000. 28. 3V243. 
4 Wi aa LT =O bn 88.. 210, © 29, V/A. 
3 1S oe else in ia oot. 4: 30.7 V54; 
Exercise 101. Page 247. 
v21. $24 V5: 5. —15 > 19V3. 
8. 4°10 —2V2. 6. 36 — 15 v6. 
6V2 —3V15 + 8V3—6V10. 10. 30. 


54 — 7V35 — 26V21 — 7V15. 


Ee Gok Sy ie 


—V2. 15. 176 + 66V5. 16. 243. 
Exercise 102, Page 248. 

9. : 5. §V2. 9. 25. 

3. ware 10. V24 5V6. 

avs. 1. -¥ 11) 7/8 = 35. 

$. 8. 4d. 12. 4V35 + 8v14. 


NEW SCHOOL ALGEBRA. 


225 — 6V4 + 5V36. 14. 5V75 + 3V18 —4V36. 
8: 19. 3V10. 21. 0.2. 

V1. 1 1 

oe 20. — £/az8, 22. oe” 

. 4486. a a+y 4 

eS 

Exercise 1038. Page 249. 

1 1 19 — 6vV2 92 + 15V7 
ee = 4. Ns et 2 ee 

Vb +, Va. 17 i 83 

AVI. 5. SV 2V3° 8. 84 + 21 v6. 

a 10 
33 = ove 6 Pe. 9, 24v7 2 21V2° 
Me Te aa Ra 1g, 28V5+ teviI0 — 35 — 60V2_ 
o 
TOTO: + 16. 0.0447... 19. 0.2357... 22. 0.0209..- 
. 4.6188.. 17. 0.0641... 20. 0.0894: ~- 28, 22.1803. 
. 6.3665. 18. 0.2886... 21. 0.1118... 24. 0.6185... 
Exercise 104. Page 250. 
m2 4. 99, 7. 4.a%b2, 10. Va. 18. V(@a—2b)% 


2. mivm 6. 2—y. 8 (a2—y2)% 11. V3. 14. a8V2. 


ed 


2a - w 


2, 6. (a—b)% 9 Vz. 12. V5. 15. 2a? V3. 


Exercise 105. Page 254. 


Deo 7 5V24+V14 13). 7-35; 

3 + v2. this ae 14. V6 —Vé. 
8 re 8. 83V7 + 2Vv3. ae 2 
V24+V65. é ee hy VV Ahe =awAy 
VIO SNe 10. 2V2 + 2V3. 16. 8V24Vvi11. 
V3 + V5. Vie Aeon/s. 17. 3V7 + 2V65. 


v7 — 2v2, 12. 3V3 + 2V6, 18. 2V7 — 8v3. 


e 44 


rOFs 


eh 


65. 


(a+b)V—1. 

—vi5. 36. — x2. 
ab; 37. — xy. 

ton 38. — 8v2. 


ANSWERS. 41 
Exercise 106. Page 255. 

tae 8. x= 22, 1525 22. «= 4. 

c= 8. 9. x=-6. 16. «=49 23. «=4a—4, 

S=f 10. y=5. 1%. w=4 oA oul 

x = 42, 11% =. 18. =8 wear 

y=}. 2c HE Ghee 8 25. c=4a 

c=—}. 138. «= 49. 20. x= 3 26. «=8 

x =— 12. Lae 10. 21. x= # 

Exercise 107. Page 260. 

no eee Gu ave 1, Wee) sieeve. 

3 a, 

A: 75. OhW = Te 19 83N/-S1, 17. 28V—1. 

bv — 1. BS. 16V > ho SS thy — 1. 18..4V — 1. 

12/1 Qe aby Seer 14, 2V—1. 19. a2b-1V— 1. 
mis y a1. 10°) 6v =u. 15. xtV—1. 20. 322V—1. 

(22-3y)?V—-1. 94 @t—y)tVoT, 2%. Ta®V=1. 

(eo ayyy 1.) 65 fe 28. 9avV—1. 

(a2 + y)2V— 106 6 oa/= 1. 29. 2a. 30. 6V—1. 
ape +(h— ayv— 1: 39. — 40. 41 6/6: 


40. —Va?—b2. 42. 10V/10. 
43. — 9/7 =>/10 — 2V3 + V 15. 


44, x?—24+1. 


— 12V2 + 4V10 — 18V3 4+ 6V15. 


—av—1, 52. 4. 
4. A 5p 2 
fev, vb 
2 54. Va. 
24+2V—14+V—2-v2 
2 


. mn+4mV/—c¢c—38nV— 6 + 12V be. 


Shae — 2, 
6 Va 
Sy SV 0. 
58. 2. 


63. 


45. 
47. 


a* + a2 


V30 + 2V—10 +6V—1-—4Vv3 


14 
4-0? — 9b? + 12abV—1 
4a? +90? 


66. 


58 — a. 


15. 


2v2. 

4V— x. 

3 +V=2 
11 


a —7?4+ 2arv—1 


8a? + 8h? — BabV—1, 
64 a? + b? 


Op OE SE CRS eT eos 


OED OO SEN Coie 8 im Ce See 


_ 


i= 
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Exercise 108. Page 264. 


e=+2 6. 2=+4+4. ll. x=+}. 
e=+3 % e=+7. 12. *2=+ 2. 
e=+5 8. #=+4. 138. 4=-+13. 
%=4+ 3. 9. x=+5. 14. c=+3. 
e=+7. 10. x=+3. 15. c©=+2. 
- ©=4+2, 25. c=+Vb—c. 29. 
“= + 3. 26. «=+2a. 
c—b 2%. *=4134a. 30. 
ce aed b 
poet 28. t=+5 
Exercise 109. Page 267. 
% = 2, or — 4. 1052 = 2; or7—¢ 19. 
C= 1, or. ll. x=}, or —}. 20. 
x = 6, or — 2. 12. «= 2, or —}. 21. 
ie OTERO: 13. 2 = 4, or}. 22. 
% =2, or — 7. 14. x«=4, or —}. 23. 
x= 7, or —4. 16. w= 4) or &: 24. 
x = 3, or — 3. 16. «= 4, or —}. 25. 
x = #, or — 1. 17. x =38, or —1. 26. 
x =6, or — 42. 18. «= 7, or — 2. 


Exercise 110. Page 269. 


x= 2, or — ¢. ll. e=4 ey or = 3) 21, 
x=38, or — ¥. 12. += 5, or — 43. 22. 
x=1, or —$. 18. x=2, or — }. 23. 


xg = 2, or — xy. 
v= 2, or — 3. 
x=1, or —}4. 
x = 3, or — #. 
x=4, or —}. 
Li OOF 2. 

%=1, or — 4. 
*=1, or}. 


=f, or -1. 14. x= 48, or —3. 4. 2= 


x = %, or —3. 15. x= 4, or —}. 25. 
xv = 3, or — §. 16. «=3t(7+V—28). 26. 


x=48, or —2. 17. «=45, or —6. 27. 
e= 5), or—5. 18. ©=}, or}. 28. 
«=, or —2. 19. «= 49, or —5. 29. 


%=4, or— x. 20. e=2, or —}4. 30. 


Exercise 111. Page 271. 


*=i, or}. 3. 2 =2, or $. 5. 
2% = 6, or — 1}. 4. x=4V10. 6. 


ooms-t 


ANSWERS. 43 
~ f=, or—1. 10. «=4, or —j. 13. x«=1, or — 7. 


=, OFT iis = 3; ors. — 14. x=18, or — 48. 
pees, OLE. 12. x = 43, or 5. 15. «= 40, or 2. 


Exercise 112. Page 274. 


pies ORES. 38. x= %, or —1. 53.2'= 0, —8,, or 2; 
z= $, or — 3. 4 ¢=—%, or} 6. © =2, or -14V—=3. 
eat 2, or i eV 38. 14. £=1, —4, or 38. 

%£=+2, or +2V—1. 15. x=1, —2, or —2. 


x=1, —2, or +8. 


. &=4, 2, —4, or 2. 
. ©=1,—2, — 3, orl. 
-- %©=—2, 2, or —1. 

. ©=1, —1, or —Z 


16. 
ile, 
18. 
19. 


C= 2, — 3, Ord. 
x=—4, 1, orl. 
x=-—1, —1, or 2. 
% = 8, —2, or —1. 


Pm © DD 


Exercise 113. Page 275. 


. (22 —8)(42%—7). 5. 5 (w@—$444,V5) (e4—-$—-7, V5). 
. («© +1)(6x2—7). 6. («+ 2)(8%—1). 

. (© +2)(2" +48). 7. (8a—-444V18) («—4-{V13). 
. (2 +4)(52 + 6). 8. (w—$+43-V29) (a—$—4-V29). 


Exercise 114. Page 276. 


. =a, or —3a. 12 Be AL 
. £=6a, or —2a. eee 3a 
. 2=b, or —90. 93 bigeye 
. Li 20, OF —ib 0. oe coe 
. 2=2a, or —7a. LS A PEG 
Me oe or —2¢. 152 — 1, MOLAC. 
‘ 16. s=a or 224 
Ti 2 dy or &@. . aoe ah) 2 
a 17 a Be. or —3a@ 
alae or ma. 9 
1 1 18. eae, Of = toe 
£=—, or ==" 2 18 
2a a n m 
19, x=-—, or ——: 
fig teM eee m Uy 
4B’ 3b 3b 2b 
20. x =—, or —> 
“%=124a, or $a a a 


mh tet) 


« & 


« & 
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. ©=b—2a, or b-—2a4. 
Mea x OLet——n (2 


a 
Wiss dy OR 


x=3a, or $a. 
_8b-—24a 


5 , or b—a. 
. ©=a—bd, or —a—2b. 
. ©=—a, or —b. 
a 26 
==, OF —- 
3 
2 
= oO or 0 
2a4+1 
—1+¢ LEG 
1=a@ 1+¢4 
Pn or — Lz 
a+b a+6 


82. 


33. 


- & 


eae PTV tv @ — 5%? + sabe? 


2ab 
5 pS Ve 
. cam. Can 
c 
Uae eee 
—=0 a+b 
. ©=(m+n)2, or —(m — n)?. 


50. 


51. 


Di NGeOr . 
r=4, or _ b(a+b), 
2a+b6 
; 2=1tv—2. 
. 2=a2+b?+ (a—b) Va? +b% 
j= OF ape: 

2 2 
_1—3a+2avVa. 
(a—1)? 
ey or 220 — ac — be, 

a+b—2c¢ 
oa CEES 
2(a+ b) 
pO tBVE +4 
a 
A a= or a BLM 
n m? 
m+n 


x=m+n, Or 


mn 


raat, or m—2a. 


oa ae Ge 2WLEE: 
6 6 


He 


. ©=2a—d, or a+20. 


 a=2a, or At 8, 54. x=2a+6b, or a—8b. 
: 66 eee ox “Gate 
.e€=m+t(n—p). Fs CS aaa ; 
_m+n+(ptQ) 56, eat SHOR Oy _ (20488 
var 2 Gh Bhs See 

Exercise 115. Page 278. 
2, or — ¥. 5. ©=2, or —§. 9. x=1, or —}2, 
= 3, or — 4. 6. x =8, or 2. 10. w= %, or ys. 
= 9, or — 2. 1 ®=1, or 4. ll. x«=2, or — 4. 
= 3, or — 4A, 8. x«=4, or —}. 12. © =2, or — }. 


ro eco bore 


ee ee 
HANK HYNES 


Ona saneneabe 


ANSWERS. 


Exercise 116. Page 280, 


B= 0: Vance 10,F0L 1G; 
t=+}v4ab—b% 8. x=0, or 3. 
Rem, FORE S. (eG. 

x= 39. 10. «= #2, or —2. 
z=, or — 4. kee = 2;,or — 1. 
ae: 1220010, OF 1. 


13. z 
14. x 
15. x 
16. x 
ne fe 


Exercise 117. Page 283. 


z=+2, or+1. 
x£=+3, or +2. 
x=+5, or +2V— 
na 
xz=+ 4, or +34vV—-19. 


g=+iv6, or +4V—35. 


x = §, or — 535 
i or £23. 
=V3; ae tes 3. 


ey or — ¢. 


. £=0, 1, or 44+ 4V—2. 


ceo Ore ie 
x= 4, or 4. 
=o, OT 8, 


*x*=+ 3, or +2. 


x=2, —4, or —-14}3V114. 
. ©=4(—14V5), or 4(—1 + $V58). 


45 


=4+2. 

= 6) 

= 1 

= 2-s0r, 
=/3: 


17. x=3, — 3, or "2B V S88 Vv — 55, 
18. =}4, —48, 0, or —5. 
19. 7 =2, —}, or S#VOUE, 
20. « =}, —%, or 1+V65. 

a1. 2=38, — 4, or 2 V1, 
22. «=5, 4, or See 

23. «=4, — 3, 2, or —1. 

24. «=5, —3, 1, or 1. 

25. x©=3, —4, 2, or ¢. 

26. x=3, —1, or $+ 4V—- 16. 
7 sO) dor ee — 


Exercise 118. Page 286. 


SH SPAR AROSE 


- 


. The roots are real, unequal, and rational. 
. The roots are real, unequal, and rational. 
. The roots are imaginary. 

. The roots are real, unequal, and rational. 
The roots are real, equal, and rational. 
The roots are real, unequal, and rational. 
The roots are real, unequal surds. 
The roots are imaginary. 

The roots are real, unequal, and rational. 
The roots are real, equal, and rational. 
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11. m =—}, or —38. alate Ave 

12. m= 2, or §. rr aie ewe 

18. m=4, or — 4. 4 17 
Exercise 119, Page 287. 

1. 2?-—182+42=0. %. 327-262 —169=0. 

2. x27—2e—15=0. 8. 12127 -—552+6=0. 

8. 227 +2-—6=0. 9. 22?9-6244+7=0. 

4. 327—192%+ 28 =0. 10. 2? —=22-+ 2 =—0. 

6. 622 —2—12=0. 11. 2?—2axr+bx+ a?-—ab=0. 

6. 18274 514+ 35=0. 12. 227—2ax-+ a? — 6?7=0. 
Exercise 120. Page 290. 

1. 19; 20. So W214: Beis Oni 

2. 3; 4. 4. 5; 6. Gaon. 

s Woegtbs 6 rods; breadth, 4 rods. 8. 15 feet. 


. 1d yards. 10. Length, 20 rods; breadth, 10 rods. 
i Mi ath, 24 rods ; breadth, 7 rods. 12. 3. 
19. $90. 25. 9 feet. 
au oe 20. 20. 26. 10 miles per hour. 
15. 18. 21. Larger, 10 hours; smaller, 14 hours. 
16. 12. 22. A, 30 days; B, 45 days. 
AZ.5 12; 23. Crew, 6 miles per hour; current, 2 miles per hour, 
18. 24 cents. 24 46. 
Exercise 121. Page 298. 
Te On 2 1. = 6,0r' Sh 13. «=— 3, or7; 
Y= 2 0r6, y =— 3, or — 6. y =— 4, or4. 
a f= 0, 0rs: 8 21 ores 14. x= 8, or — 12; 
Uic= SOTO y = 3, or 43, y = 5, or — 45, 
oe t= 4) OL 2. 9. (= 4, orb 15-5, or & 
y =— 2, or —4. Pe eye Se y = 4, or 5. 
4. ©=11, or —1; 10. x=— 3, or; 16) 2= 3, or 2: 
a ey yh y =— 8, or 32, Y= OPA. 
Os aiae is, Ona 11. + =6, or 22; Lie es OS 
y =4, or 8. y = 5, or — 45. y= 4. 
6. 2=5, or —2; 19 2h Or 21 * 18. x=— 1, or —8; 


y =— 2, or 5. 


y =3, or #. y =— 6, or — 27. 


19. 


21. 


$1. 


$2. 


38. 


39. 


y=+5, or $ V3. 
8 

%=+2, or +—; 
vi 


10 
y=+ 4, or + —- 
V7 


2=+5,or+6v2; 
y =+2, or F7V2. 


x=+2, or 4,4, 


vil 


9 
=+4, or + —}3 
: é Vil. 


47. 


2 
x=3, —1,orl+v—6; 
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x=}; 33.) 2=—Gyor 2s SY 15, Ono: 
y=. y = §, or 8. y= 3, OF 6. 

x = 2, or 3; 24. «=3, or2; 28. x= 1, or —}; 

y= 3, or 2 ix 2 OTe. y=, or —}. 

ey 25. x= 5, or —4; 29.5, ord: 

y= 5: y =4, or — 5. y= 1) Orb: 

x =i, or}; 26. *=4, or 1; 80. «= 4, or —2; 

y =}, ort. y =1, or 4, y = 2, or —4. 

es aot W/21T 41. x=4+2, or + 3A; 
x =6, 4, or aes i ’ y=+3, or + 34, 
EA Oi) 42. x=+ 2, or + 148; 
=4°6 eet Ee 
ees aa y= 5, or FAM, 
2=9, —6, teva ioe 43, ; = Oe Vv = 181 Yen, 8, O23 
Wi — 151 

y= 6, —9, TESA TEL ae 8 
ae + 83 34+V—55 

y=t5. 44. z= S=Y— >, 2, or 1; 
. £=4+8; ee IaS 

eOET. y=, i, Or 2. 
. &at2; 45. «=5, —4, or} (14+ V-— 87); 

y=+65. y = 4, —5, or }(—14 V—87). 
. =+1, or +21; Jeeves ; 

y =+ 2, or F 52. a act Ua ain ep ate cen 
. 2=+2,0r+4Vv3; peeves Sa ore 


y=1, —3, or -14V—6. 


48. 


v= 2, 8,or -1+Vv2; 


y = 8, 2, or —1 F V2. 


49. 


“a= 4, or —2; 


y = 2, or — 4. 


50. 


= 16, or 8; 


y = 8, or 16. 


oI. 4£=2; 
y= 3. 


65. 


66. 


69. 


-_ 


SEO TOO Co a 1C2 3B 
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w=+6,or+4. 56. =+4, or —44+ 3465; 
one Sea y =F 4, or —} $ 4V66. 
ca daar 57. «=6, or 1; 

y=, : y = 3, or — 2. 

e=+4; 

y=+2. 568. x=}, or}; 

. 2=4, or 108; Te et 

y = 6, or — 72. 


~=+4,4+2,0rt+V—464vV—4¥; 
y=t2,4+4,ort¢vV—-4 FvV—-— 3. 


) ei 21S or Ol; 6l.- 20,706 @s 
y= 2, 1, 0; or — 1: y=— a, or 0. 
=F; 63. z= 0,a+b, or 22 4 Ve + 2ab 3B; 
y=, y=0,a+0, or 92 eave To ab—3e 
b Saat) Se (We 67. x=+(a+)); 
y=iard. y=t(a—D). 
a b 
e=tes or +7 68. oa VO ee 
ee: eae 2 
a yan Ves vee 
a bv—1 = 2 
= or ——#5 
2s =o re 
b av—1 
= —_—, or . 
. ares: + a+b 
%=+(a+2b), or +(a—26)V—-1; 70,2 0: @,,0lRO. 
y=+(a-—26), or F(@4+2b)V—-1. Y= OsOrea, 


Exercise 122. Page 301. 


Length, 12 feet; breadth, 5 feet. 
Length, 12 feet; breadth, 9 feet. 
Length, 20 feet; breadth, 10 feet. 


Length, 24 feet ; breadth, 7 feet. 5. 168 square inches, 
Length, 15 rods; breadth, 12 rods. 7. 36 feet; 29 feet. 

10; 12. 10. 4; 5. 12.7;12 14, 188. 

Bewle LS Osan 18. 73. 15. 84; 48. 16. 2 


Fore wheel, 8 feet ; hind wheel, 10 feet. 


17. 


chdtuge! chal tect he 
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Exercise 123. Page 307. 
24:35; 3:5 increased; 8:7 decreased. 2. 10:9. 


. Descending order of magnitude, 15:16; 23:25; 10:11; 3:4. 


Descending order of magnitude, a+b:a—b; a?4 62: a%—bd% 


4:15. "6 PROSE LO geet 14. 4:1. 
(at + a%r? + xt) : (at — a4). UUs ae 16.135: 
(a? — 11a + 28) : 22. 13. 6; 8. 


. A to B by the shorter road, 26 miles; by the longer road, 40 


miles. B to C by the shorter road, 52 miles; by the longer 
road, 60 miles. 


toe’ 18. Length, 1240 rods; breadth, 680 rods. 
q—-Pp 
Exercise 124. Page 315. 
112, 14. ¢=42. 0. = i OF 
+ 12. 15. x= 18. ‘ 4a—b 
70. 16. +10; +15. 21. += 32; 
ces 17. +15; +28. y = 24. 
ee — 136; 18. 100; 150; 250. 22. «=4, or 23 
boofhe eas Fe 19. A, $200; B, $150. y = %, or 2. 
Exercise 125. Page 320. 
x = 8f. 9. 33.5104 cubic feet. 15. 1174 cubic feet. 
w= 5. 10. 1114 pounds. 16. 150§ cubic feet. 
¢ = 99. 11. 256 feet per second. 17. 144 cubic feet. 
Oe z(112?+1) 12. 400 feet. 18. 6.37 feet. 
ae 13. As 1 to 2. 19. 6 miles. 
1256.64 square feet. 14. 844 cubic feet. 


Exercise 126. Page 327. 


1. 45. 4. a+21b. 7, 44. 8. 6; a2 + D2 
9. 21: eg 9. 54, 10, 144; 4, 4%, 88, 124. 
3. — 29, 6. 8. 10. The 31st term. 

i 7, 14. fan(8n—1). 17. 1, 22, 34, 5}, 6%, 8. 
12. 1865. 15. — 28. 18. 9. 19. — 10. 
13. 35. 16. 3363. 20. 177 feet. 

21. 14, 25, y, 43, 5155 63, cen 84, 94, 104, 117;. 

22. The 10th term. 24. 105. 26. 300. 28. 4; 11; 18. 
23. 6; 14. 95.166. 97. 6:7; 9.. ~29. —8:1;6;9 


o op 


oor 3 
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Exercise 127. Page 333. 


. 1458. 4. — 128. 6. 6a’y?V15bz. 7. +4. 
. 96. 5. £2 m4a’, 8. 20,50; +28, 56, +112. 
. tit 9. The 5th term. 

. 8; 192. 15, 205m, 21. 3%. 

. 765. 12. 647. 256 22. 12; 18; 27. 
. 1548. _ ae het al 8 

. 1953.1. pies 24. 8; 27. 


20. +4,1, + 2,4. 
. 2,4, 6,9; or 8§$, 64, 39, 24. 26.13 33-9: 27. 49; 1. 
. 1,3, 9,27; or —81, — 27, —9, —3. 


Exercise 128. Page 335. 
8. 2. 14. 3. +. 4. 3. 5. $. 6. t. 7. $$. 8. #}- 


Exercise 129. Page 337. 


, 22, 8, 4, 6. 4. 13}, 14,% --. 17}, 18,%. 
land 9; or — 7} and ¢. 5. The sixth term. 
12. 6. 6, 63, 6, 7. 7. 8; 2. 
a D. Jab; 20 the descending order of magnitude is 2 = be 
a 
Vab ; 2ab : 
a+b 
. 104; 234. Ove Orirois) oe 
Exercise 130. Page 344, 
npeeh S25) Sr 8: 11: 
bea 4. 2. 6. —1. 8. 2(2+ V2). 
Exercise 181. Page 349. 
1—27+402-— 828 + ..., % 844247274 11284 -., 
1; 3a , O22 27 48 
Pi ee ee : chee 8. 1—a+a3 — 
Gaia caw ae P ee ea 
1_#, Sa? 9a, 9 1—-Txe—2-— 4378 — 
2 4 8 16 ; 10. bay e Soe A 
1— Qa + we + gh — wn, ak eae) 
5—Tae+120%—19aF +. 4) 2 5a, 5a? Gad, Bet 
24% —422— 11 a8 — 68 OO" OT ST Saas 


12. 
138. 


La tas adil see 
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5 —17 2 + 56 x2 — 185 x3 + 611 xt — ow, 
We Sea is aes ; 


: —2-14atpont+. Leak (ars eee eae 


Exercise 1382. Page 351. 


3 4 aa 4 71 
Seed igs Gel 252" 1B(@ 46) 
2 11 10 
82-1 82-1 ACES OE TCESO TCE ST) 
ees oe) Bae gers 10%—7 
38(2%—1) 38(@—5) 3(@—1) 38(@?+2+1) 
Eee Bi 13 OLAS 
7(%—5) 7(@+2) 96a +1) 71) 
ee ee oe 4a—8 ee 
2-1 x#+2%+41 ' 6(@2 +1) 5(@+ 2) 
3 1 3 1 1 


dn (8(2— 2). B(n4 5). "24+ 2@—-18 


Exercise 183. Page 357. 


. at’ +7 a®d + 21 a5d? + 35 ath? + 35 a3bt + 21 a2b5 + 7 ads + BT. 


> — 10 2* + 4023 — 80274 80% — 32. 

81 xt — 216 x3y + 216 x2y? — 96 xy? + 16 yf. 
2 2 

a 624 , 15x — 99 + Loy a6 we 


a a i a ae 


. 256 + 768 y + 864 y? + 432 8 + 81 yt. 
. a1 + 7 al8h + 21 a15b?2 + 35 al2b3 + 35 a9bt + 21-a8d® 4+ 7 a8b8 + 57. 
. mib+ 8 mi4n3+ 28 m!2no+ 56 m!n9+ 70 ménl2+ 56 mon + 28 minis 


+8 mn + n%, 


8. a? — 7 a®b3 + 21 abd? — 35 ath? + 35 a8b!2 — 21 a?bl + 7 abl8 — bo, 


f 1 
at + 5 a2! + 10 a%bt + 1000? + 5atdd 40°. 


. a2 4+ 8a-2b-2 + 3.a71b-4 + 08. 

. m2 4m ?n? + 6m-1nt + 4 mtn’ + n8. 

_ 2 4 Ga t0zt 4150-828 4 20 2-822 + 15 ate + Ban 22 + aA, 
. 32419 + 80 ay? + 80x%y + 40 aty? + 10 xy? + y?. 


52 


14. a? — 


15. 


NEW SCHOOL ALGEBRA. 


4 atct +6 act —A4 ate? > 3. 
82 a0 — 40a + 20 a7 — ba? + gat— aya, 


a4 Tal 21a 35a5 35a? _21b', 7 oF 


Ui gofe -— 
oT pe 4b! gnk 160 32a G4at 12847 
Ba, 38. ae a 

11. oe ee 

(een rene 

18. 16 x8y-4 — 82 ay"? + 24aty — Bary? + of, 

19, Oe Tat tat , 350% | 35, 2108, 70? = 
MT AMR PORE CERT tS 

20 a bat bat 508 aot fee 
pe opt 2 gat teat agai 

21, 128 a7b-4 — 448 a? b-1 + 672 ab-8 — 560 a2 b-5 + 280 a5D~2 

— 84.0% + 14 atdt — a7, 

an, ae Gadel , 15atct_20a%! , 150% _Gac™ , 
Bd sgh bias sal b2q> ne 

os, @_5at, 10a? 100% 50? ot 

aero 31 Oa ae ea fae eee: 
b2 b%c2 ~— be atch a*c2 qc? 

24. — 15120 xty3, gah ek BUM tree 

25. 400 - 33 - 49 - 97 atb%, 2u 

26. — 26730 xty’. 85. — 1140 a%b?. 

27, —5-19- 17-18 . 26 qi), Re ae 

28. 25. 23-11 . 25 q21p2, wae ris 

29. 7-11-13 - 2% ql, 87. —126aSV—1. 

80. 3-5-17-19 . 28 aSyl4, Aree Ck of ody 

81. — 87.95. 728, 

82. —17-18. 7. 2% q%e2, 39. 13-11-10. Oasys, 

88. 19.87 .7-17. 38 y%, 40. 5-7-2931. 34 qTiple 

41, 22@n-—DM-1I)2n—3)(n—-2 22 — 5) »2n—12 


3-5-6 


otek oat ott off ait 


1 
. ++ 
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Exercise 184, Page 363. 


1+4e-—-fe4+HB-—- 6. 1+ $ae+ $22 — 5 a8 + »., 
1—22%+4+30?—4234 ..., 7 1— 3a + 20 a2 — 22093 4 0, 
1—s24+3e2—-—2+... 8. 1-324 6402-10434... 
1—3e—42?—4~23-... 9. 1—25 24375 22-4375 a4 ow, 
1+ 324+ $27 4. goa34--. 10. 142844125 x2 825 784 ..., 
2% xt QF gt Qe xt 
goa BF 189 y? ere Le AE... 


2 3 
PRN gy OF e 15 a 


Pesos 
a? 4at 32 a® 128a2 


a 8420 n+ fea Pat Bea Pak + on, 


—Wyea tet 18. 934 a Ba, 22. an a, 
Age a Bat, 19. Sf24, 23, — 220 28, 
bat pees ogee 
47 21. — r§bq 2°. 76. oF 96 
3 soa at yt, 26, 27500 73, 
2 


Exercise 135. Page 364. 
0. 2. 2axn+2cy+2 bz. 8. 523+ 1022-32 —18, 
2 aPt+8 —7 grt? + 12 apt] — 19 aP + 20 aP-) — 11 aP-? + 5 aP-8, 
14+244+327+ 423 + 5 at, Lt 79: 


4ht — 2h —3 2. 14. (22—1)(82 +44). 
a hes is ro 15. (¢+1)(#+2)(e+3)(4—4). 
eat. 16. (24—1)(8%+2)22+43). 
a@—a+5 17. 60. 
5at?+4a+16 


. “C.F. =e? — 2241; 


L. C. M.=(@ —1)?(823 + 62?+42%+42)(203 + 427+62% +43). 


b 186 Os eon ee 


L. C.M.=(«#+ 2)(822+4%—1)(827+72%4+4 3). 
H.C. F. =222—32-41; 
L. C. M.=(@ —1)(24—1)(22?24+32%—1)(2+1). 
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H.C. F. =22?-2243; 
L. C. M. = (#?—2 448) (@—-1)(2?+3 4+4) (2842 27412 %+18). 
His b= Ziyi 
L.C. M.=(2a — y) (a + 3 xy — y*)(a? — 3 ay +4 y?). 
Diy 4x 2 : 
(x2 — 2) ee a(%+2a) 
18 =. a2 — 8 ‘ 
(@—N(@+2)@+5) (@—N@—2)@+8) 
abc f 32. om 88. x= 753 
be + ac — ab 32 Y = py- 
2a. 33. ea Clb ayia 71s 
: a+ 14+8a+4¢ y=b; 
34. 100 pounds. ae 
= 3. 2S 5F Hi 
Se 86. x=3a. 40: 2="65 
Oat Ae 37. o=12; uD 
ab? y= 10; z=6 
. 6; 3; 2; 2; 825-4; 243; 16. 44. 4; 4; $4; 125; 125. 
| 8; 822275 85 25 428. 45. 9V3, 5V10, 6V7. 
Osh NOOO ety sid ee 46. 3V3, 5V2, 4V6. 
~ ye V50. 49. 2-3. 61. 2V5 —3. 53, x. 
42. 50. 24 V3. 52. 4V65 + 4. 54. 2x6, 
 Sbt sb 11d: 59. xe“) — yXP-D, gg, 4V5; 5V5. 
an, 60. 6V—5+10 V5. 63. 32-2—Sa-lytry, 
. 2Pa, 68. 1. 61. 10V2; V3. 64. 2441-3271, 
. 28 x 38, of x 32, 28 x 38, oF; 24. 
. 2=12, or —2. 72, e=+2, or +4v2; 
~ 2=4, or ¢. I= or + yyV2._ 
73. =+1, or + $$V159; 
- %=6, or $3. y=+1, or + 735V159. 
ie tia Oy OL EDs 714... &.=16;0r:Sh 
eS yc Deior aa 
“pases ce 75. ©=+2, or + 4v3; 
pee yer meee y=+6, or + V3. 
a+b a+b 76. 22 -—2ax+a?— b?=0, 


. w@%—(2a+ b)x+ a*+ ab —6b2?=0. 
. #%—3(a+ b)u+ 202+ 5ab42b2?=0. 


e-2e—-2=0. 81. 2-227+4=0. 88. 39. 85. 234. 


. @4+2%—-2=0. 82. 3 hours; bhours. 84. 20; 15, 


101. 


110. 


114. 
120. 
121. 
122. 
123. 
124. 
125. 


126. 


132. 
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eG 10/14; or 2) — 6, — 10; — 14. 


. 53 miles per hour. 90. x=+3, or +4; 

. = 2Vv2, or V2; y=+5, or #2. 
y = V2, or 2V2. 91. 2° —32+38271 — 2-8, 
at —Qa%+ 328408 4 eat ; 


g Sai—124'+6a%—a@ 3. 
| 322-9 4 80072 + 802-8 4+ 40.07 + 10 4 28, 
a peet—ga? thet pats aad 


- 27% F444 ao ft apa, 


. 80. 100. 4; }. 102. 256 feet. 

192 feet per second. 103. 24 of a cubic foot. 

. 128, 32, 8,2; or 764, — 19}, 44, — 1}. 

—432; -—f. 107. 0; 1. 108. x=+1, or +2. 
eee 4d, 20 4(— 1+ V—3), or —14V—S. 
x=+1, or + 2. 115. « = §25, or 81. 

- ©=+2, or + i. 116. «=(— $4), or 8. 

. & =+ 4V2, or + V2. 117. x = 719909, or VI6. 

2 ='z's, OF 1. 118. «=2, V%, or -14+V—3. 
x = ys or 1. 119. «=+1, or +V—1. 
z=+1,}(—14v-—3, or 401 4vV—8). 

x =1, or — 729, 127. «=i, or 8. 
x=+1, or + gouz- 128. «= 5, or — 3. 
% = g2or, OF ze. 129. x =3, or A928, 
% =— y's, OT gy. 130. «= 7, or 43. 
z=1, or ¥—4, 131. x = 2, or — 4A. 
Gis OF aL a ‘ 
} 729 


at -—9 atx + 36 atxt — 84 a3? + 126 atxt — 126 at + 84 ates 
Af os 
— 86ar > +9a%x 3 — 26; 
243 a? — 810 a8b? + 1080 abt — 720.a3B8 + 240 ad08 — 320; 
5 ai ra ath? +42 a “Shap 5 ashi +35 5 q2h2 -2 atbi+ aE atb®—sh, bf; 
64 — 64a? + 80 at — 48.0 28 4 ie Aa + bya; 


aoe 5108 qh 4 5108p 2885 gh 4 945 2 180734 24 981 a7; 
16 _ 8712 4 2828 — 56a + 70 — 56.474 + 282-8 — 8 y712 4 u-16, 


56 


183. 


134. 


135. 
136. 
137. 
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a0 — baby? + § r6yo — F xty? + 9h, 22y — rohg yl; 
1628 + 822° V3a + 7205 + 2423 -V32 492; 
a's + 10a + 10 a9 + 56a74+ 104° + 53 

+ Va? + 1(5al2 + 10a8 + 10a® + at + 2a? +1); 
14+ 62+ 92? —7272 —212t 4+ 142° + 827 — 328 — 2. 
L+e4+2a2?4 14a34..-; 14+ Sa%+ 80 at + 235076 4 ...5 
iets ie—j}oi=.-.; 
a-® +10 a-8a~ 4 4 60a-72- 3 + 280a-82-14 .--. 
15- 16-22-89. 87 2486, 

4 tie 1 as: Z+2 
1-22 1—2’ 2(1—2) | 2(1—82)’ 8(l—z)  3(1+2+4+2%) 
84724152? + 3123+ 63824+.---. 


Exercise 143. Page 391. 


—2; —38; —4. 4. 2 and 3. 7. 3and 4. 
. 1 and 2. §. 2 and 3. 8. 4 and 5. 
. land 2. 6. 3 and 4. 9. 4 and 5. 


Exercise 144. Page 397. 
1.8802. 21. 0.1584. 41. 1.7447. 61. 3.21. 81. 0.05508. 


. 1.5051. 22, 0.2480. 42, 4.7443. 62. 332. 82. 5936. 
. 1.8808. 28. 1.2480. 43. 2.2601. 68. 39,600. 83. 182.8. 


1.6812. 24, 2.2480. 44. 2.2608. 64. 7560. 84. 2636. 


. 1.7782. 25, 3.2480. 45, 2.2628. 65. 0.0867. 85. 0.5346. 


2.0000. 26, 3.2492. 46. 1.2623. 66. 0.00942. 86. 0.04641. 


2.3010. 27, 4.2492. 47. 0.2623. 67. 1.565. 87. 0.6. 
2.4314. 28, 4.6157. 48, 2.6304. 68, 16.85. 88. 0.06115. 
2.4393. 29. 1.3424. 49, 3.6309. 69. 662.5. 89. 0.005845. 


. 3.4408. 30, 2.3464. 50, 1.6809. 70. 0.06755. 90. 0.000635. 
. 1.4408. 31. 2.3468. 51. 0.6309. 71. 0.0006915. 91. 0,645. 
. 2.4403. 32, 3.3468. 52. 2.6809. 72. 69,130. 92. 0.666. 


. 4.4408. 88. 1.8424. 58. 4.6809. '78. 76.65. 93. 0.0677. 

. 4.5112. 34, 2.3424. 64. 4.4081. 74. 766.8. 94. 0.0708. 

. 0.6021. 85. 1.3464. 55. 4.4040. 75. 0.07667. 95. 0.07085. 

. 0.8451. 386. 1.4425. 56, 4.8056. 76. 7675. 96. 0.00999. 

. 1.6021. 87. 0.5145. 57. 3. ihe. 
1.8451. 38, 1.6990. 58. 87. 78. 100,000. 

. 1.6435. 89. 1.7404. 59. 7000. 79. 550.5. 


. 1.8865. 40. 1.7443. 60. 0.77. 80, 5503, 
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Exercise 145. Page 402. 


104.2. 15. 0.689. 29. 1,609,000,000, 43. 1.299. 
1095. 16. 118.3. 30. 0.00413. 44, 0.001301. 
3671. 17. 0.708. 31. 269.7. 45. 12.08. 
64,290. 18. 2.228. 32. 1.900. 46. 112.9. 

. 128,600. 19, 0.2859. 33. 0.003195. 47. 7.598. 
11,300. 20. 0.1911. 34, 0.001399. 48. 112.1. 
2739. 21, 1.414. 35. 0.002943. 49, 1.581. 
377.8. 22. 1.260. 36. — 1419. 50. 0.05181. 
1.382. 23. 1.627. 37, 133.4. 51. 7.612. 

- 0.1314. 24, 1.516. 38, 0.01955. 52. — 3.271. 
1.179. 25, 2.245. 39. 0.6479. 53. — 1.168. 

» 1. 89T. 26. 2.041. 40. 0.2039. 

60.27. 27. 0.4033. 41, 37,720. 
0.008434, 28. 24,220. 42. 0.001708. 


Exercise 146. Page 404. 


. 10. 4. 2.816. 7. 3.61. 10. 31.12. 18, 0.8814. 
. 9.202. 5. 17.28. S-n0, 1: 11. 0.4339. 14. 0.916. 


1.800. 6. 2.685. 9. 0.6769. 12, 2.218. 


Exercise 147. Page 407. 
12.3 ft. 5. 98 ft. 9. 0.1583. 13. 148.9 ft. 


. 11.0 ft. 6. 5.8 in. 10. 0.3443. 14. 51.5 ft. 
. 28.8 ft. 7. 1.0000. 11. 0.2500. 15. 238.8 ft. 
. 45.0 ft. 8. 0.1405. 12, 0.4873. 16. 21.8 ft. 


Exercise 148. Page 409. 


«sd 16. 4, 67.1 ft. 7. 0,7167. 10. 20 mi. 

». 3.9 ft. 5. 0.2000. 8. 0.5769. 11. 594 ft. 

. 41.0 ft. 6. 0.5000. 9. 217 ft. 12, 799 ft. ; 
1627 ft. 


Exercise 149. Page 410. 


220.6 ft. 4. 1520.8 ft. 7. 10.9 ft. 10. 12.9 ft. 
324.0 yd. 5, 33.9 mi. 8. 30.1 ft. 11. 85 ft. 
263.3 ft. 6. 389.8 mi. 9. 20 ft. 
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1531 ft. 
64° 22’, 
66° 44’, 


56° 48’. 
0.42 mi. 
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Exercise 150. Page 413. 


b= 5601ts; C= 66Lit Bb — bse, 
A=21°2’; B= 68° 58’; c= 88.6 ft. 
a= 48.2 ft.; b= 67.6 1t.; Bb. = 607. 
a= 62.0 ft.5 c= 60it.; B= 30" 

A = 25° 60’; B= 64°10’; a = 43.6 ft. 
A = 467 C= O18 it. sue == (2-0 ate 
B= 45°; a= 35.4 ft.; b= 35.4 ft. 


A= 45°; B= 45°; a= 53.0ft.; b= 53.0 ft. 


. b= 55.5 ft.; c= 63.1ft.; B= 61° 36’. 
. A= 50°40’; B= 39°20’; c= 55.2 ft. 
. a= 51.2 ft. ; b= 64.2 ft.; B= 51.4°. 
. @=11.2 ft.; c= 22.9 ft.; B= 60° 42. 
. A= 65°41’; B= 24°19; a = 181.3 ft. 
. A'= 50° 40’; a = 85.4 ft.; ¢ = 110.4 ft. 


A = 47°28’; a = 50.1 ft.; b = 46.0 ft. 
A = 26° 43’; a =19.7ft.; c = 43.9 ft. 
837.3 ft. 28, 859.4ft. 26, 8.9in. 
113.0ft. 24. 97.5ft. 27. 78°18’; 
147 ft. 25. 4875 ft. 20.9 ft. 


Exercise 151. Page 416. 


. b= 52.0ft.; c= 60.0 ft.; B= 60°. 


As== (48? == 6G. Loan 6 — Suet Lhe 
GS 45.1 Tt 16 = O02 ih, se 26>: 
b= 46.7ft.; c= 55.9it.; B= 54°50’. 
A = 46° 42’; a = 61.9 ft.; c = 85.0 ft. 
Al = 29923) SB = (67° Sis Gi OO tte 
Av 21°58" SB 1622 (9 ODD Lbs 


. A = 22°20’; B= 67°40’; a = 38.0 ft. 
. a= 51.9 ft.; b= 60.9ft.; B= 49.6% 
. A=7.2°; a=12.6ft.; b= 100 ft. 

, A=70° 16’; B= 19°44’; a = 85.8 ft. 
. a= 49.4 ft.; b= 57.5 ft.; B= 49.8°, 
. A=45.7; a= 61.9 ft.; ¢ = 72.5 ft. 


b= "78-0:5b. $C ='848 Toy OS en 


28. 120.5 ft. 
29. 1500 ft. 
30. 7214 ft. 


a= 266.6 ft. ; c= 306.3 ft.; B= 29.5°. 
A = 48°105s.B = 41° 60 5 e209 T.aitt. 
20, 36° 20’. 22, 485 ft. 24, 780 ft. 
21. 101.8ft. 28. 79.9ft. 25. 4°1’. 


26. 86.6 ft.; 
36.6 ft. 
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